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Summary. The purpose of this article is to define projections of ordered pairs, and
to introduce triples and quadruples, and their projections. The theorems in this paper may be
roughly divided into two groups: theorems describing basic properties of introduced concepts
and theorems related to the regularity, analogous to those proved for ordered pairs by Cz.
Byli ński [1]. Cartesian products of subsets are redefined as subsets of Cartesian products.

MML Identifier: MCART_1.

WWW: http://mizar.org/JFM/Vol1/mcart_1.html

The articles [3], [2], [1], and [4] provide the notation and terminology for this paper.
We adopt the following rules:v, x, x1, x2, x3, x4, y, y1, y2, y3, y4, zdenote sets andX, X1, X2, X3,

X4, Y, Y1, Y2, Y3, Y4, Y5, Z denote sets.
The following propositions are true:

(1) If X 6= /0, then there existsY such thatY ∈ X andY missesX.

(2) If X 6= /0, then there existsY such thatY ∈ X and for everyY1 such thatY1 ∈ Y holdsY1

missesX.

(3) If X 6= /0, then there existsY such thatY ∈ X and for allY1, Y2 such thatY1 ∈Y2 andY2 ∈Y
holdsY1 missesX.

(4) If X 6= /0, then there existsY such thatY ∈ X and for allY1, Y2, Y3 such thatY1 ∈ Y2 and
Y2 ∈Y3 andY3 ∈Y holdsY1 missesX.

(5) If X 6= /0, then there existsY such thatY ∈ X and for allY1, Y2, Y3, Y4 such thatY1 ∈Y2 and
Y2 ∈Y3 andY3 ∈Y4 andY4 ∈Y holdsY1 missesX.

(6) SupposeX 6= /0. Then there existsY such thatY ∈ X and for allY1, Y2, Y3, Y4, Y5 such that
Y1 ∈Y2 andY2 ∈Y3 andY3 ∈Y4 andY4 ∈Y5 andY5 ∈Y holdsY1 missesX.

Let us considerx. Let us assume that there exist setsx1, x2 such thatx = 〈〈x1, x2〉〉. The functor
x1 is defined by:

(Def. 1) If x = 〈〈y1, y2〉〉, thenx1 = y1.

The functorx2 is defined by:

(Def. 2) If x = 〈〈y1, y2〉〉, thenx2 = y2.

We now state a number of propositions:

(7) 〈〈x, y〉〉1 = x and〈〈x, y〉〉2 = y.

1 c© Association of Mizar Users
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(8) If there existx, y such thatz= 〈〈x, y〉〉, then〈〈z1, z2〉〉= z.

(9) If X 6= /0, then there existsv such thatv∈ X and it is not true that there existx, y such that
x∈ X or y∈ X butv = 〈〈x, y〉〉.

(10) If z∈ [:X, Y :], thenz1 ∈ X andz2 ∈Y.

(11) If there existx, y such thatz= 〈〈x, y〉〉 andz1 ∈ X andz2 ∈Y, thenz∈ [:X, Y :].

(12) If z∈ [:{x}, Y :], thenz1 = x andz2 ∈Y.

(13) If z∈ [:X, {y} :], thenz1 ∈ X andz2 = y.

(14) If z∈ [:{x}, {y} :], thenz1 = x andz2 = y.

(15) If z∈ [:{x1,x2}, Y :], thenz1 = x1 or z1 = x2 butz2 ∈Y.

(16) If z∈ [:X, {y1,y2} :], thenz1 ∈ X butz2 = y1 or z2 = y2.

(17) If z∈ [:{x1,x2}, {y} :], thenz1 = x1 or z1 = x2 butz2 = y.

(18) If z∈ [:{x}, {y1,y2} :], thenz1 = x butz2 = y1 or z2 = y2.

(19) If z∈ [:{x1,x2}, {y1,y2} :], thenz1 = x1 or z1 = x2 butz2 = y1 or z2 = y2.

(20) If there existy, z such thatx = 〈〈y, z〉〉, thenx 6= x1 andx 6= x2.

(23)1 If x∈ [:X, Y :], thenx = 〈〈x1, x2〉〉.

