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Summary. The purpose of the paper is to prove lemmas needed for the Jordan curve
theorem. The main result is that the decomposition of a simple closed curve into two arcs with
the endspy, p2 is unique in the sense that every arc on the curve with the same ends must be
equal to one of them.
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The articles[[25],[124],[[2I71,11],[126],128] [13].[[5] [191,[14],[[2R],[[17] [121] /18], [I7],.[20],[[2],[1283],
[15], [10Q], [6], [11], [22], (18], [12], [14], [13], and[[1B] provide the notation and terminology for
this paper.

One can prove the following proposition

(1) LetS be afinite non empty subset Bfande be a real number. If for every real numbyer
such thar € S holdsr < e, then max§, < e

For simplicity, we follow the rulesC is a simple closed curvé, A1, A, are subsets GE% p,
P1, P2, 0, 01, G2 are points ofE2, andn is a natural number.

Let us considen. Observe that there exists a subsefgfwhich is trivial.

One can prove the following propositions:

(2) Forall sets, b, ¢, X such that € X andb € X andc € X holds{a,b,c} C X.
(3) Og is Bounded.

(4) LowerArgC) # UpperArqC).

(5) Segmer(A, py, p2,01,02) € A.

(6) For every non empty topological spateand for all subset#, B of T such thatA C B
holdsT [Ais a subspace df |B.

(7) If Ais an arc fromp; to p; andq € A, thenq € LSegmentA, p1, p2,q).
(8) If Ais an arc fromp; to p andq € A, thenq € RSegmer(iA, p1, p2,q).-

(9) If Ais an arc fromp; to p, and LEqs, g2, A, p1, P2, thengy € SegmenttA, p1, p2, 1, d2)
andg; € SegmentA, p1, P2,01,02)-

(10) Segmertp,q,C) CC.
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(11) IfpeCandqgeC,thenp<cqgorg<cp.

(12) LetX,Y be non empty topological spacég,be a non empty subspaceYf f be a map
from X into Y, andg be a map fromX into Yp. If f =g and f is continuous, themy is
continuous.

(13) LetS T be non empty topological space®, be a non empty subspace &fTp be a non
empty subspace daf, andf be a map fronSinto T. Supposef is a homeomorphism. L&t
be a map fronty into Ty. If g = f S andg is onto, therg is a homeomorphism.

(14) LetPy, P, Ps be subsets OE% andps, p2 be points ofE% Supposé®; is an arc fromp; to
p2 andP; is an arc fromp; to p; andPs is an arc fromp; to p; andPNP; = {p1, p2} and
P, CP,UP;. ThenP, =P, or P = Ps.

(15) LetC be a simple closed curved;, A, be subsets ofE%, and p;, p2 be points off%.
Supposé; is an arc fromp; to p, andA; is an arc fromp; to p2 andA; € C andA; C Cand
Aq 75 Az. ThenAjUA, =CandA1NA; = {pl, pz}

(16) LetAq, Ay be subsets oE% and p1, pz, g1, 02 be points of‘E%. If A; is an arc fromp; to
pz andA1 NA2 = {1,902}, thenAg # A;.

(17) LetC be a simple closed curvéy;, A, be subsets oiE%, and p1, p2 be points on%.
Supposé; is an arc fromp; to p, andA; is an arc fromp; to p2 andA; € C andA; C Cand
AlNA = {p]_7 pz} ThenA;UA; =C.

(18) Supposé\; C CandA; C C andA; # Ay andA; is an arc frompy to p2 andAp is an arc
from py to po. Let givenA. If Ais an arc fromp; to p; andA C C, thenA = A; or A= Ay.

(19) LetC be a simple closed curve ardbe a non empty subset tﬂ% If Alis an arc from
Wmin(C) to Emax(C) andA C C, thenA = LowerArc(C) or A= UpperArdC).

(20) Supposd is an arc fromp; to p, and LEq, 02, A, p1, p2. Then there exists a map
fromI into (E%) [A and there exist real numbesg s, such thatg is a homeomorphism and
g(0) = p1 andg(1) = pp andg(s1) = g1 andg(s;) = gz and 0< s; ands; < s, ands, < 1.

(21) Supposéis an arc fromp; to pz and LEQs, Oz, A, p1, p2 anda; # gz. Then there exists a
mapg from I into (Z%) [A and there exist real numbess s, such thag is a homeomorphism
andg(0) = p1 andg(1) = p2 andg(s;) = o1 andg(s) = gz and 0< s ands; < s; ands, < 1.

(22) If Ais an arc frompy to p2 and LEQs, Oz, A, p1, P2, then Segmeiid, p1, p2, d1,dz) is non
empty.

(23) If peC,thenp € Segmentp, Wmin(C),C) and Whin(C) € Segmentp, Wmin(C),C).
Let f be a partial function fronR to R. We say thaf is continuous if and only if:
(Def. 1) f is continuous on dorh.
Let f be a function fronR into R. Let us observe thdt is continuous if and only if:
(Def. 2) f is continuous orR.

