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Summary. Filters of a lattice, maximal filters (ultrafilters), operation to create a filter
generating by an element or by a non-empty subset of the lattice are discussed. Besides, there
are introduced implicative lattices such that for every two elements there is an element being
pseudo-complement of them. Some facts concerning these concepts are presented too, i.e. for
any proper filter there exists an ultrafilter consisting it.

MML Identifier: FILTER_0.

WWW: http://mizar.org/JFM/Vol2/filter_0.html

The articles [7], [4], [5], [1], [8], [11], [3], [2], [12], [6], [9], and [10] provide the notation and
terminology for this paper.

We adopt the following convention:L is a lattice,p, p1, q, q1, r are elements ofL, andx is a set.
We now state several propositions:

(1) If pv q, thenr t pv r tq andpt r v qt r andpt r v r tq andr t pv qt r.

(2) If pv r, thenpuqv r andqu pv r.

(3) If pv r, thenpv qt r andpv r tq.

(4) If pv p1 andqv q1, thenptqv p1tq1 andptqv q1t p1.

(5) If pv p1 andqv q1, thenpuqv p1uq1 andpuqv q1u p1.

(6) If pv r andqv r, thenptqv r.

(7) If r v p andr v q, thenr v puq.

Let us considerL. A non empty subset ofL is said to be a filter ofL if:

(Def. 1) p∈ it andq∈ it iff puq∈ it.

We now state the proposition

(9)1 Let D be a non empty subset ofL. ThenD is a filter of L if and only if the following
conditions are satisfied:

(i) for all p, q such thatp∈ D andq∈ D holdspuq∈ D, and

(ii) for all p, q such thatp∈ D andpv q holdsq∈ D.

In the sequelH, F denote filters ofL.
One can prove the following propositions:

1 The proposition (8) has been removed.
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(10) If p∈ H, thenptq∈ H andqt p∈ H.

(11) There existsp such thatp∈ H.

(12) If L is an upper bound lattice, then>L ∈ H.

(13) If L is an upper bound lattice, then{>L} is a filter ofL.

(14) If {p} is a filter ofL, thenL is upper-bounded.

(15) The carrier ofL is a filter ofL.

Let us considerL. The functor[L) yields a filter ofL and is defined by:

(Def. 2) [L) = the carrier ofL.

Let us considerL, p. The functor[p) yields a filter ofL and is defined by:

(Def. 3) [p) = {q : pv q}.

One can prove the following propositions:

(18)2 q∈ [p) iff pv q.

(19) p∈ [p) andptq∈ [p) andqt p∈ [p).

(20) If L is a lower bound lattice, then[L) = [⊥L).

Let us considerL, F . We say thatF is an ultrafilter if and only if:

(Def. 4) F 6= the carrier ofL and for everyH such thatF ⊆H andH 6= the carrier ofL holdsF = H.

We introduceF is an ultrafilter as a synonym ofF is an ultrafilter.
The following three propositions are true:

(22)3 If L is lower-bounded, then for everyF such thatF 6= the carrier ofL there existsH such
thatF ⊆ H andH is an ultrafilter.

(23) If there existsr such thatpu r 6= p, then[p) 6= the carrier ofL.

(24) If L is a lower bound lattice andp 6= ⊥L, then there existsH such thatp∈ H andH is an
ultrafilter.

In the sequelD denotes a non empty subset ofL.
Let us considerL, D. The functor[D) yielding a filter ofL is defined as follows:

(Def. 5) D⊆ [D) and for everyF such thatD⊆ F holds[D)⊆ F.

Next we state the proposition

(26)4 [F) = F.

In the sequelD1, D2 are non empty subsets ofL.
One can prove the following propositions:

(27) If D1 ⊆ D2, then[D1)⊆ [D2).

(29)5 If p∈ D, then[p)⊆ [D).

(30) If D = {p}, then[D) = [p).

