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Summary. We prove the Hilbert basis theorem followingd [7], page 145. First we
prove the theorem for the univariate case and then for the multivariate case. Our proof for
the latter is slightly different than in[7]. As a base case we take the ring of polynomilas with
no variables. We also prove that a polynomial ring with infinite number of variables is not
Noetherian.

MML Identifier: HILBASIS.

WWW: http://mizar.orq/JFM/Voll2/hilbasis.html

The articles[[31],[[11],[[38],[18],[19] /[33]/ [13] [39]| [17]. [9][5]L[20]LI6]/ [27]I [34]. [3].140],
[35], [10], [15], [32], [12], [14], [37], [2], (28], [30], [22], [26], [36], [24],[25], 23], [1],[[16], [8],
[4], [21], and [29] provide the notation and terminology for this paper.

1. PRELIMINARIES
The following propositions are true:

(1) LetA, B be finite sequences anfdbe a function. Suppose rdgJrngB C domf. Then
there exist finite sequencés, f, such thatf; = f-Aandf,=f-Bandf-(A~B)=f; "~ f,.

(2) For every bad of 0 holds decomp = ((0,0)).

(3) For all natural numberis j and for every bad of j such thai < j holdsb[i is an element
of Bags.

(4) For all setd, j and for all bagdy, by of j and for all bagdy, b, of i such thaty; = by i
andb), = b,[i andb; | b, holdsb | b).

5) Leti, j be setshs, by be bags ofj, andb], b, be bags of. If by = by |i andb), = by]i, then
P 1 2
(b1 —"bp) i = b} —'b, and(by + by) [i = b} + b,

Let n, k be natural numbers and letbe a bag ofn. The functorb extended bk yields an
element of Bagg+ 1) and is defined as follows:

(Def. 1) (bextended bk)[n= b and(b extended bk)(n) = k.
The following two propositions are true:
(6) For every natural numberholds EmptyBa¢n+ 1) = EmptyBag extended by 0

(7) For every ordinal numberand for all bagd, by of n holdsb; € rngdivisordiff by | b.
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LetX be a set and letbe an element of. The functor UnitBag yielding an element of Bagé
is defined by:

(Def. 2) UnitBag< = EmptyBagX +- (x,1).

We now state four propositions:

(8) For every non empty set and for every elementof X holds supportUnitBag= {x}.

(9) LetX be anonempty set andbe an element ok. Then(UnitBagx)(x) = 1 and for every
elementy of X such thak # y holds(UnitBagx)(y) = 0.

(10) For every non empty seft and for all elementx;, xp of X such that UnitBag; =
UnitBagx, holdsx; = xo.

(11) LetX be a non empty ordinal numberbe an element oX, L be a unital non trivial non

empty double loop structure, amdbe a function fromX into L. Then evalUnitBagx,e) =
e(X).

Let X be a set, lex be an element oX, and letL be a unital non empty multiplicative loop with
zero structure. The functord(x,L) yielding a series oX, L is defined as follows:

(Def. 3) 11(x,L) =0xL+- (UnitBagx, 1, ).

We now state two propositions:

(12) LetX be a setl. be a unital non trivial non empty double loop structure, ahd an element

of X. Then(1.1(x,L))(UnitBagx) = 1, and for every bag of X such thab # UnitBagx holds
(1-1(x,L))(b) = 0.

(13) LetX be a setx be an element oK, andL be an add-associative right zeroed right
complementable unital right distributive non trivial non empty double loop structure. Then
Support11(x,L) = {UnitBagx}.

Let X be an ordinal number, latbe an element of, and letl. be an add-associative right zeroed
right complementable unital right distributive non trivial non empty double loop structure. One can
verify that 11(x, L) is finite-Support.

One can prove the following three propositions:

(14) LetL be an add-associative right zeroed right complementable unital right distributive non
trivial non empty double loop structuri¥,be a non empty set, and, x, be elements oX. If
1.1(x1,L) =1.1(xp,L), thenxs = xo.