Let a, b be real numbers. The functor AffineM@pb) yielding a function fromR into R is
defined by:

(Def. 3) For every real numberholds(AffineMap(a, b))(x) = a-x+b.

Leta, b be real numbers. One can check that Affineli#ap) is continuous.
Let us observe that there exists a function fr@rimto R which is continuous.
Next we state a number of propositions:

(24) Letf, g be continuous partial functions frofd to R. Theng- f is a continuous partial
function fromR to R.
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(25) For all real numbers, b holds(AffineMap(a, b))(0) = b.
(26) For all real numbera, b holds(AffineMap(a,b))(1) =a-+h.
(27) For all real numbers, b such that # 0 holds AffineMaga, b) is one-to-one.

(28) For all real numbers, b, x, y such thata > 0 andx < y holds (AffineMap(a,b))(x) <
(AffineMap(a, b)) (y).

(29) For all real numbers, b, x, y such thata < 0 andx < y holds (AffineMap(a,b))(x) >
(AffineMap(a, b)) (y).

(30) For all real numbers, b, X, y such thata > 0 andx < y holds (AffineMap(a,b))(x) <
(AffineMap(a, b)) (y).

(31) For all real numbers, b, X, y such thata < 0 andx <y holds (AffineMap(a,b))(x) >
(AffineMap(a,b))(y).

(32) For all real numbers, b such that # 0 holds rng AffineMaga, b) = R.
(33) Forallreal numbers, b such that # 0 holds(AffineMap(a, b)) ~* = AffineMap(a~t, - 2).
(34) For all real numbera, b such that > 0 holds(AffineMap(a, b))°[0,1] = [b,a+b].

(35) For every magf from R into R! and for all real numbera, b such thata # 0 and f =
AffineMap(a, b) holds f is a homeomorphism.

(36) If Ais an arc fromp; to p and LE q1, Q2, A p1, p2 and o1 # Q2, then
SegmentA, p1, P2,q1,02) is an arc fron to gp.

(37) Letpy, p2 be points of£2 andP be a subset of2. Supposé® C C andP is an arc from
p1 to p2 and Whin(C) € P and Enax(C) € P. Then UpperAr¢C) C P or LowerArC) C P.

REFERENCES

[1] Grzegorz Bancerek. The ordinal numbedsurnal of Formalized Mathematic4, 1989.http://mizar.org/JFM/Voll/ordinall.
htmll

[2] Leszek Borys. Paracompact and metrizable spadesrnal of Formalized Mathematic8, 1991. http://mizar.org/JFM/Vol3/
pcomps_1.html,

[3] Czestaw Bylhski. Functions and their basic propertidsurnal of Formalized Mathematic, 1989/http://mizar.org/JFM/Voll/
funct_1.html.

[4] Czestaw Bylnhski. Functions from a set to a séburnal of Formalized Mathematic&, 1989!http://mizar.org/JFM/Voll/funct_|
2.htmll

[5] Czestaw Bylhski. Partial functionsJournal of Formalized Mathematic$, 1989/http://mizar.org/JFM/Voll/partfunl.html}

[6] Czestaw Bylhski and Piotr Rudnicki. Bounding boxes for compact set€#n Journal of Formalized Mathematic9, 1997.|http:
//mizar.org/JFM/Vol9/pscomp_1.htmll

[7] Agata Darmochwat. Compact spacdsurnal of Formalized Mathematic$, 1989 http://mizar.org/JFM/Voll/compts_1.html}

[8] Agata Darmochwat. Families of subsets, subspaces and mappings in topological Spaceal of Formalized Mathematicé, 1989.
http://mizar.org/JFM/Voll/tops_2.htmll

[9] Agata Darmochwat. Finite setdournal of Formalized Mathematic$, 1989/http://mizar.org/JFM/Voll/finset_1.html|
[10] Agata Darmochwat. The Euclidean spadeurnal of Formalized Mathematic8, 1991/http://mizar.org/JFM/Vol3/euclid.html}

[11] Agata Darmochwat and Yatsuka Nakamura. Metric spaces as topological spaces — fundamental cdocepts.of Formalized
Mathematics3, 1991'http://mizar.orqg/JFM/Vol3/topmetr.html}

[12] Agata Darmochwat and Yatsuka Nakamura. The topological s@gceircs, line segments and special polygonal ardsurnal of
Formalized Mathemati¢s3, 1991/http://mizar.org/JFM/Vol3/topreall.htmll

[13] Agata Darmochwat and Yatsuka Nakamura. The topological sgéc&imple closed curveslournal of Formalized Mathematic8,
1991.http://mizar.org/JFM/Vol3/topreal2.html.

