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Summary. The purpose of this article is to define projections of ordered pairs, and
to introduce triples and quadruples, and their projections. The theorems in this paper may be
roughly divided into two groups: theorems describing basic properties of introduced concepts
and theorems related to the regularity, analogous to those proved for ordered pairs by Cz.
Bylinski [1]. Cartesian products of subsets are redefined as subsets of Cartesian products.

MML Identifier: MCART 1.

WWW: http://mizar.org/JFM/Voll/mcart_1.html

The articles|[3],[[2],[[1], and [4] provide the notation and terminology for this paper.

We adopt the following rulesy, x, X1, X2, X3, X4, ¥ Y1, Y2, V3, Ya, Zdenote sets and, X3, Xz, X3,
X4, Y, Y1, Yo, Y3, Ya, Y5, Z denote sets.

The following propositions are true:

(1) If X #£ 0, then there exist¥ such thaly € X andY missesX.

(2) If X #£ 0, then there exist¥ such thaty € X and for everyy; such thaty; € Y holdsY;
missesX.

(3) If X #£ 0, then there exist¥ such thaly € X and for allY, Y» such thaty; € Y, andY, € Y
holdsY; missesX.

(4) If X #£ 0, then there exist¥ such thaty € X and for allYy, Y, Y3 such thaty; € Y, and
Y> € Yz andY3 € Y holdsY; missesX.

(5) If X #£ 0, then there exist¥ such thaly € X and for allYy, Y, Y3, Y4 such thaty; € Y, and
Yo € Yz andYs € Yz andYs € Y holdsY; missesX.

(6) Suppose& # 0. Then there exist¥ such thaty € X and for allYi, Y2, Y3, Y, Y5 such that
Y1 € Yo andYz € Yz andYs € Yz andYs € Ys andYs € Y holdsY; missesX.

Let us considek. Let us assume that there exist setsx, such that = (xy, x2). The functor
X is defined by:

(Def. 1) Ifx={y1, y2), thenx; = y;.
The functorx; is defined by:
(Def. 2) Ifx=(y1, y2), thenxo = y».

We now state a number of propositions:

(M) (X y)p=xand(x,y), =Y.
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(8) Ifthere exist, y such thaz = (x, y), then(z, ) =z

(9) If X #0, then there exists such thav € X and it is not true that there existy such that
xeXorye Xbutv=(x,y).

(10) Ifze[X,Y],thenzz e Xandz €Y.

(11) If there exisk, y such thaz = (x,y) andz; € X andz, € Y, thenze [ X, Y.

(12) Ifze[{x},Y], thenzy =xandz €Y.

(13) Ifze X, {y}],thenz; € X andz, =Y.

(14) Ifze[{x}, {y}], thenzy =xandz =Y.

(15) Ifze[{xi,x},Y], thenzy =x30rzy =% butz €.

(16) Ifze X, {y1,y2} ], thenzz € X butz, =y; orz, =ys.

a7) Ifze{x1,x}, {y}],thenzy =x3 orz; = xp butz, =y.

(18) Ifze [:{x}, {y1,y2} ], thenzy = xbutz, =y; orz = y,.

(19) Ifze [{x1,%2}, {y1,y2} ], thenzs =xg orz; = xx butzo = y; orz, = y».

(20) If there exisy, zsuch tha = (y, z), thenx # X; andX # x,.

3] 1 xe [X, Y], thenx= (x1, X2).

(24) If X £0andY # 0, then for every elementof [ X, Y ] holdsx = (X1, X2).

(25)  [{xa, %2}, {y1,¥2} | = {{x1, Y1), (X1, ¥2), (X2, Y1), (X2, ¥2) }-

(26) If X £ 0andY # 0, then for every elementof [ X, Y] holdsx # x; andx # x,.
Let us consideks, X2, X3. The functor{xs, o, X3} is defined by:

(Def. 3)  {xq, X2, X3) = ({X1, X2), X3).

Next we state two propositions:

(ZSE] If (X1, X2, X3} = (Y1, Y2, ¥a), thenx; = y; andxpy = y» andxz = ys.

(29) If X #£0, then there existg such that/ € X and it is not true that there existy, zsuch that
xeXorye X butv=(xY, z).

