
JOURNAL OF FORMALIZED MATHEMATICS

Volume2, Released 1990, Published 2003

Inst. of Computer Science, Univ. of Białystok

Many-Argument Relations

Edmund Woronowicz
Warsaw University

Białystok

Summary. Definitions of relations based on finite sequences. The arity of relation,
the set of logical valuesBooleanconsisting offalseand true and the operations of negation
and conjunction on them are defined.

MML Identifier: MARGREL1.

WWW: http://mizar.org/JFM/Vol2/margrel1.html

The articles [4], [2], [6], [1], [7], [3], and [5] provide the notation and terminology for this paper.
In this paperk is a natural number andD is a non empty set.
Let B, A be non empty sets and letb be an element ofB. ThenA 7−→ b is an element ofBA.
Let I1 be a set. We say thatI1 is relation-like if and only if the conditions (Def. 1) are satisfied.

(Def. 1)(i) For every setx such thatx∈ I1 holdsx is a finite sequence, and

(ii) for all finite sequencesa, b such thata∈ I1 andb∈ I1 holds lena = lenb.

Let us mention that there exists a set which is relation-like.
A relation is a relation-like set.
We follow the rules:X denotes a set,p, r denote relations, anda, b denote finite sequences.
The following two propositions are true:

(7)1 If X ⊆ p, thenX is relation-like.

(8) {a} is relation-like.

The schemerel existdeals with a setA and a unary predicateP , and states that:
There existsr such that for everya holdsa∈ r iff a∈ A andP [a]

provided the parameters meet the following condition:
• For alla, b such thatP [a] andP [b] holds lena = lenb.

Let us considerp, r. Let us observe thatp = r if and only if:

(Def. 2) For everya holdsa∈ p iff a∈ r.

Let us note that/0 is relation-like.
We now state the proposition

(9) For everyp such that for everya holdsa /∈ p holdsp = /0.

Let us considerp. Let us assume thatp 6= /0. The functor Arity(p) yields a natural number and
is defined by:

1 The propositions (1)–(6) have been removed.
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(Def. 4)2 For everya such thata∈ p holds Arity(p) = lena.

Let us considerk. A relation is called ak-ary relation if:

(Def. 5) For everya such thata∈ it holds lena = k.

Let X be a set. A relation is called a relation onX if:

(Def. 6) For everya such thata∈ it holds rnga⊆ X.

Next we state two propositions:

(20)3 /0 is a relation onX.

(21) /0 is ak-ary relation.

Let us considerX, k. A relation is called ak-ary relation ofX if:

(Def. 7) It is a relation onX and it is ak-ary relation.

Let us considerD. The functor Rel(D) yielding a set is defined by the condition (Def. 8).

(Def. 8) Let givenX. ThenX ∈ Rel(D) if and only if the following conditions are satisfied:

(i) X ⊆ D∗, and

(ii) for all finite sequencesa, b of elements ofD such thata∈ X andb∈ X holds lena = lenb.

Let us considerD. Note that Rel(D) is non empty.
Let D be a non empty set. A relation onD is an element of Rel(D).
In the sequela denotes a finite sequence of elements ofD andp, r denote elements of Rel(D).
Next we state three propositions:

(26)4 If X ⊆ r, thenX is an element of Rel(D).

(27) {a} is an element of Rel(D).

(28) For all elementsx, y of D holds{〈x,y〉} is an element of Rel(D).

Let us considerD, p, r. Let us observe thatp = r if and only if:

(Def. 9) For everya holdsa∈ p iff a∈ r.

The schemerel D existdeals with a non empty setA and a unary predicateP , and states that:
There exists an elementr of Rel(A) such that for every finite sequencea of elements
of A holdsa∈ r iff P [a]

provided the parameters satisfy the following condition:
• For all finite sequencesa, b of elements ofA such thatP [a] andP [b] holds lena =

lenb.
Let us considerD. The functor∅D yielding an element of Rel(D) is defined as follows:

(Def. 10) a /∈∅D.

Next we state the proposition

(32)5 ∅D = /0.

Let us considerD, p. Let us assume thatp 6= ∅D. The functor Arity(p) yields a natural number
and is defined by:

(Def. 11) If a∈ p, then Arity(p) = lena.

2 The definition (Def. 3) has been removed.
3 The propositions (10)–(19) have been removed.
4 The propositions (22)–(25) have been removed.
5 The propositions (29)–(31) have been removed.