(24) If X 6= /0 andY 6= /0, then for every elementx of [:X, Y :] holdsx = 〈〈x1, x2〉〉.

(25) [:{x1,x2}, {y1,y2} :] = {〈〈x1, y1〉〉,〈〈x1, y2〉〉,〈〈x2, y1〉〉,〈〈x2, y2〉〉}.

(26) If X 6= /0 andY 6= /0, then for every elementx of [:X, Y :] holdsx 6= x1 andx 6= x2.

Let us considerx1, x2, x3. The functor〈〈x1, x2, x3〉〉 is defined by:

(Def. 3) 〈〈x1, x2, x3〉〉= 〈〈〈〈x1, x2〉〉, x3〉〉.

Next we state two propositions:

(28)2 If 〈〈x1, x2, x3〉〉= 〈〈y1, y2, y3〉〉, thenx1 = y1 andx2 = y2 andx3 = y3.

(29) If X 6= /0, then there existsv such thatv∈ X and it is not true that there existx, y, zsuch that
x∈ X or y∈ X butv = 〈〈x, y, z〉〉.

Let us considerx1, x2, x3, x4. The functor〈〈x1,x2,x3,x4〉〉 is defined by:

(Def. 4) 〈〈x1,x2,x3,x4〉〉= 〈〈〈〈x1, x2, x3〉〉, x4〉〉.

Next we state several propositions:

(31)3 〈〈x1,x2,x3,x4〉〉= 〈〈〈〈〈〈x1, x2〉〉, x3〉〉, x4〉〉.

(32) 〈〈x1,x2,x3,x4〉〉= 〈〈〈〈x1, x2〉〉, x3, x4〉〉.

(33) If 〈〈x1,x2,x3,x4〉〉= 〈〈y1,y2,y3,y4〉〉, thenx1 = y1 andx2 = y2 andx3 = y3 andx4 = y4.

(34) If X 6= /0, then there existsv such thatv∈ X and it is not true that there existx1, x2, x3, x4

such thatx1 ∈ X or x2 ∈ X butv = 〈〈x1,x2,x3,x4〉〉.

(35) X1 6= /0 andX2 6= /0 andX3 6= /0 iff [:X1, X2, X3 :] 6= /0.

1 The propositions (21) and (22) have been removed.
2 The proposition (27) has been removed.
3 The proposition (30) has been removed.
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In the sequelx5 is an element ofX1, x6 is an element ofX2, andx7 is an element ofX3.
We now state a number of propositions:

(36) If X1 6= /0 andX2 6= /0 andX3 6= /0, then if [:X1, X2, X3 :] = [:Y1, Y2, Y3 :], thenX1 = Y1 and
X2 = Y2 andX3 = Y3.

(37) If [:X1, X2, X3 :] 6= /0 and[:X1, X2, X3 :] = [:Y1, Y2, Y3 :], thenX1 =Y1 andX2 =Y2 andX3 =Y3.

(38) If [:X, X, X :] = [:Y, Y, Y :], thenX = Y.

(39) [:{x1}, {x2}, {x3} :] = {〈〈x1, x2, x3〉〉}.

(40) [:{x1,y1}, {x2}, {x3} :] = {〈〈x1, x2, x3〉〉,〈〈y1, x2, x3〉〉}.

(41) [:{x1}, {x2,y2}, {x3} :] = {〈〈x1, x2, x3〉〉,〈〈x1, y2, x3〉〉}.

(42) [:{x1}, {x2}, {x3,y3} :] = {〈〈x1, x2, x3〉〉,〈〈x1, x2, y3〉〉}.

(43) [:{x1,y1}, {x2,y2}, {x3} :] = {〈〈x1, x2, x3〉〉,〈〈y1, x2, x3〉〉,〈〈x1, y2, x3〉〉,〈〈y1, y2, x3〉〉}.

(44) [:{x1,y1}, {x2}, {x3,y3} :] = {〈〈x1, x2, x3〉〉,〈〈y1, x2, x3〉〉,〈〈x1, x2, y3〉〉,〈〈y1, x2, y3〉〉}.

(45) [:{x1}, {x2,y2}, {x3,y3} :] = {〈〈x1, x2, x3〉〉,〈〈x1, y2, x3〉〉,〈〈x1, x2, y3〉〉,〈〈x1, y2, y3〉〉}.