Let us considery, X2, X3, Xa. The functor(xi, X2, 3, Xs) is defined by:
(Def. 4)  (x1,%2,X3,%Xa) = ((X1, X2, X3), X4)-
Next we state several propositions:
GBI (xa.%0,x3,%) = ({1, X2, Xa), Xa).
(32)  (x1,%2,%3,%4) = {{X1, X2}, X3, X4).
(33) If {x1,%2,%3,Xa) = {Y1,¥2,V¥3,Y4), thenx; = y; andx, =y, andxz = y3 andxs = yj.

(34) If X #£ 0, then there exists such thatv € X and it is not true that there exist, X, X3, X4
such thatg € X or x2 € X butv = (X1, X2, X3, Xa).

(35) X3 #0andXy # 0andXs £ 0iff [ Xy, X2, X3 # 0.

1 The propositions (21) and (22) have been removed.
2 The proposition (27) has been removed.
3 The proposition (30) has been removed.
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In the sequeks is an element 0K, Xg is an element 0K, andxy is an element 0Xs.
We now state a number of propositions:

(36) If X3 #£ 0 andXy # 0 andXz # 0, then if [ Xy, X2, X3 = [Y1, Y2, Y3, thenX; =Y; and
Xo=Yo andX3 =VYa.

(B7) [ X1, Xo, X3 # 0and[ X, Xz, X31] = [: Y1, Y2, Y31, thenX; =Y; andX; =Y, andX; = Ys.
(38) If:X, X, X]=[Y,Y,Y], thenX =Y.

(39) [{xa}, {x2}, {xa} ] = {{x1, %2, X3} }.

(40) [ {xa,y1}, {x2}, {xa} ] ={(x1, %2, X3}, (y1, X2, X3} }.

(41) [ {xa}, {x2,y2}, {xa} ] = {{x1, %2, X3}, (X1, y2, Xa} }.

(42) [{xa}, {xa}, {xa,y3} ] = {{x1, %2, Xa), (X1, X2, 3} }.

(43)  [{xw,y1}, {x2.y2}, {xa} ] = {{x1, X2, X3}, {y1, X2, Xa), (X1, Y2, X3}, (Y1, Y2, X3} }

(44)  [{x1.y1}, {xo}, {Xxa,y3} ] = {{x1, X2, X3}, (Y1, X2, X3), (X1, X2, y3), (Y1, X2, Y3} }

(45)  [{xa}, {x2,y2}, {x3,y3} ] = {{x1, X2, X3}, (X1, Y2, Xa), (X1, X2, y3), {X1, Y2, Y3} }

(46) [{x1,y1}, {X2,¥2}, {x3,ya}] = {{X1, X2, X3}, (X1, Y2, X3}, (X1, X2, ¥3), (X1, Y2, ¥3) (Y1, X2,
X3)7 (y17 Y2, X3>7 (yla X2, Y3)> (y17 Y2, y3)}

Let us consideK, X, X3. Let us assume tha # 0 andX; # 0 andX3 # 0. Letx be an element
of [: X1, X2, X3]. The functorx; yields an element aX; and is defined as follows:

(Def. 5) If x= {x1, X2, X3), thenx; = x;.
The functorx, yields an element oX; and is defined as follows:
(Def. 6) If x= {x1, X2, X3), thenxy, = x,.
The functorxz yields an element af3 and is defined by:
(Def. 7)  If x= {x1, X2, X3), thenxz = xs.
The following propositions are true:

(47) Suppos&; # 0 andX; # 0 andX3 # 0. Let x be an element df Xy, Xz, X3 ] and giverxy,
X2, X3. If X= (X1, X2, X3), thenx; = x; andx; = X, andxz = xs.

(48) If X1 # 0 andX; # 0 andXs # 0, then for every element of [ X1, X2, X3 holdsx = {(xq,
X2, X3).

(49) IFXCEX,Y,Z]orX C[Y,Z,X]orX C[Z X,Y], thenX = 0.

(50) Suppose&; # 0 andXz # 0 andXs # 0. Let x be an element df Xy, X2, X31]. Thenx; =
((xquaseti); andx; = ((x qua sed; ), andxz = (x qua seds.

(51) If X3 #0andX; # 0andXsz # 0, then for every elementof [ X1, X2, X3 ] holdsx # x; and
X # Xo andxX # X3.

(52) If [ Xg, X2, X3] meets] Y1, Yo, Y3 ], thenX; meetsy; andX,; meetsY, and Xz meetsys.
(53) [ X1, X2, X3, Xa] = [ [ [ X1, X2, X3, Xa 1.