[14] Adam Grabowski and Yatsuka Nakamura. The ordering of points on a curve. Pdduinal of Formalized Mathematic9, 1997.
http://mizar.org/JFM/Vol9/jordan5c.htmll


http://mizar.org/JFM/Vol1/ordinal1.html
http://mizar.org/JFM/Vol1/ordinal1.html
http://mizar.org/JFM/Vol3/pcomps_1.html
http://mizar.org/JFM/Vol3/pcomps_1.html
http://mizar.org/JFM/Vol1/funct_1.html
http://mizar.org/JFM/Vol1/funct_1.html
http://mizar.org/JFM/Vol1/funct_2.html
http://mizar.org/JFM/Vol1/funct_2.html
http://mizar.org/JFM/Vol1/partfun1.html
http://mizar.org/JFM/Vol9/pscomp_1.html
http://mizar.org/JFM/Vol9/pscomp_1.html
http://mizar.org/JFM/Vol1/compts_1.html
http://mizar.org/JFM/Vol1/tops_2.html
http://mizar.org/JFM/Vol1/finset_1.html
http://mizar.org/JFM/Vol3/euclid.html
http://mizar.org/JFM/Vol3/topmetr.html
http://mizar.org/JFM/Vol3/topreal1.html
http://mizar.org/JFM/Vol3/topreal2.html
http://mizar.org/JFM/Vol9/jordan5c.html

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

[28]

ON THE DECOMPOSITION OF A SIMPLE CLOSED. . 4

Zbigniew Karno. Continuity of mappings over the union of subspadesrnal of Formalized Mathematicd, 1992.http://mizar.
org/JFM/Vold/tmap_1.htmll

Yatsuka Nakamura. On the dividing function of the simple closed curve into segndentsial of Formalized Mathematic&0, 1998.
http://mizar.org/JFM/Voll0/jordan7.htmll

Yatsuka Nakamura, Piotr Rudnicki, Andrzej Trybulec, and Pauline N. Kawamoto. Preliminaries to circdisyhal of Formalized
Mathematics6, 1994 http://mizar.org/JFM/Vol6/pre_circ.html}

Yatsuka Nakamura and Andrzej Trybulec. A decomposition of simple closed curves and the order of theidpointd.of Formalized
Mathematics9, 1997 http://mizar.orqg/JFM/Vol9/jordan6.html}

Yatsuka Nakamura, Andrzej Trybulec, and Czestaw fski. Bounded domains and unbounded domaidsurnal of Formalized
Mathematics11, 1999 http://mizar.org/JEM/Volll/jordan2c.html}

Beata Padlewska. Locally connected spadesirnal of Formalized Mathematic®, 1990.http://mizar.org/JFM/Vol2/connsp_
2.htmll

Beata Padlewska and Agata Darmochwat. Topological spaces and continuous funlinsl of Formalized Mathematic, 1989.
http://mizar.org/JFM/Voll/pre_topc.htmll

Konrad Raczkowski and Pawet Sadowski. Real function contindiityrnal of Formalized Mathematic8, 1990http: //mizar.org/
JFM/Vol2/fcont_1.html.

Konrad Raczkowski and Pawet Sadowski. Topological properties of subsets in real nuddnersal of Formalized Mathematicg,
1990.http://mizar.orqg/JFM/Vol2/rcomp_1.htmll

Andrzej Trybulec. Enumerated setkurnal of Formalized Mathematic$, 1989 http://mizar.org/JFM/Voll/enumsetl.html}

Andrzej Trybulec. Tarski Grothendieck set theodpurnal of Formalized Mathematicéxiomatics, 1989http://mizar.org/JFM/
Axiomatics/tarski.html.

Andrzej Trybulec. Subsets of real numbedsurnal of Formalized Mathematicéddenda, 2003http: //mizar.org/JFM/Addenda/
numbers.htmll

Zinaida Trybulec. Properties of subsetsurnal of Formalized Mathematic$, 1989http://mizar.org/JFM/Voll/subset_1.html.

Edmund Woronowicz. Relations and their basic propertisirnal of Formalized Mathematicg, 1989.http://mizar.org/JFM/
Voll/relat_1.html}

Received September 16, 2002

Published January 2, 2004


http://mizar.org/JFM/Vol4/tmap_1.html
http://mizar.org/JFM/Vol4/tmap_1.html
http://mizar.org/JFM/Vol10/jordan7.html
http://mizar.org/JFM/Vol6/pre_circ.html
http://mizar.org/JFM/Vol9/jordan6.html
http://mizar.org/JFM/Vol11/jordan2c.html
http://mizar.org/JFM/Vol2/connsp_2.html
http://mizar.org/JFM/Vol2/connsp_2.html
http://mizar.org/JFM/Vol1/pre_topc.html
http://mizar.org/JFM/Vol2/fcont_1.html
http://mizar.org/JFM/Vol2/fcont_1.html
http://mizar.org/JFM/Vol2/rcomp_1.html
http://mizar.org/JFM/Vol1/enumset1.html
http://mizar.org/JFM/Axiomatics/tarski.html
http://mizar.org/JFM/Axiomatics/tarski.html
http://mizar.org/JFM/Addenda/numbers.html
http://mizar.org/JFM/Addenda/numbers.html
http://mizar.org/JFM/Vol1/subset_1.html
http://mizar.org/JFM/Vol1/relat_1.html
http://mizar.org/JFM/Vol1/relat_1.html

	on the decomposition of a simple closed … By andrzej trybulec and yatsuka nakamura