2 The propositions (16) and (17) have been removed.
3 The proposition (21) has been removed.
4 The proposition (25) has been removed.
5 The proposition (28) has been removed.
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(31) If L is a lower bound lattice and⊥L ∈ D, then[D) = [L) and[D) = the carrier ofL.

(32) If L is a lower bound lattice and⊥L ∈ F, thenF = [L) andF = the carrier ofL.

Let us considerL, F . We say thatF is prime if and only if:

(Def. 6) ptq∈ F iff p∈ F or q∈ F.

Next we state the proposition

(34)6 If L is a Boolean lattice, then for allp, q holdspu (pctq) v q and for everyr such that
pu r v q holdsr v pctq.

Let I1 be a non empty lattice structure. We say thatI1 is implicative if and only if the condition
(Def. 7) is satisfied.

(Def. 7) Let p, q be elements ofI1. Then there exists an elementr of I1 such thatpu r v q and for
every elementr1 of I1 such thatpu r1 v q holdsr1 v r.

Let us observe that there exists a lattice which is strict and implicative.
An implicative lattice is an implicative lattice.
Let us considerL, p, q. Let us assume thatL is an implicative lattice. The functorp⇒ q yields

an element ofL and is defined by:

(Def. 8) pu (p⇒ q)v q and for everyr such thatpu r v q holdsr v p⇒ q.

In the sequelI denotes an implicative lattice andi denotes an element ofI .
One can prove the following propositions:

(37)7 I is upper-bounded.

(38) i ⇒ i =>I .

(39) I is distributive.

In the sequelB is a Boolean lattice andF1, H1 are filters ofB.
Next we state the proposition

(40) B is implicative.

Let us note that every lattice which is implicative is also distributive.
For simplicity, we follow the rules:I denotes an implicative lattice,i, j, k denote elements ofI ,

D3 denotes a non empty subset ofI , andF2 denotes a filter ofI .
We now state two propositions:

(41) If i ∈ F2 andi ⇒ j ∈ F2, then j ∈ F2.

(42) If j ∈ F2, theni ⇒ j ∈ F2.

Let us considerL, D1, D2. The functorD1uD2 yielding a subset ofL is defined as follows:

(Def. 9) D1uD2 = {puq : p∈ D1 ∧ q∈ D2}.

Let us considerL, D1, D2. Observe thatD1uD2 is non empty.
We now state three propositions:

(44)8 If p∈ D1 andq∈ D2, thenpuq∈ D1uD2 andqu p∈ D1uD2.

(45) If x∈ D1uD2, then there existp, q such thatx = puq andp∈ D1 andq∈ D2.

6 The proposition (33) has been removed.
7 The propositions (35) and (36) have been removed.
8 The proposition (43) has been removed.
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(46) D1uD2 = D2uD1.

Let L be a distributive lattice and letF3, F4 be filters ofL. ThenF3uF4 is a filter ofL.
Let L be a Boolean lattice and letF3, F4 be filters ofL. ThenF3uF4 is a filter ofL.
The following propositions are true:

(47) [D1∪D2) = [[D1)∪D2) and[D1∪D2) = [D1∪ [D2)).

(48) [F ∪H) = {r :
∨

p,q (puqv r ∧ p∈ F ∧ q∈ H)}.

(49) F ⊆ F uH andH ⊆ F uH.

(50) [F ∪H) = [F uH).

In the sequelF3, F4 are filters ofI .
Next we state four propositions:

(51) [F3∪F4) = F3uF4.

(52) [F1∪H1) = F1uH1.

(53) If j ∈ [D3∪{i}), theni ⇒ j ∈ [D3).

(54) If i ⇒ j ∈ F2 and j ⇒ k∈ F2, theni ⇒ k∈ F2.

In the sequela, b, c denote elements ofB.
One can prove the following propositions:

(55) a⇒ b = actb.

(56) av b iff aubc =⊥B.

(57) F1 is an ultrafilter iffF1 6= the carrier ofB and for everya holdsa∈ F1 or ac ∈ F1.