(54) [[Xe, X2, X3, X4 = [ X1, X2, X3, Xa .

(55) X3 #0andXz # 0andXs # 0andXy # 0iff [ X1, X2, X3, X4] # 0.

(56) If Xg#A0andX; #0andXs # 0 andXq # 0, then if [ Xy, X2, X3, Xa] = [ Y1, Yo, Y3, Ya 1,
thenX; =Y; andXo =Y, and X3 = Yz and X4 = Y.



TUPLES, PROJECTIONS AND CARTESIAN PRODUCTS 4

(57) If [Z X:|_7 Xz, )(37 )(4] 75 0 and[: Xl, Xz, X3, )(4} = [ZYl, Yz, Yg, Ya Z], thenXl =Y andXz =Y,
andXz =Yz andXs = Ys.

(58) If[X,X,X,X]=[Y,Y,Y,Y] thenX =Y.

In the sequekg denotes an element .
Let us consideKy, Xz, X3, X4. Let us assume tha # 0 andX; # 0 andX3 # 0 andXy # 0. Let
x be an element dfX1, Xz, X3, X4 ]. The functorx; yielding an element oX; is defined as follows:

(Def. 8) If x = {x1,X2,X3,Xa), thenxy = x;.
The functorx, yields an element oX; and is defined by:
(Def. 9) If x = (x1,X2,X3,X4), thenx, = xo.
The functorxz yields an element of3 and is defined as follows:
(Def. 10)  Ifx= (x1,X2,%3,X4), thenxs = xa.
The functorx, yielding an element oK, is defined by:
(Def. 11)  Ifx = {x1,X2,X3,Xa), thenxq = Xq.

The following propositions are true:

(59) Supposé; # 0 andX; # 0 and Xz # 0 and X4 # 0. Let x be an element of Xp, Xz, X3,
X4 and givenxy, X, X3, Xa. If x = (X, %2,X3,Xa}, thenx; = x; andxp = xp andxz = x3g and
X4 = X4.

(60) If X1 £ 0 andX; £ 0 andXs # 0 andX4 # 0, then for every elementof [: Xy, X, X3, X4 ]
holdsx = (Xq, X2, X3,Xa)-

(61) Suppose; # 0 andXz # 0 and X3 £ 0 and X4 # 0. Let x be an element of Xp, X2, X,
X4]. Thenxg = (((x quased)1)1 andxe = (((x quased)i), andxs = ((x qua sed;), and
X4 = (x qua sefs.

(62) If X3 # 0andX; # 0 andXs # 0 andXs # 0, then for every elementof [: Xy, X2, X3, X4
holdsx # x1; andx # xo andx # Xz andx # X4.

(63) If Xy C [ Xy, X2, X3, X4 Or Xy C [ Xp, X3, Xg, Xy ] Or X1 C [ X3, X4, X1, Xo] Or X1 C [ Xy,
X1, X2, X3, thenX; = 0.

(64) If [ Xq, X2, X3, Xa1] meets|: Y1, Yo, Y3, Ya ], thenX; meetsy; andX,; meetsY, andXz meets
Y3 and X4 meetsyy.

(65) [: {Xl}a {XZ}a {X3}’ {X4} :} = {(X]_,Xz,Xg,X4)}.
(66) If[X,Y]+#£0,then for every elementof [ X, Y ] holdsx # x; andx # x,.
(67) Ifxe[X,Y], thenx# x; andx # X,.

For simplicity, we adopt the following conventiorA; denotes a subset ¢f, A, denotes a
subset ofXy, Az denotes a subset &§, A4 denotes a subset ¥, andx denotes an element 6K;,
X2, X3 ]

One can prove the following propositions:

(68) If X3 # 0 andX; # 0 and X3 # 0, then for allxg, xp, x3 such thatx = (x1, xp, x3) holds
X1 = X1 andXy = Xp andxz = X3.

(69) If X3 #£ 0 andXz # 0 and X3 # 0 and for allxs, X, X7 such thatx = {(xs, xs, X7) holds
y1 = Xs, theny; = x.

