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Summary. Elementary axioms and theorems on the theory of algebraic structures,
taken from the book [5]. First a loop structure〈G,0,+〉 is defined and six axioms corre-
sponding to it are given. Group is defined by extending the set of axioms with(a+b)+c =
a+(b+ c). At the same time an alternate approach to the set of axioms is shown and both
sets are proved to yield the same algebraic structure. A trivial example of loop is used to
ensure the existence of the modes being constructed. A multiplicative group is contemplated,
which is quite similar to the previously defined additive group (called simply a group here),
but is supposed to be of greater interest in the future considerations of algebraic structures.
The final section brings a slightly more sophisticated structure i.e: a multiplicative loop/group
with zero: 〈G, ·,1,0〉. Here the proofs are a more challenging and the above trivial example
is replaced by a more common (and comprehensive) structure built on the foundation of real
numbers.
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The articles [6], [9], [7], [1], [2], [8], [4], and [3] provide the notation and terminology for this
paper.

We use the following convention:L denotes a non empty loop structure anda, b, c, x denote
elements ofL.

One can prove the following propositions:

(1) Suppose for everya holdsa+0L = a and for everya there existsx such thata+x= 0L and
for all a, b, c holds(a+b)+c = a+(b+c). If a+b = 0L, thenb+a = 0L.

(2) If for everya holdsa+0L = a and for everya there existsx such thata+ x = 0L and for
all a, b, c holds(a+b)+c = a+(b+c), then 0L +a = a+0L.

(3) Suppose for everya holdsa+ 0L = a and for everya there existsx such thata+ x = 0L

and for alla, b, c holds(a+b)+ c = a+(b+ c). Let givena. Then there existsx such that
x+a = 0L.

Let x be a set. The functor Extract(x) yields an element of{x} and is defined as follows:

(Def. 3)1 Extract(x) = x.

The strict loop structure the trivial loop is defined as follows:

1Supported by RPBP.III-24.C6.
1 The definitions (Def. 1) and (Def. 2) have been removed.
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(Def. 4) The trivial loop= 〈{ /0},op2,Extract( /0)〉.

Let us observe that the trivial loop is non empty.
One can prove the following propositions:

(5)2 For all elementsa, b of the trivial loop holdsa = b.

(6) For all elementsa, b of the trivial loop holdsa+b = 0the trivial loop.

Let I1 be a non empty loop structure. We say thatI1 is left zeroed if and only if:

(Def. 5) For every elementa of I1 holds 0(I1) +a = a.

Let L be a non empty loop structure. We say thatL is add-left-cancelable if and only if:

(Def. 6) For all elementsa, b, c of L such thata+b = a+c holdsb = c.

We say thatL is add-right-cancelable if and only if:

(Def. 7) For all elementsa, b, c of L such thatb+a = c+a holdsb = c.

We say thatL is add-left-invertible if and only if:

(Def. 8) For all elementsa, b of L there exists an elementx of L such thatx+a = b.

We say thatL is add-right-invertible if and only if:

(Def. 9) For all elementsa, b of L there exists an elementx of L such thata+x = b.

Let I1 be a non empty loop structure. We say thatI1 is loop-like if and only if:

(Def. 10) I1 is add-left-cancelable, add-right-cancelable, add-left-invertible, and add-right-invertible.

Let us observe that every non empty loop structure which is loop-like is also add-left-cancelable,
add-right-cancelable, add-left-invertible, and add-right-invertible and every non empty loop struc-
ture which is add-left-cancelable, add-right-cancelable, add-left-invertible, and add-right-invertible
is also loop-like.

Next we state the proposition

(7) Let L be a non empty loop structure. ThenL is loop-like if and only if the following
conditions are satisfied:

(i) for all elementsa, b of L there exists an elementx of L such thata+x = b,

(ii) for all elementsa, b of L there exists an elementx of L such thatx+a = b,

(iii) for all elementsa, x, y of L such thata+x = a+y holdsx = y, and

(iv) for all elementsa, x, y of L such thatx+a = y+a holdsx = y.

Let us mention that the trivial loop is add-associative, loop-like, right zeroed, and left zeroed.
Let us observe that there exists a non empty loop structure which is strict, left zeroed, right

zeroed, and loop-like.
A loop is a left zeroed right zeroed loop-like non empty loop structure.
Let us mention that there exists a loop which is strict and add-associative.
A group is an add-associative loop.
One can check that every non empty loop structure which is loop-like is also right comple-

mentable and every non empty loop structure which is add-associative, right zeroed, and right com-
plementable is also left zeroed and loop-like.

