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The articles [21], [14], [24], [25], [11], [8], [15], [1], [16], [2], [3], [9], [6], [22], [23], [13], [12],
[10], [19], [18], [5], [20], [4], [17], and [7] provide the notation and terminology for this paper.

1. PRELIMINARIES

The following proposition is true

(2)1 Let Sbe a non empty non void many sorted signature,o be an operation symbol ofS, V be
a non-empty many sorted set indexed by the carrier ofS, andx be a set. Thenx is an argument
sequence of Sym(o,V) if and only if x is an element of Args(o,Free(V)).

Let S be a non empty non void many sorted signature, letV be a non-empty many sorted set
indexed by the carrier ofS, and leto be an operation symbol ofS. One can verify that every element
of Args(o,Free(V)) is decorated tree yielding.

The following two propositions are true:

(3) Let S be a non empty non void many sorted signature andA1, A2 be algebras overS.
Suppose the sorts ofA1 are transformable to the sorts ofA2. Let o be an operation symbol of
S. If Args(o,A1) 6= /0, then Args(o,A2) 6= /0.

(4) Let S be a non empty non void many sorted signature,o be an operation symbol ofS,
V be a non-empty many sorted set indexed by the carrier ofS, and x be an element of
Args(o,Free(V)). Then(Den(o,Free(V)))(x) = 〈〈o, the carrier ofS〉〉-tree(x).

Let Sbe a non empty non void many sorted signature and letA be a non-empty algebra overS.
Observe that the algebra ofA is non-empty.

One can prove the following propositions:

(5) LetSbe a non empty non void many sorted signature andA, B be algebras overS. Suppose
the algebra ofA = the algebra ofB. Let o be an operation symbol ofS. Then Den(o,A) =
Den(o,B).

1 The proposition (1) has been removed.
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(6) Let Sbe a non empty non void many sorted signature andA1, A2, B1, B2 be algebras over
S. Suppose the algebra ofA1 = the algebra ofB1 and the algebra ofA2 = the algebra ofB2.
Let f be a many sorted function fromA1 into A2 andg be a many sorted function fromB1

into B2. Supposef = g. Let o be an operation symbol ofS. Suppose Args(o,A1) 6= /0 and
Args(o,A2) 6= /0. Let x be an element of Args(o,A1) andy be an element of Args(o,B1). If
x = y, then f #x = g#y.

(7) Let Sbe a non empty non void many sorted signature andA1, A2, B1, B2 be algebras over
S. Suppose that

(i) the algebra ofA1 = the algebra ofB1,

(ii) the algebra ofA2 = the algebra ofB2, and

(iii) the sorts ofA1 are transformable to the sorts ofA2.

Let h be a many sorted function fromA1 into A2. Supposeh is a homomorphism ofA1 into
A2. Then there exists a many sorted functionh′ from B1 into B2 such thath′ = h andh′ is a
homomorphism ofB1 into B2.

Let Sbe a many sorted signature. We say thatS is feasible if and only if:

(Def. 1) If the carrier ofS= /0, then the operation symbols ofS= /0.

Next we state the proposition

(8) Let S be a many sorted signature. ThenS is feasible if and only if dom(the result sort of
S) = the operation symbols ofS.

One can verify the following observations:

∗ every many sorted signature which is non empty is also feasible,

∗ every many sorted signature which is void is also feasible,

∗ every many sorted signature which is empty and feasible is also void, and

∗ every many sorted signature which is non void and feasible is also non empty.

Let us mention that there exists a many sorted signature which is non void and non empty.
Next we state two propositions:

(9) Let S be a feasible many sorted signature. Then idthe carrier ofS and idthe operation symbols ofS

form morphism betweenSandS.

(10) LetS1, S2 be many sorted signatures andf , g be functions. Supposef andg form morphism
betweenS1 andS2. Then

(i) f is a function from the carrier ofS1 into the carrier ofS2, and

(ii) g is a function from the operation symbols ofS1 into the operation symbols ofS2.

2. SUBSIGNATURES

Let Sbe a feasible many sorted signature. A many sorted signature is said to be a subsignature ofS
if:

(Def. 2) idthe carrier of itand idthe operation symbols of itform morphism between it andS.

The following proposition is true

(11) LetSbe a feasible many sorted signature andT be a subsignature ofS. Then the carrier of
T ⊆ the carrier ofSand the operation symbols ofT ⊆ the operation symbols ofS.
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Let Sbe a feasible many sorted signature. Note that every subsignature ofS is feasible.
One can prove the following propositions:

(12) LetSbe a feasible many sorted signature andT be a subsignature ofS. Then the result sort
of T ⊆ the result sort ofSand the arity ofT ⊆ the arity ofS.