(15) LetL be an add-associative right zeroed right complementable distributive non empty dou-

ble loop structurex be an element of Polynom-Rihgand p be a sequence af. If x=p,
then—x= —p.

(16) LetL be an add-associative right zeroed right complementable distributive non empty dou-
ble loop structurex, y be elements of Polynom-Rihg andp, g be sequences &f If x=p
andy = g, thenx—y=p—ga.

LetL be aright zeroed add-associative right complementable unital distributive non empty dou-

ble loop structure and Iétbe a non empty subset of Polynom-RIing he functor minlet yielding
a non empty subset ofis defined by:

(Def. 4) minlenl = {x;x ranges over elements bf Ay v - poynomial oft. (X =X A Y €1 = lenx’ <

leny)}.
We now state the proposition
(17) LetL be aright zeroed add-associative right complementable unital distributive non empty

double loop structurd, be a non empty subset of Polynom-Ringandi,, io be polynomials
of L. If i1 € minlenl andi; € I, theniy € | and leri; < lenis.
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Let L be a right zeroed add-associative right complementable unital distributive non empty
double loop structure, let be a natural number, and latbe an element of.. The functor
monomia(a, n) yielding a polynomial oL is defined by:

(Def. 5) For every natural numbgtholds ifx = n, then(monomia(a, n))(x) = aand ifx # n, then
(monomiala,n))(x) = 0.

The following four propositions are true:

(18) LetL be a right zeroed add-associative right complementable unital distributive non
empty double loop structurey be a natural number, aralbe an element oE. Then if
a # 0., then lenmonomigh,n) = n+1 and if a = 0., then lenmonomidgh,n) = 0 and
lenmonomiala,n) < n+ 1.

(19) LetL be aright zeroed add-associative right complementable unital distributive non empty
double loop structure, x be natural numbers, be an element df, andp be a polynomial
of L. Then(monomia(a,n) « p)(x+n) = a- p(x).

(20) LetL be aright zeroed add-associative right complementable unital distributive non empty
double loop structure), x be natural numbers be an element df, andp be a polynomial
of L. Then(p*monomiala,n))(x+n) = p(x) - a.

(21) LetL be aright zeroed add-associative right complementable unital distributive non empty
double loop structure angl g be polynomials of.. Then lerip*q) < (lenp+leng) —' 1.

2. ON RING |SOMORPHISM
One can prove the following propositions:

(22) LetR, Sbe non empty double loop structurédye an ideal oR, andP be a map fronR
into S. If Pis ring isomorphism, theR°l is an ideal ofS.

(23) LetR, Sbe add-associative right zeroed right complementable non empty double loop
structures and be a map fronRinto S. If f is ring homomorphism, thefi(Or) = Os.

(24) LetR, S be add-associative right zeroed right complementable non empty double loop
structuresf be a non empty subset 8 G be a non empty subset & P be a map from
Rinto S, I; be a linear combination d¥, L1 be a linear combination d&, andE be a finite
sequence of elements [othe carrier ofR, the carrier oR, the carrier oRR:]. Suppose that

(i) Pisring homomorphism,
(i) lenly =lenLq,

(i)  E represent$;, and

(iv) for every seti such thai € domL; holdsL1(i) = P((Ei)1) - P((Ei)2) - P((Ei)3)-
ThenP(le) =3 L;.

(25) LetR, Sbe non empty double loop structures @tle a map fronR into S. Suppose® is
ring isomorphism. Then there exists a niadfrom Sinto R such thaP; is ring isomorphism
andP, =P 1.