(70) If X3 £ 0 andX; # 0 and X3 # 0 and for allxs, Xs, X7 such thatx = (xs, Xs, X7) holds
Y2 = Xe, thenyz = x,.
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(71) If X3 £ 0 and Xy # 0 and X3 # 0 and for allxs, Xg, X7 such thatx = {xs, Xs, X7) holds
Y3 = X7, thenyz = xs.

(72) Ifze [ X3, Xz, X3, then there existy, Xp, X3 such thak; € X; andx; € Xz andxz € X3 and
Z= (X1, X2, X3).
(73) (X1, X2, X3) € [ X1, X2, X3 iff X1 € X3 andxz € Xz andxz € Xs.

(74) If for everyzholdsz € Z iff there existxy, X2, X3 such thai; € X; andx, € X, andxsz € X3
andz= (x1, X2, X3}, thenZ = [: X1, X2, X31.

(75) SupposeX; # 0 andX; # 0 andX3 £ 0 andY; # 0 andY, # 0 andYs # 0. Let x be an
element off: X1, Xp, X3] andy be an element of Y1, Y2, Y3]. If x =Yy, thenx; =y; and
X2 = Y2 andxz = ys.

(76) For every elementof [: X1, X2, X3 such tha € [ A1, A2, Az ] holdsx; € A; andx; € Ay
andxz € Ags.
(77) 1f X3 C Y1 andXy C Y, andXs C VY3, then[: X1, X2, X3 Z] - [Z Y1, Yo, Y3 }

In the sequek denotes an element oKy, X2, X3, X41.
The following propositions are true:

(78) If X1 £ 0 and Xy # 0 and X3 # 0 and X4 # 0, then for allx1, X2, X3, X4 such thatx =
(X1,X2,%3,Xa) holdsx; = x1 andxz = Xz andxz = X3 andxq = X4.

(79) If X £ 0 and X, # 0 and X3 % 0 and X4 # 0 and for allxs, Xg, X7, Xg such thatx =
(Xs,%6,%7,%g) holdsy; = xs, theny; = x;.

(80) If Xy £ 0 and Xy £ 0 and Xz # 0 and X4 # 0 and for allxs, Xs, X7, Xg such thatx =
(X5aX65X7aX8> h0|d3y2 = Xe, theny2 = Xo.

(81) If Xg £ 0 and X, # 0 and X3 # 0 and X4 # 0 and for allxs, Xg, X7, Xg such thatx =
(Xs,%6,%7,Xg) holdsys = x7, thenys = x3.

(82) If Xy A0 and X, # 0 and X3 # 0 and X4 # 0 and for all x5, Xg, X7, Xg such thatx =
(Xs,%6,%7,Xg) holdsys = Xg, thenys = x.

(83) If ze [ X1, X2, X3, X4, then there exisks, X2, X3, Xa such thatx; € X; andx; € Xz and
X3 € Xz andxg € X4 andz = {(Xq, X2, X3, X4}

(84) {X1,%2,X3,Xa) € [ X1, X2, X3, Xa ] iff x4 € X1 andxz € X andxz € X3 andxy € Xq.

(85) If for everyz holdsz € Z iff there existx;, X2, X3, X4 such thatx; € X; andx, € X, and
X3 € Xz andxg € Xq andz = (X1, X2, %3, Xa), thenZ = [: Xy, X, X3, Xa ].

(86) Suppos&; # 0 andX; # 0 andX3 # 0 andX4 # 0 andY; # 0 andY, # 0 andYs; # 0 and
Y4 # 0. Let x be an element of Xy, X2, X3, X4:] andy be an element of Y1, Yz, Y3, Ya1. If
x =Y, thenx; =y; andx, =y, andxz = y3 andxy = y4.

(87) For every element of [: X1, X2, X3, X4 such thai € [ Aq, Az, Az, A1 ] holdsx; € A; and
X2 € Ap andxsz € Az andxy € A4.

(88) If X3 CYsandXy C Y, andXs C Ys andXs C Ya, then[: Xg, Xo, X3, X4 C [Y1, Y2, Y3, Ya .

Let us consideKy, Xz, A1, A2. Then[Aq, A2 is a subset of X1, X2 .

Let us consideKy, Xo, X3, A1, Ap, Az. Then[ A1, Ay, Az] is a subset of X3, X, X31.

Let us consideKy, Xo, X3, X4, A, Ap, Az, Ag. Then[:Ag, Ay, Ag, A4 is a subset of X3, Xz, X3,
Xa .
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