We now state the proposition

2 The proposition (4) has been removed.
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(9)3 L is a group if and only if the following conditions are satisfied:

(i) for everya holdsa+0L = a,

(ii) for everya there existsx such thata+x = 0L, and

(iii) for all a, b, c holds(a+b)+c = a+(b+c).

One can verify that the trivial loop is Abelian.
One can verify that there exists a group which is strict and Abelian.
Next we state the proposition

(11)4 L is an Abelian group if and only if the following conditions are satisfied:

(i) for everya holdsa+0L = a,

(ii) for everya there existsx such thata+x = 0L,

(iii) for all a, b, c holds(a+b)+c = a+(b+c), and

(iv) for all a, b holdsa+b = b+a.

The strict multiplicative loop structure the trivial multiplicative loop is defined as follows:

(Def. 11) The trivial multiplicative loop= 〈{ /0},op2,Extract( /0)〉.

Let us observe that the trivial multiplicative loop is non empty.
The following two propositions are true:

(18)5 For all elementsa, b of the trivial multiplicative loop holdsa = b.

(19) For all elementsa, b of the trivial multiplicative loop holdsa·b = 1the trivial multiplicative loop.

Let I1 be a non empty multiplicative loop structure. We say thatI1 is invertible if and only if the
conditions (Def. 12) are satisfied.

(Def. 12)(i) For all elementsa, b of I1 there exists an elementx of I1 such thata·x = b, and

(ii) for all elementsa, b of I1 there exists an elementx of I1 such thatx ·a = b.

We say thatI1 is cancelable if and only if the conditions (Def. 13) are satisfied.

(Def. 13)(i) For all elementsa, x, y of I1 such thata·x = a·y holdsx = y, and

(ii) for all elementsa, x, y of I1 such thatx ·a = y·a holdsx = y.

Let us note that there exists a non empty multiplicative loop structure which is strict, well unital,
invertible, and cancelable.

A multiplicative loop is a well unital invertible cancelable non empty multiplicative loop struc-
ture.

Let us note that the trivial multiplicative loop is well unital, invertible, and cancelable.
Let us observe that there exists a multiplicative loop which is strict and associative.
A multiplicative group is an associative multiplicative loop.
We adopt the following convention:L denotes a non empty multiplicative loop structure anda,

b, c, x denote elements ofL.
One can prove the following proposition

(22)6 L is a multiplicative group if and only if for everya holdsa ·1L = a and for everya there
existsx such thata·x = 1L and for alla, b, c holds(a·b) ·c = a· (b·c).

Let us note that the trivial multiplicative loop is associative.
Let us note that there exists a multiplicative group which is strict and commutative.
One can prove the following proposition

3 The proposition (8) has been removed.
4 The proposition (10) has been removed.
5 The propositions (12)–(17) have been removed.
6 The propositions (20) and (21) have been removed.
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(24)7 L is a commutative multiplicative group if and only if for everya holdsa ·1L = a and for
everya there existsx such thata ·x = 1L and for alla, b, c holds(a ·b) ·c = a · (b ·c) and for
all a, b holdsa·b = b·a.

Let L be an invertible cancelable non empty multiplicative loop structure and leta be an element
of L. The functora−1 yielding an element ofL is defined as follows:

(Def. 16)8 a·a−1 = 1L.

In the sequelG denotes a multiplicative group anda denotes an element ofG.
One can prove the following proposition

(26)9 a·a−1 = 1G anda−1 ·a = 1G.

Let L be an invertible cancelable non empty multiplicative loop structure and leta, b be elements
of L. The functora

b yielding an element ofL is defined by:

(Def. 17) a
b = a·b−1.

The strict multiplicative loop with zero structure the trivial multiplicative loop0is defined by:

(Def. 21)10 The trivial multiplicative loop0= 〈R, ·R,1,0〉.

One can verify that the trivial multiplicative loop0is non empty.
The following two propositions are true:

(32)11 For all real numbersq, p such thatq 6= 0 there exists a real numbery such thatp = q·y.

(33) For all real numbersq, p such thatq 6= 0 there exists a real numbery such thatp = y·q.

Let I1 be a non empty multiplicative loop with zero structure. We say thatI1 is almost invertible
if and only if the conditions (Def. 22) are satisfied.

(Def. 22)(i) For all elementsa, b of I1 such thata 6= 0(I1) there exists an elementx of I1 such that
a·x = b, and

(ii) for all elementsa, b of I1 such thata 6= 0(I1) there exists an elementx of I1 such that
x ·a = b.