(58) F1 6= [B) andF1 is prime iff F1 is an ultrafilter.

(59) If F1 is an ultrafilter, then for everya holdsa∈ F1 iff ac /∈ F1.

(60) If a 6= b, then there existsF1 such thatF1 is an ultrafilter buta∈ F1 andb /∈ F1 or a /∈ F1

andb∈ F1.

In the sequelo1, o2 denote binary operations onF .
Let us considerL, F . The functorLF yielding a lattice is defined by the condition (Def. 10).

(Def. 10) There existo1, o2 such thato1 = (the join operation ofL)�([:F, F :] qua set) ando2 = (the
meet operation ofL)�([:F, F :] qua set) andLF = 〈F,o1,o2〉.

Let us considerL, F . Note thatLF is strict.
Next we state a number of propositions:

(62)9 For every strict latticeL holdsL[L) = L.

(63)(i) The carrier ofLF = F,

(ii) the join operation ofLF = (the join operation ofL)�([:F, F :] qua set), and

(iii) the meet operation ofLF = (the meet operation ofL)�([:F, F :] qua set).

(64) For all elementsp′, q′ of LF such thatp = p′ andq = q′ holdsptq = p′tq′ andpuq =
p′uq′.

(65) For all elementsp′, q′ of LF such thatp = p′ andq = q′ holdspv q iff p′ v q′.

9 The proposition (61) has been removed.
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(66) If L is upper-bounded, thenLF is upper-bounded.

(67) If L is modular, thenLF is modular.

(68) If L is distributive, thenLF is distributive.

(69) If L is an implicative lattice, thenLF is implicative.

(70) L[p) is lower-bounded.

(71) ⊥L[p) = p.

(72) If L is upper-bounded, then>L[p) =>L.

(73) If L is an upper bound lattice, thenL[p) is bounded.

(74) If L is a complemented lattice and a modular lattice, thenL[p) is a complemented lattice.

(75) If L is a Boolean lattice, thenL[p) is a Boolean lattice.

Let us considerL, p, q. The functorp⇔ q yielding an element ofL is defined by:

(Def. 11) p⇔ q = (p⇒ q)u (q⇒ p).

One can prove the following two propositions:

(77)10 p⇔ q = q⇔ p.

(78) If i ⇔ j ∈ F2 and j ⇔ k∈ F2, theni ⇔ k∈ F2.

Let us considerL, F . The functor≡F yielding a binary relation is defined as follows:

(Def. 12) field(≡F)⊆ the carrier ofL and for allp, q holds〈〈p, q〉〉 ∈ ≡F iff p⇔ q∈ F.

The following propositions are true:

(80)11 ≡F is a binary relation on the carrier ofL.

(81) If L is an implicative lattice, then≡F is reflexive in the carrier ofL.

(82) ≡F is symmetric in the carrier ofL.

(83) If L is an implicative lattice, then≡F is transitive in the carrier ofL.

(84) If L is an implicative lattice, then≡F is an equivalence relation of the carrier ofL.

(85) If L is an implicative lattice, then field(≡F) = the carrier ofL.

Let us considerI , F2. Then≡(F2) is an equivalence relation of the carrier ofI .
Let us considerB, F1. Then≡(F1) is an equivalence relation of the carrier ofB.
Let us considerL, F , p, q. The predicatep≡F q is defined as follows:

(Def. 13) p⇔ q∈ F.

Next we state four propositions:

(87)12 p≡F q iff 〈〈p, q〉〉 ∈ ≡F .

(88) i ≡F2 i anda≡F1 a.

(89) If p≡F q, thenq≡F p.

(90) If i ≡F2 j and j ≡F2 k, theni ≡F2 k and ifa≡F1 b andb≡F1 c, thena≡F1 c.

10 The proposition (76) has been removed.
11 The proposition (79) has been removed.
12 The proposition (86) has been removed.



FILTERS — PART I 6

REFERENCES
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