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The articles [24], [27], [2], [12], [26], [25], [1], [4], [13], [28], [17], [6], [23], [3], [22], [9], [10],
[5], [14], [11], [20], [7], [21], [19], [8], [15], [18], and [16] provide the notation and terminology
for this paper.

We use the following convention:C is a simple closed curve,i, j, n are natural numbers, andp
is a point ofE2

T.
We now state a number of propositions:

(2)1 If 〈〈i, j〉〉 ∈ the indices of Gauge(C,n) and 〈〈i + 1, j〉〉 ∈ the indices of Gauge(C,n), then
ρ(Gauge(C,n)◦(1,1),Gauge(C,n)◦(2,1))= (Gauge(C,n)◦ (i +1, j))1−(Gauge(C,n)◦ (i, j))1.

(3) If 〈〈i, j〉〉 ∈ the indices of Gauge(C,n) and 〈〈i, j + 1〉〉 ∈ the indices of Gauge(C,n), then
ρ(Gauge(C,n)◦(1,1),Gauge(C,n)◦(1,2))= (Gauge(C,n)◦ (i, j +1))2−(Gauge(C,n)◦ (i, j))2.

(4) For every subsetSof E2
T such thatS is Bounded holds proj1◦S is bounded.

(5) Let C1 be a non empty compact subset ofE2
T and C2, S be non empty subsets of

E2
T. If S= C1∪C2 and proj1◦C2 is non empty and lower bounded, then W-bound(S) =

min(W-bound(C1),W-bound(C2)).

(6) For every subsetX of E2
T such thatp∈ X andX is Bounded holds W-bound(X)≤ p1 and

p1 ≤ E-bound(X) and S-bound(X)≤ p2 andp2 ≤ N-bound(X).

(7) p∈WestHalflinepandp∈EastHalflinepandp∈NorthHalflinepandp∈SouthHalflinep.

(8) WestHalflinep is non Bounded.

(9) EastHalflinep is non Bounded.

(10) NorthHalflinep is non Bounded.

(11) SouthHalflinep is non Bounded.

Let C be a compact subset ofE2
T. One can verify that UBDC is non empty.

The following propositions are true:

(12) For every compact subsetC of E2
T holds UBDC is a component ofCc.

1This work has been partially supported by CALCULEMUS grant HPRN-CT-2000-00102.
1 The proposition (1) has been removed.
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(13) LetC be a compact subset ofE2
T andW1 be a connected subset ofE2

T. If W1 is non Bounded
andW1 missesC, thenW1 ⊆ UBDC.

(14) For every compact subsetC of E2
T and for every pointp of E2

T such that WestHalflinep
missesC holds WestHalflinep⊆ UBDC.

(15) For every compact subsetC of E2
T and for every pointp of E2

T such that EastHalflinep
missesC holds EastHalflinep⊆ UBDC.

(16) For every compact subsetC of E2
T and for every pointp of E2

T such that SouthHalflinep
missesC holds SouthHalflinep⊆ UBDC.

(17) For every compact subsetC of E2
T and for every pointp of E2

T such that NorthHalflinep
missesC holds NorthHalflinep⊆ UBDC.

(18) For every compact subsetC of E2
T such that BDDC 6= /0 holds W-bound(C) ≤

W-bound(BDDC).

(19) For every compact subsetC of E2
T such that BDDC 6= /0 holds E-bound(C) ≥

E-bound(BDDC).

(20) For every compact subsetC of E2
T such that BDDC 6= /0 holds S-bound(C) ≤

S-bound(BDDC).

(21) For every compact subsetC of E2
T such that BDDC 6= /0 holds N-bound(C) ≥

N-bound(BDDC).

(22) Let C be a compact non vertical subset ofE2
T and I be an integer. Ifp ∈ BDDC and

I = b p1−W-bound(C)
E-bound(C)−W-bound(C) ·2

n +2c, then 1< I .

(23) Let C be a compact non vertical subset ofE2
T and I be an integer. Ifp ∈ BDDC and

I = b p1−W-bound(C)
E-bound(C)−W-bound(C) ·2

n +2c, thenI +1≤ lenGauge(C,n).

(24) LetC be a compact non horizontal subset ofE2
T andJ be an integer. Ifp ∈ BDDC and

J = b p2−S-bound(C)
N-bound(C)−S-bound(C) ·2

n +2c, then 1< J andJ+1≤ widthGauge(C,n).

(25) For every integerI such thatI = b p1−W-bound(C)
E-bound(C)−W-bound(C) · 2

n + 2c holds W-bound(C) +
E-bound(C)−W-bound(C)

2n · (I −2)≤ p1.

(26) For every integerI such thatI = b p1−W-bound(C)
E-bound(C)−W-bound(C) ·2

n+2c holdsp1 < W-bound(C)+
E-bound(C)−W-bound(C)

2n · (I −1).

(27) For every integerJ such thatJ = b p2−S-bound(C)
N-bound(C)−S-bound(C) · 2

n + 2c holds S-bound(C) +
N-bound(C)−S-bound(C)

2n · (J−2)≤ p2.

(28) For every integerJ such thatJ = b p2−S-bound(C)
N-bound(C)−S-bound(C) ·2

n +2c holdsp2 < S-bound(C)+
N-bound(C)−S-bound(C)

2n · (J−1).

(29) LetC be a closed subset ofE2
T and p be a point ofE2. If p∈ BDDC, then there exists a

real numberr such thatr > 0 and Ball(p, r)⊆ BDDC.

(30) Let p, q be points of E2
T and r be a real number. Supposeρ(Gauge(C,n) ◦

(1,1),Gauge(C,n)◦ (1,2)) < r andρ(Gauge(C,n)◦ (1,1),Gauge(C,n)◦ (2,1)) < r andp∈
cell(Gauge(C,n), i, j) andq∈ cell(Gauge(C,n), i, j) and 1≤ i andi +1≤ lenGauge(C,n) and
1≤ j and j +1≤ widthGauge(C,n). Thenρ(p,q) < 2· r.

(31) For every compact subsetC of E2
T such thatp∈ BDDC holdsp2 6= N-bound(BDDC).
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(32) For every compact subsetC of E2
T such thatp∈ BDDC holdsp1 6= E-bound(BDDC).

(33) For every compact subsetC of E2
T such thatp∈ BDDC holdsp2 6= S-bound(BDDC).

(34) For every compact subsetC of E2
T such thatp∈ BDDC holdsp1 6= W-bound(BDDC).

(35) Supposep ∈ BDDC. Then there exist natural numbersn, i, j such that 1< i and i <
lenGauge(C,n) and 1< j and j < widthGauge(C,n) and p1 6= (Gauge(C,n)◦ (i, j))1 and
p∈ cell(Gauge(C,n), i, j) and cell(Gauge(C,n), i, j)⊆ BDDC.

(36) For every subsetC of E2
T such thatC is Bounded holds UBDC is non empty.
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