(46) [:{x1,y1}, {x2,y2}, {x3,y3} :] = {〈〈x1, x2, x3〉〉,〈〈x1, y2, x3〉〉,〈〈x1, x2, y3〉〉,〈〈x1, y2, y3〉〉,〈〈y1, x2,
x3〉〉,〈〈y1, y2, x3〉〉,〈〈y1, x2, y3〉〉,〈〈y1, y2, y3〉〉}.

Let us considerX1, X2, X3. Let us assume thatX1 6= /0 andX2 6= /0 andX3 6= /0. Let x be an element
of [:X1, X2, X3 :]. The functorx1 yields an element ofX1 and is defined as follows:

(Def. 5) If x = 〈〈x1, x2, x3〉〉, thenx1 = x1.

The functorx2 yields an element ofX2 and is defined as follows:

(Def. 6) If x = 〈〈x1, x2, x3〉〉, thenx2 = x2.

The functorx3 yields an element ofX3 and is defined by:

(Def. 7) If x = 〈〈x1, x2, x3〉〉, thenx3 = x3.

The following propositions are true:

(47) SupposeX1 6= /0 andX2 6= /0 andX3 6= /0. Let x be an element of[:X1, X2, X3 :] and givenx1,
x2, x3. If x = 〈〈x1, x2, x3〉〉, thenx1 = x1 andx2 = x2 andx3 = x3.

(48) If X1 6= /0 andX2 6= /0 andX3 6= /0, then for every elementx of [:X1, X2, X3 :] holdsx = 〈〈x1,
x2, x3〉〉.

(49) If X ⊆ [:X, Y, Z :] or X ⊆ [:Y, Z, X :] or X ⊆ [:Z, X, Y :], thenX = /0.

(50) SupposeX1 6= /0 andX2 6= /0 andX3 6= /0. Let x be an element of[:X1, X2, X3 :]. Thenx1 =
((x qua set)1)1 andx2 = ((x qua set)1)2 andx3 = (x qua set)2.

(51) If X1 6= /0 andX2 6= /0 andX3 6= /0, then for every elementx of [:X1, X2, X3 :] holdsx 6= x1 and
x 6= x2 andx 6= x3.

(52) If [:X1, X2, X3 :] meets[:Y1, Y2, Y3 :], thenX1 meetsY1 andX2 meetsY2 andX3 meetsY3.

(53) [:X1, X2, X3, X4 :] = [: [: [:X1, X2 :], X3 :], X4 :].

(54) [: [:X1, X2 :], X3, X4 :] = [:X1, X2, X3, X4 :].

(55) X1 6= /0 andX2 6= /0 andX3 6= /0 andX4 6= /0 iff [:X1, X2, X3, X4 :] 6= /0.

(56) If X1 6= /0 andX2 6= /0 andX3 6= /0 andX4 6= /0, then if [:X1, X2, X3, X4 :] = [:Y1, Y2, Y3, Y4 :],
thenX1 = Y1 andX2 = Y2 andX3 = Y3 andX4 = Y4.
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(57) If [:X1, X2, X3, X4 :] 6= /0 and[:X1, X2, X3, X4 :] = [:Y1, Y2, Y3, Y4 :], thenX1 = Y1 andX2 = Y2

andX3 = Y3 andX4 = Y4.

(58) If [:X, X, X, X :] = [:Y, Y, Y, Y :], thenX = Y.

In the sequelx8 denotes an element ofX4.
Let us considerX1, X2, X3, X4. Let us assume thatX1 6= /0 andX2 6= /0 andX3 6= /0 andX4 6= /0. Let

x be an element of[:X1, X2, X3, X4 :]. The functorx1 yielding an element ofX1 is defined as follows:

(Def. 8) If x = 〈〈x1,x2,x3,x4〉〉, thenx1 = x1.

The functorx2 yields an element ofX2 and is defined by:

(Def. 9) If x = 〈〈x1,x2,x3,x4〉〉, thenx2 = x2.

The functorx3 yields an element ofX3 and is defined as follows:

(Def. 10) If x = 〈〈x1,x2,x3,x4〉〉, thenx3 = x3.