(13) LetSbe a feasible many sorted signature andT be a subsignature ofS. Then

(i) the arity ofT = (the arity ofS)�(the operation symbols ofT), and

(ii) the result sort ofT = (the result sort ofS)�(the operation symbols ofT).

(14) LetS, T be feasible many sorted signatures. Suppose that

(i) the carrier ofT ⊆ the carrier ofS,

(ii) the arity ofT ⊆ the arity ofS, and

(iii) the result sort ofT ⊆ the result sort ofS.

ThenT is a subsignature ofS.

(15) LetS, T be feasible many sorted signatures. Suppose that

(i) the carrier ofT ⊆ the carrier ofS,

(ii) the arity ofT = (the arity ofS)�(the operation symbols ofT), and

(iii) the result sort ofT = (the result sort ofS)�(the operation symbols ofT).

ThenT is a subsignature ofS.

(16) Every feasible many sorted signatureS is a subsignature ofS.

(17) For every feasible many sorted signatureS1 and for every subsignatureS2 of S1 holds every
subsignature ofS2 is a subsignature ofS1.

(18) LetS1 be a feasible many sorted signature andS2 be a subsignature ofS1. SupposeS1 is a
subsignature ofS2. Then the many sorted signature ofS1 = the many sorted signature ofS2.

Let Sbe a non empty many sorted signature. Observe that there exists a subsignature ofSwhich
is non empty.

Let Sbe a non void feasible many sorted signature. One can check that there exists a subsigna-
ture ofSwhich is non void.

We now state three propositions:

(19) Let S be a feasible many sorted signature,S′ be a subsignature ofS, T be a many sorted
signature, andf , g be functions. Supposef andg form morphism betweenS andT. Then
f �the carrier ofS′ andg�the operation symbols ofS′ form morphism betweenS′ andT.

(20) LetSbe a many sorted signature,T be a feasible many sorted signature,T ′ be a subsigna-
ture ofT, and f , g be functions. Supposef andg form morphism betweenSandT ′. Then f
andg form morphism betweenSandT.

(21) Let S be a many sorted signature,T be a feasible many sorted signature,T ′ be a sub-
signature ofT, and f , g be functions. Supposef andg form morphism betweenS andT
and rngf ⊆ the carrier ofT ′ and rngg ⊆ the operation symbols ofT ′. Then f andg form
morphism betweenSandT ′.

3. SIGNATURE REDUCTS

Let S1, S2 be non empty many sorted signatures, letA be an algebra overS2, and letf , g be functions.
Let us assume thatf andg form morphism betweenS1 andS2. The functorA�( f ,g)S1 yields a strict
algebra overS1 and is defined by the conditions (Def. 3).
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(Def. 3)(i) The sorts ofA�( f ,g)S1 = (the sorts ofA) · f , and

(ii) the characteristics ofA�( f ,g)S1 = (the characteristics ofA) ·g.

Let S2, S1 be non empty many sorted signatures and letA be an algebra overS2. The functor
A�S1 yielding a strict algebra overS1 is defined as follows:

(Def. 4) A�S1 = A�(idthe carrier ofS1
,idthe operation symbols ofS1

)S1.

We now state two propositions:

(22) LetS1, S2 be non empty many sorted signatures andA, B be algebras overS2. Suppose the
algebra ofA = the algebra ofB. Let f , g be functions. Iff andg form morphism betweenS1

andS2, thenA�( f ,g)S1 = B�( f ,g)S1.

(23) LetS1, S2 be non empty many sorted signatures,A be a non-empty algebra overS2, and f ,
g be functions. Iff andg form morphism betweenS1 andS2, thenA�( f ,g)S1 is non-empty.

Let S2 be a non empty many sorted signature, letS1 be a non empty subsignature ofS2, and let
A be a non-empty algebra overS2. Observe thatA�S1 is non-empty.

One can prove the following propositions:

(24) LetS1, S2 be non void non empty many sorted signatures andf , g be functions. Suppose
f andg form morphism betweenS1 andS2. Let A be an algebra overS2, o1 be an operation
symbol ofS1, ando2 be an operation symbol ofS2. If o2 = g(o1), then Den(o1,A�( f ,g)S1) =
Den(o2,A).

(25) Let S1, S2 be non void non empty many sorted signatures andf , g be functions. Sup-
pose f and g form morphism betweenS1 and S2. Let A be an algebra overS2, o1 be
an operation symbol ofS1, and o2 be an operation symbol ofS2. If o2 = g(o1), then
Args(o2,A) = Args(o1,A�( f ,g)S1) and Result(o1,A�( f ,g)S1) = Result(o2,A).

(26) Let S be a non empty many sorted signature andA be an algebra overS. Then
A�(idthe carrier ofS,idthe operation symbols ofS)S= the algebra ofA.

(27) For every non empty many sorted signatureSand for every algebraAoverSholdsA�S= the
algebra ofA.