We say thatI1 is almost cancelable if and only if the conditions (Def. 23) are satisfied.

(Def. 23)(i) For all elementsa, x, y of I1 such thata 6= 0(I1) holds ifa·x = a·y, thenx = y, and

(ii) for all elementsa, x, y of I1 such thata 6= 0(I1) holds ifx ·a = y·a, thenx = y.

Let I1 be a non empty multiplicative loop with zero structure. We say thatI1 is multiplicative
loop with zero-like if and only if the conditions (Def. 24) are satisfied.

(Def. 24)(i) I1 is almost invertible and almost cancelable,

(ii) for every elementa of I1 holdsa·0(I1) = 0(I1), and

(iii) for every elementa of I1 holds 0(I1) ·a = 0(I1).

One can prove the following proposition

7 The proposition (23) has been removed.
8 The definitions (Def. 14) and (Def. 15) have been removed.
9 The proposition (25) has been removed.

10 The definitions (Def. 18)–(Def. 20) have been removed.
11 The propositions (27)–(31) have been removed.
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(34) LetL be a non empty multiplicative loop with zero structure. ThenL is multiplicative loop
with zero-like if and only if the following conditions are satisfied:

(i) for all elementsa, b of L such thata 6= 0L there exists an elementx of L such thata·x = b,

(ii) for all elementsa, b of L such thata 6= 0L there exists an elementx of L such thatx·a = b,

(iii) for all elementsa, x, y of L such thata 6= 0L holds ifa·x = a·y, thenx = y,

(iv) for all elementsa, x, y of L such thata 6= 0L holds ifx ·a = y·a, thenx = y,

(v) for every elementa of L holdsa·0L = 0L, and

(vi) for every elementa of L holds 0L ·a = 0L.

Let us note that every non empty multiplicative loop with zero structure which is multiplicative
loop with zero-like is also almost invertible and almost cancelable.

Let us note that there exists a non empty multiplicative loop with zero structure which is strict,
well unital, multiplicative loop with zero-like, and non degenerated.

A multiplicative loop with zero is a well unital non degenerated multiplicative loop with zero-
like non empty multiplicative loop with zero structure.

One can check that the trivial multiplicative loop0is well unital and multiplicative loop with
zero-like.

Let us observe that there exists a multiplicative loop with zero which is strict, associative, and
non degenerated.

A multiplicative group with zero is an associative non degenerated multiplicative loop with zero.
We adopt the following rules:L denotes a non empty multiplicative loop with zero structure and

a, b, c, x denote elements ofL.
Next we state the proposition

(36)12 L is a multiplicative group with zero if and only if the following conditions are satisfied:

(i) 0L 6= 1L,

(ii) for everya holdsa·1L = a,

(iii) for every a such thata 6= 0L there existsx such thata·x = 1L,

(iv) for all a, b, c holds(a·b) ·c = a· (b·c),
(v) for everya holdsa·0L = 0L, and

(vi) for everya holds 0L ·a = 0L.

One can check that the trivial multiplicative loop0is associative.
Let us note that there exists a multiplicative group with zero which is strict and commutative.
The following proposition is true

(38)13 L is a commutative multiplicative group with zero if and only if the following conditions
are satisfied:

0L 6= 1L and for everya holdsa ·1L = a and for everya such thata 6= 0L there existsx such
thata · x = 1L and for alla, b, c holds(a ·b) · c = a · (b · c) and for everya holdsa ·0L = 0L

and for everya holds 0L ·a = 0L and for alla, b holdsa·b = b·a.

LetL be an almost invertible almost cancelable non empty multiplicative loop with zero structure
and leta be an element ofL. Let us assume thata 6= 0L. The functora−1 yielding an element ofL
is defined as follows:

(Def. 25) a·a−1 = 1L.

In the sequelG is an associative almost invertible almost cancelable well unital non empty
multiplicative loop with zero structure anda is an element ofG.

We now state the proposition

12 The proposition (35) has been removed.
13 The proposition (37) has been removed.
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(40)14 If a 6= 0G, thena·a−1 = 1G anda−1 ·a = 1G.

LetL be an almost invertible almost cancelable non empty multiplicative loop with zero structure
and leta, b be elements ofL. The functora

b yields an element ofL and is defined as follows:

(Def. 26) a
b = a·b−1.

REFERENCES

[1] Krzysztof Hryniewiecki. Basic properties of real numbers.Journal of Formalized Mathematics, 1, 1989. http://mizar.org/JFM/
Vol1/real_1.html.
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