The functorx4 yielding an element ofX4 is defined by:

(Def. 11) If x = 〈〈x1,x2,x3,x4〉〉, thenx4 = x4.

The following propositions are true:

(59) SupposeX1 6= /0 andX2 6= /0 andX3 6= /0 andX4 6= /0. Let x be an element of[:X1, X2, X3,
X4 :] and givenx1, x2, x3, x4. If x = 〈〈x1,x2,x3,x4〉〉, thenx1 = x1 andx2 = x2 andx3 = x3 and
x4 = x4.

(60) If X1 6= /0 andX2 6= /0 andX3 6= /0 andX4 6= /0, then for every elementx of [:X1, X2, X3, X4 :]
holdsx = 〈〈x1,x2,x3,x4〉〉.

(61) SupposeX1 6= /0 andX2 6= /0 andX3 6= /0 andX4 6= /0. Let x be an element of[:X1, X2, X3,
X4 :]. Thenx1 = (((x qua set)1)1)1 andx2 = (((x qua set)1)1)2 andx3 = ((x qua set)1)2 and
x4 = (x qua set)2.

(62) If X1 6= /0 andX2 6= /0 andX3 6= /0 andX4 6= /0, then for every elementx of [:X1, X2, X3, X4 :]
holdsx 6= x1 andx 6= x2 andx 6= x3 andx 6= x4.

(63) If X1 ⊆ [:X1, X2, X3, X4 :] or X1 ⊆ [:X2, X3, X4, X1 :] or X1 ⊆ [:X3, X4, X1, X2 :] or X1 ⊆ [:X4,
X1, X2, X3 :], thenX1 = /0.

(64) If [:X1, X2, X3, X4 :] meets[:Y1, Y2, Y3, Y4 :], thenX1 meetsY1 andX2 meetsY2 andX3 meets
Y3 andX4 meetsY4.

(65) [:{x1}, {x2}, {x3}, {x4} :] = {〈〈x1,x2,x3,x4〉〉}.

(66) If [:X, Y :] 6= /0, then for every elementx of [:X, Y :] holdsx 6= x1 andx 6= x2.

(67) If x∈ [:X, Y :], thenx 6= x1 andx 6= x2.

For simplicity, we adopt the following convention:A1 denotes a subset ofX1, A2 denotes a
subset ofX2, A3 denotes a subset ofX3, A4 denotes a subset ofX4, andx denotes an element of[:X1,
X2, X3 :].

One can prove the following propositions:

(68) If X1 6= /0 andX2 6= /0 andX3 6= /0, then for allx1, x2, x3 such thatx = 〈〈x1, x2, x3〉〉 holds
x1 = x1 andx2 = x2 andx3 = x3.

(69) If X1 6= /0 and X2 6= /0 and X3 6= /0 and for allx5, x6, x7 such thatx = 〈〈x5, x6, x7〉〉 holds
y1 = x5, theny1 = x1.

(70) If X1 6= /0 and X2 6= /0 and X3 6= /0 and for allx5, x6, x7 such thatx = 〈〈x5, x6, x7〉〉 holds
y2 = x6, theny2 = x2.
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(71) If X1 6= /0 and X2 6= /0 and X3 6= /0 and for allx5, x6, x7 such thatx = 〈〈x5, x6, x7〉〉 holds
y3 = x7, theny3 = x3.

(72) If z∈ [:X1, X2, X3 :], then there existx1, x2, x3 such thatx1 ∈X1 andx2 ∈X2 andx3 ∈X3 and
z= 〈〈x1, x2, x3〉〉.

(73) 〈〈x1, x2, x3〉〉 ∈ [:X1, X2, X3 :] iff x1 ∈ X1 andx2 ∈ X2 andx3 ∈ X3.

(74) If for everyzholdsz∈ Z iff there existx1, x2, x3 such thatx1 ∈ X1 andx2 ∈ X2 andx3 ∈ X3

andz= 〈〈x1, x2, x3〉〉, thenZ = [:X1, X2, X3 :].

