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Summary. This article is concerned with Euler’s theorem and small Fermat’s theorem
that play important roles in public-key cryptograms. In the first section, we present some
selected theorems on integers. In the following section, we remake definitions about the finite
sequence of natural, the function of natural times finite sequence of naturalainke finite
sequence of natural. We also prove some basic theorems that concern these redefinitions.
Next, we define the function of modulus for finite sequence of natural and some fundamental
theorems about this function are proved. Finally, Euler’s theorem and small Fermat’s theorem
are proved.

MML Identifier: EULER_2.

WWW: http://mizar.orqg/JFM/Voll0/euler_2.html

The articles([14],[[177], [15],[[1],[[16],[[13],.[8],.[2],[[5], [12],[[], [[11],[17],[[18],[14],.[5],[B], and
[10] provide the notation and terminology for this paper.

1. PRELIMINARY

We adopt the following conventiom, b, m, n, k, | are natural numbersjs an integer, and, F are
finite sequences of elementsiof
The following propositions are true:

(1) aandb quainteger are relative prime iti andb are relative prime.
(2) Ifm>1andm-t>1 thent>1.
(3) Ifm>1andm-t>0,thent > 0.

(SH Supposea # 0 andb # 0 andm # 0 anda andm are relative prime andandmare relative
prime. Thermanda-bmodm are relative prime.

(6) Supposan> 1 andb # 0 andm andn are relative prime and andm are relative prime
andn = a-bmodm. Thenmandb are relative prime.

(7) For everyn holdsmmodnmodn = mmaodn.

(8) For everyn holds(l +m) modn = ((I modn) 4+ (mmodn)) modn.

1 The proposition (4) has been removed.
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(9) Foreveryn holdsl - mmodn =1 - (mmodn) modn.
(10) For everyn holdsl - mmodn = (I modn) - mmodn.

(11) For everyn holdsl - mmodn = (I modn) - (mmodn) modn.

2. FINITE SEQUENCE OFNATURALS

Let us considea, f. Thena- f is a finite sequence of elementshof
One can prove the following proposition

(ZSE] For all finite sequencdg;, R, of elements ofN such thaR; andR; are fiberwise equipo-
tent holds[]Ry = [TR..

3. MoDULUS FORFINITE SEQUENCE OFNATURALS

Let f be a finite sequence of elementsifofnd letm be a natural number. The functémodm
yielding a finite sequence of elementsNofs defined as follows:

(Def. 1) len(f modm) = lenf and for every natural numbérsuch thati € domf holds (f mod
m)(i) = f(i) modm.

The following propositions are true:

(26) For every finite sequendeof elements ofN such thaim# 0 holds[](f modm) modm =
[1fmodm.

(27) If a# 0 andm> 1 andn # 0 anda-nmodm = nmodm andm andn are relative prime,
thenamodm = 1.

(28) For everyr holdsF modmmodm = F modm.
(29) For everyr holdsa- (F modm) modm= a- F modm.
(30) For all finite sequencés G of elements oN holdsF ~ Gmodm= (F modm) ~ (Gmodm).

(31) For all finite sequencds, G of elements oN holdsa- (F ~ G) modm = (a- F modm) ~
(a-Gmodm).

Let us considen, k. ThennX is a natural number.
One can prove the following proposition

(32) If a0 andm= 0 anda andm are relative prime, then for evetyholdsa® andm are
relative prime.

4. BULER'S THEOREM AND SMALL FERMAT’'S THEOREM

The following two propositions are true:

(33) Ifa%0andm> 1 andaandmare relative prime, theaF“®™modm = 1.

(34) Ifas 0 andmis prime anda andm are relative prime, thea™ modm = amodm.
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