(28) Let S1, S2, S3 be non empty many sorted signatures andf1, g1 be functions. Suppose
f1 andg1 form morphism betweenS1 andS2. Let f2, g2 be functions. Supposef2 andg2

form morphism betweenS2 andS3. Let A be an algebra overS3. ThenA�( f2· f1,g2·g1)S1 =
A�( f2,g2)S2�( f1,g1)S1.

(29) LetS1 be a non empty feasible many sorted signature,S2 be a non empty subsignature of
S1, S3 be a non empty subsignature ofS2, andA be an algebra overS1. ThenA�S3 = A�S2�S3.

(30) LetS1, S2 be non empty many sorted signatures,f be a function from the carrier ofS1 into
the carrier ofS2, andg be a function. Supposef andg form morphism betweenS1 andS2.
Let A1, A2 be algebras overS2 andh be a many sorted function from the sorts ofA1 into the
sorts ofA2. Thenh · f is a many sorted function from the sorts ofA1�( f ,g)S1 into the sorts of
A2�( f ,g)S1.

(31) LetS1 be a non empty many sorted signature,S2 be a non empty subsignature ofS1, A1,
A2 be algebras overS1, andh be a many sorted function from the sorts ofA1 into the sorts of
A2. Thenh�the carrier ofS2 is a many sorted function from the sorts ofA1�S2 into the sorts
of A2�S2.

(32) LetS1, S2 be non empty many sorted signatures andf , g be functions. Supposef andg
form morphism betweenS1 andS2. Let A be an algebra overS2. Then idthe sorts ofA · f =
idthe sorts ofA�( f ,g)S1.
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(33) LetS1 be a non empty many sorted signature,S2 be a non empty subsignature ofS1, andA
be an algebra overS1. Then idthe sorts ofA�the carrier ofS2 = idthe sorts ofA�S2.

(34) LetS1, S2 be non void non empty many sorted signatures andf , g be functions. Suppose
f andg form morphism betweenS1 andS2. Let A, B be algebras overS2, h2 be a many
sorted function fromA into B, andh1 be a many sorted function fromA�( f ,g)S1 into B�( f ,g)S1.
Supposeh1 = h2 · f . Let o1 be an operation symbol ofS1 ando2 be an operation symbol of
S2. Supposeo2 = g(o1) and Args(o2,A) 6= /0 and Args(o2,B) 6= /0. Let x2 be an element of
Args(o2,A) andx1 be an element of Args(o1,A�( f ,g)S1). If x2 = x1, thenh1#x1 = h2#x2.

(35) Let S, S′ be non empty non void many sorted signatures andA1, A2 be algebras overS.
Suppose the sorts ofA1 are transformable to the sorts ofA2. Let h be a many sorted function
from A1 into A2. Supposeh is a homomorphism ofA1 into A2. Let f be a function from
the carrier ofS′ into the carrier ofS andg be a function. Supposef andg form morphism
betweenS′ andS. Then there exists a many sorted functionh′ from A1�( f ,g)S

′ into A2�( f ,g)S
′

such thath′ = h· f andh′ is a homomorphism ofA1�( f ,g)S
′ into A2�( f ,g)S

′.

(36) LetSbe a non void feasible many sorted signature,S′ be a non void subsignature ofS, and
A1, A2 be algebras overS. Suppose the sorts ofA1 are transformable to the sorts ofA2. Let
h be a many sorted function fromA1 into A2. Supposeh is a homomorphism ofA1 into A2.
Then there exists a many sorted functionh′ from A1�S′ into A2�S′ such thath′ = h�the carrier
of S′ andh′ is a homomorphism ofA1�S′ into A2�S′.

(37) Let S, S′ be non empty non void many sorted signatures,A be a non-empty algebra over
S, f be a function from the carrier ofS′ into the carrier ofS, andg be a function. Suppose
f andg form morphism betweenS′ andS. Let B be a non-empty algebra overS′. Suppose
B = A�( f ,g)S

′. Let s1, s2 be sort symbols ofS′ andt be a function. Supposet is an elementary
translation inB from s1 into s2. Thent is an elementary translation inA from f (s1) into f (s2).

(38) LetS, S′ be non empty non void many sorted signatures,f be a function from the carrier
of S′ into the carrier ofS, andg be a function. Supposef andg form morphism betweenS′

andS. Let s1, s2 be sort symbols ofS′. If TranslRel(S′) reducess1 to s2, then TranslRel(S)
reducesf (s1) to f (s2).

(39) Let S, S′ be non void non empty many sorted signatures,A be a non-empty algebra over
S, f be a function from the carrier ofS′ into the carrier ofS, andg be a function. Suppose
f andg form morphism betweenS′ andS. Let B be a non-empty algebra overS′. Suppose
B = A�( f ,g)S

′. Let s1, s2 be sort symbols ofS′. Suppose TranslRel(S′) reducess1 to s2. Then
every translation inB from s1 into s2 is a translation inA from f (s1) into f (s2).