(26) LetR, She Abelian add-associative right zeroed right complementable associative distribu-
tive well unital non empty double loop structuréspe a non empty subset Bf andP be a
map fromRinto S. If P is ring isomorphism, theR°F—ideal= (P°F)—ideal

(27) LetR, Sbe Abelian add-associative right zeroed right complementable associative distribu-
tive well unital non empty double loop structures @te a map fronRinto S. If P is ring
isomorphism and is Noetherian, theis Noetherian.
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(28) LetRbe an add-associative right zeroed right complementable associative distributive well
unital non trivial non empty double loop structure. Then there exists a map Rdamo
Polynom-Rind0, R) which is ring isomorphism.

(29) LetRbe aright zeroed add-associative right complementable unital distributive non trivial
non empty double loop structune pe a natural numbeb, be a bag ofh, p; be a polynomial
of n, R, andF be a finite sequence of elements of the carrier of Polynom{RifR). Suppose
p1 = S F. Then there exists a functiom from the carrier of Polynom-Rir(@, R) into the
carrier ofR such that for every polynomiad of n, Rholdsg(p) = p(b) andpi(b) =S (g-F).

Let R be an Abelian add-associative right zeroed right complementable associative distribu-
tive well unital commutative non trivial non empty double loop structure andlbe a natu-
ral number. The functor upfn,R) yielding a map from Polynom-Ring Polynom-RifmgR) into
Polynom-Ringn—+ 1,R) is defined by the condition (Def. 6).

(Def. 6) Letp; be a polynomial of Polynom-Ririg, R), p2 be a polynomial oh, R, p3 be a poly-
nomial ofn+1, R, andb be a bag oh+ 1. If p3 = (upm(n,R))(p1) andpz = p1(b(n)), then
pa(b) = pz(bIn).

Let R be an Abelian add-associative right zeroed right complementable associative distributive
well unital commutative non trivial non empty double loop structure and bt a natural number.
One can verify the following observations:

x upm(n,R) is additive,

*x upm(n,R) is multiplicative,

x upm(n,R) is unity-preserving, and
* upm(n,R) is one-to-one.

Let R be an Abelian add-associative right zeroed right complementable associative distributive
well unital commutative non trivial non empty double loop structure and bt a natural number.
The functor mp(n, R) yields a map from Polynom-Ririg—+ 1, R) into Polynom-Ring Polynom-Ring, R)
and is defined by the condition (Def. 7).

(Def. 7) Letp; be a polynomial oh+ 1, R, p2 be a polynomial ofh, R, p3 be a polynomial of
Polynom-Ringn, R), i be a natural number, afbe a bag of. If ps = (mpu(n,R))(p1) and
p2 = pa(i), thenpy(b) = p1(b extended by).

The following propositions are true:

(30) LetRbe an Abelian add-associative right zeroed right complementable associative distribu-
tive well unital commutative non trivial non empty double loop structaree a natural num-
ber, andp be an element of Polynom-Rifig+ 1, R). Then(upm(n,R))((mpu(n,R))(p)) = p.

(31) LetR be an Abelian add-associative right zeroed right complementable associative dis-
tributive well unital commutative non trivial non empty double loop structure artae
a natural number. Then there exists a map from Polynom-Ring Polynon{fRRiginto
Polynom-Ringn+ 1, R) which is ring isomorphism.

3. HILBERT BASIS THEOREM

Let R be a Noetherian Abelian add-associative right zeroed right complementable associative dis-
tributive well unital commutative non empty double loop structure. One can verify that PolynoniRRing
is Noetherian.

We now state four propositions:
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(33@ Let R be an Abelian add-associative right zeroed right complementable associative dis-
tributive well unital non trivial commutative non empty double loop structure. SupRase
Noetherian. Leh be a natural number. Then Polynom-RingR) is Noetherian.

(34) Every field is Noetherian.
(35) For every field= and for every natural numberholds Polynom-Rinn, F) is Noetherian.

(836) LetRbe an Abelian right zeroed add-associative right complementable well unital distribu-
tive associative commutative non trivial non empty double loop structurXdradan infinite
ordinal number. Then Polynom-Rif), R) is non Noetherian.
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