(75) SupposeX1 6= /0 andX2 6= /0 andX3 6= /0 andY1 6= /0 andY2 6= /0 andY3 6= /0. Let x be an
element of[:X1, X2, X3 :] and y be an element of[:Y1, Y2, Y3 :]. If x = y, then x1 = y1 and
x2 = y2 andx3 = y3.

(76) For every elementx of [:X1, X2, X3 :] such thatx∈ [:A1, A2, A3 :] holdsx1 ∈ A1 andx2 ∈ A2

andx3 ∈ A3.

(77) If X1 ⊆Y1 andX2 ⊆Y2 andX3 ⊆Y3, then[:X1, X2, X3 :]⊆ [:Y1, Y2, Y3 :].

In the sequelx denotes an element of[:X1, X2, X3, X4 :].
The following propositions are true:

(78) If X1 6= /0 and X2 6= /0 and X3 6= /0 and X4 6= /0, then for all x1, x2, x3, x4 such thatx =
〈〈x1,x2,x3,x4〉〉 holdsx1 = x1 andx2 = x2 andx3 = x3 andx4 = x4.

(79) If X1 6= /0 and X2 6= /0 and X3 6= /0 and X4 6= /0 and for all x5, x6, x7, x8 such thatx =
〈〈x5,x6,x7,x8〉〉 holdsy1 = x5, theny1 = x1.

(80) If X1 6= /0 and X2 6= /0 and X3 6= /0 and X4 6= /0 and for all x5, x6, x7, x8 such thatx =
〈〈x5,x6,x7,x8〉〉 holdsy2 = x6, theny2 = x2.

(81) If X1 6= /0 and X2 6= /0 and X3 6= /0 and X4 6= /0 and for all x5, x6, x7, x8 such thatx =
〈〈x5,x6,x7,x8〉〉 holdsy3 = x7, theny3 = x3.

(82) If X1 6= /0 and X2 6= /0 and X3 6= /0 and X4 6= /0 and for all x5, x6, x7, x8 such thatx =
〈〈x5,x6,x7,x8〉〉 holdsy4 = x8, theny4 = x4.

(83) If z∈ [:X1, X2, X3, X4 :], then there existx1, x2, x3, x4 such thatx1 ∈ X1 andx2 ∈ X2 and
x3 ∈ X3 andx4 ∈ X4 andz= 〈〈x1,x2,x3,x4〉〉.

(84) 〈〈x1,x2,x3,x4〉〉 ∈ [:X1, X2, X3, X4 :] iff x1 ∈ X1 andx2 ∈ X2 andx3 ∈ X3 andx4 ∈ X4.

(85) If for everyz holdsz∈ Z iff there existx1, x2, x3, x4 such thatx1 ∈ X1 andx2 ∈ X2 and
x3 ∈ X3 andx4 ∈ X4 andz= 〈〈x1,x2,x3,x4〉〉, thenZ = [:X1, X2, X3, X4 :].

(86) SupposeX1 6= /0 andX2 6= /0 andX3 6= /0 andX4 6= /0 andY1 6= /0 andY2 6= /0 andY3 6= /0 and
Y4 6= /0. Let x be an element of[:X1, X2, X3, X4 :] andy be an element of[:Y1, Y2, Y3, Y4 :]. If
x = y, thenx1 = y1 andx2 = y2 andx3 = y3 andx4 = y4.

(87) For every elementx of [:X1, X2, X3, X4 :] such thatx∈ [:A1, A2, A3, A4 :] holdsx1 ∈ A1 and
x2 ∈ A2 andx3 ∈ A3 andx4 ∈ A4.

(88) If X1 ⊆Y1 andX2 ⊆Y2 andX3 ⊆Y3 andX4 ⊆Y4, then[:X1, X2, X3, X4 :]⊆ [:Y1, Y2, Y3, Y4 :].

Let us considerX1, X2, A1, A2. Then[:A1, A2 :] is a subset of[:X1, X2 :].
Let us considerX1, X2, X3, A1, A2, A3. Then[:A1, A2, A3 :] is a subset of[:X1, X2, X3 :].
Let us considerX1, X2, X3, X4, A1, A2, A3, A4. Then[:A1, A2, A3, A4 :] is a subset of[:X1, X2, X3,

X4 :].
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