4. TRANSLATING HOMOMORPHISMS

The schemeGenFuncExdeals with a non empty non void many sorted signatureA , a non-empty
algebraB overA , a non-empty many sorted setC indexed by the carrier ofA , and a binary functor
F yielding a set, and states that:

There exists a many sorted functionh from Free(C ) into B such that
(i) h is a homomorphism of Free(C ) into B, and

(ii) for every sort symbols of A and for every elementx of C (s) holdsh(s)(the
root tree of〈〈x, s〉〉) = F (x,s)

provided the parameters meet the following requirement:
• For every sort symbols of A and for every elementx of C (s) holdsF (x,s) ∈ (the

sorts ofB)(s).
Next we state the proposition

(40) Let I be a set,A, B be many sorted sets indexed byI , C be a many sorted subset indexed
by A, F be a many sorted function fromA into B, andi be a set. Supposei ∈ I . Let f , g be
functions. Supposef = F(i) andg = (F � C)(i). Let x be a set. Ifx∈C(i), theng(x) = f (x).
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Let Sbe a non void non empty many sorted signature and letX be a non-empty many sorted set
indexed by the carrier ofS. Observe that FreeGenerator(X) is non-empty.

Let S1, S2 be non empty non void many sorted signatures, letX be a non-empty many sorted
set indexed by the carrier ofS2, let f be a function from the carrier ofS1 into the carrier ofS2, and
let g be a function. Let us assume thatf andg form morphism betweenS1 andS2. The functor
hom( f ,g,X,S1,S2) yielding a many sorted function from Free(X · f ) into Free(X)�( f ,g)S1 is defined
by the conditions (Def. 5).

(Def. 5)(i) hom( f ,g,X,S1,S2) is a homomorphism of Free(X · f ) into Free(X)�( f ,g)S1, and

(ii) for every sort symbol s of S1 and for every elementx of (X · f )(s) holds
(hom( f ,g,X,S1,S2))(s)(the root tree of〈〈x, s〉〉) = the root tree of〈〈x, f (s)〉〉.

One can prove the following propositions:

(41) LetS1, S2 be non void non empty many sorted signatures,X be a non-empty many sorted
set indexed by the carrier ofS2, f be a function from the carrier ofS1 into the carrier ofS2, and
g be a function. Supposef andg form morphism betweenS1 andS2. Let o be an operation
symbol ofS1, p be an element of Args(o,Free(X · f )), andq be a finite sequence. Suppose
q = hom( f ,g,X,S1,S2)#p. Then(hom( f ,g,X,S1,S2))(the result sort ofo)(〈〈o, the carrier of
S1〉〉-tree(p)) = 〈〈g(o), the carrier ofS2〉〉-tree(q).

(42) LetS1, S2 be non void non empty many sorted signatures,X be a non-empty many sorted
set indexed by the carrier ofS2, f be a function from the carrier ofS1 into the carrier ofS2,
andg be a function. Supposef andg form morphism betweenS1 andS2. Let t be a term of
S1 overX · f . Then(hom( f ,g,X,S1,S2))(the sort oft)(t) is a compound term ofS2 overX if
and only ift is a compound term ofS1 overX · f .

(43) LetS1, S2 be non void non empty many sorted signatures,X be a non-empty many sorted
set indexed by the carrier ofS2, f be a function from the carrier ofS1 into the carrier ofS2,
andg be an one-to-one function. Supposef andg form morphism betweenS1 andS2. Then
hom( f ,g,X,S1,S2) is a monomorphism of Free(X · f ) into Free(X)�( f ,g)S1.

(44) LetSbe a non void non empty many sorted signature andX be a non-empty many sorted
set indexed by the carrier ofS. Then hom(idthe carrier ofS, idthe operation symbols ofS,X,S,S) =
idthe sorts ofFree(X).

(45) LetS1, S2, S3 be non void non empty many sorted signatures,X be a non-empty many sorted
set indexed by the carrier ofS3, f1 be a function from the carrier ofS1 into the carrier ofS2, and
g1 be a function. Supposef1 andg1 form morphism betweenS1 andS2. Let f2 be a function
from the carrier ofS2 into the carrier ofS3 andg2 be a function. Supposef2 andg2 form
morphism betweenS2 andS3. Then hom( f2 · f1,g2 ·g1,X,S1,S3) = (hom( f2,g2,X,S2,S3) ·
f1)◦hom( f1,g1,X · f2,S1,S2).
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[14] Czesław Bylínski. Some basic properties of sets.Journal of Formalized Mathematics, 1, 1989. http://mizar.org/JFM/Vol1/
zfmisc_1.html.
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