MANY-ARGUMENT RELATIONS 3

The schemerel D exist2deals with a non empty setA , a natural numberB, and a unary predicate
P , and states that:

There exists an elementr of Rel(A) such that for every finite sequencea of elements
of A if lena = B, thena∈ r iff P [a]

for all values of the parameters.
The setBooleanis defined as follows:

(Def. 12) Boolean= {0,1}.

One can verify thatBooleanis non empty.
The elementfalseof Booleanis defined as follows:

(Def. 13) false= 0.

The elementtrueof Booleanis defined as follows:

(Def. 14) true= 1.

Next we state three propositions:

(36)6 false= 0 andtrue= 1.

(37) Boolean= {false, true}.

(38) false6= true.

Let x be a set. We say thatx is boolean if and only if:

(Def. 15) x∈ Boolean.

Let us mention that there exists a set which is boolean and every element ofBooleanis boolean.
In the sequelu, v, w are boolean sets.
Next we state the proposition

(39) v = falseor v = true.

Let v be a boolean set. The functor¬v is defined by:

(Def. 16)(i) ¬v = true if v = false,

(ii) ¬v = falseif v = true.

Let w be a boolean set. The functorv∧w is defined by:

(Def. 17) v∧w =
{
(i) true, if v = trueandw = true,

false, otherwise.

Let us observe that the functorv∧w is commutative.
Let v be a boolean set. Note that¬v is boolean. Letw be a boolean set. One can verify thatv∧w

is boolean.
Let v be an element ofBoolean. Then¬v is an element ofBoolean. Let w be an element of

Boolean. Thenv∧w is an element ofBoolean.
One can prove the following propositions:

(40) ¬¬v = v.

(41) v = falseiff ¬v = trueandv = true iff ¬v = false.

(43)7 v 6= true iff v = false.

(45)8 v∧w = true iff v = trueandw = trueandv∧w = falseiff v = falseor w = false.

6 The propositions (33)–(35) have been removed.
7 The proposition (42) has been removed.
8 The proposition (44) has been removed.
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(46) v∧¬v = false.

(47) ¬(v∧¬v) = true.

(49)9 false∧v = false.

(50) true∧v = v.

(51) If v∧v = false, thenv = false.

(52) v∧ (w∧u) = (v∧w)∧u.

Let us considerX. The functorBoolean(false/∈ X) is defined by:

(Def. 18) Boolean(false/∈ X) =
{
(i) true, if false/∈ X,

false, otherwise.

Let us considerX. One can check thatBoolean(false/∈ X) is boolean.
Let us considerX. ThenBoolean(false/∈ X) is an element ofBoolean.
One can prove the following proposition

(53) false/∈ X iff Boolean(false/∈ X) = trueandfalse∈ X iff Boolean(false/∈ X) = false.
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[2] Czesław Bylínski. Some basic properties of sets.Journal of Formalized Mathematics, 1, 1989.http://mizar.org/JFM/Vol1/zfmisc_
1.html.

[3] Andrzej Trybulec. Binary operations applied to functions.Journal of Formalized Mathematics, 1, 1989.http://mizar.org/JFM/Vol1/
funcop_1.html.

[4] Andrzej Trybulec. Tarski Grothendieck set theory.Journal of Formalized Mathematics, Axiomatics, 1989.http://mizar.org/JFM/
Axiomatics/tarski.html.

[5] Andrzej Trybulec. Function domains and Frænkel operator.Journal of Formalized Mathematics, 2, 1990. http://mizar.org/JFM/
Vol2/fraenkel.html.

[6] Zinaida Trybulec. Properties of subsets.Journal of Formalized Mathematics, 1, 1989.http://mizar.org/JFM/Vol1/subset_1.html.

[7] Edmund Woronowicz. Relations and their basic properties.Journal of Formalized Mathematics, 1, 1989. http://mizar.org/JFM/
Vol1/relat_1.html.

Received June 1, 1990

Published January 2, 2004

9 The proposition (48) has been removed.

http://mizar.org/JFM/Vol1/finseq_1.html
http://mizar.org/JFM/Vol1/zfmisc_1.html
http://mizar.org/JFM/Vol1/zfmisc_1.html
http://mizar.org/JFM/Vol1/funcop_1.html
http://mizar.org/JFM/Vol1/funcop_1.html
http://mizar.org/JFM/Axiomatics/tarski.html
http://mizar.org/JFM/Axiomatics/tarski.html
http://mizar.org/JFM/Vol2/fraenkel.html
http://mizar.org/JFM/Vol2/fraenkel.html
http://mizar.org/JFM/Vol1/subset_1.html
http://mizar.org/JFM/Vol1/relat_1.html
http://mizar.org/JFM/Vol1/relat_1.html

	many-argument relations By edmund woronowicz

