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Summary. The article contains definition and basic properties ofσ-additive, non-
negative measure, with values inR, the enlarged set of real numbers, whereR denotes set
R = R∪{−∞,+∞} - by [9]. We present definitions ofσ-field of sets,σ-additive measure,
measurable sets, measure zero sets and the basic theorems describing relationships between
the notion mentioned above. The work is the third part of the series of articles concerning the
Lebesgue measure theory.
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The articles [11], [10], [5], [14], [12], [15], [13], [3], [4], [8], [6], [7], [1], and [2] provide the
notation and terminology for this paper.

In this paperX is a set.
We now state several propositions:

(1) For all setsX, Y holds
⋃
{X,Y, /0}=

⋃
{X,Y}.

(4)1 For all extended real numbersx, y, s, t such that 0R ≤ x and 0R ≤ s andx≤ y ands≤ t
holdsx+s≤ y+ t.

(5) For all extended real numbersx, y, zsuch that 0R ≤ y and 0R ≤ zandx = y+zandy < +∞
holdsz= x−y.

(6) For every subsetA of X holds{A} is a family of subsets ofX.

(7) For all subsetsA, B of X holds{A,B} is a family of subsets ofX.

(8) For all subsetsA, B, C of X holds{A,B,C} is a non empty family of subsets ofX.

(9) { /0} is a family of subsets ofX.

The schemeDomsetFamExdeals with a setA and a unary predicateP , and states that:
There exists a non empty familyF of subsets ofA such that for every setB holds
B∈ F iff B⊆ A andP [B]

provided the parameters have the following property:
• There exists a setB such thatB⊆ A andP [B].

Let X be a set and letS be a non empty family of subsets ofX. The functorX \S yielding a
family of subsets ofX is defined by:

(Def. 2)2 For every setA holdsA∈ X \S iff there exists a setB such thatB∈ SandA = X \B.

1 The propositions (2) and (3) have been removed.
2 The definition (Def. 1) has been removed.
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Let X be a set and letSbe a non empty family of subsets ofX. Observe thatX \S is non empty.
One can prove the following propositions:

(14)3 For every non empty familySof subsets ofX holdsS= X \ (X \S).

(15) For every non empty familySof subsets ofX holds
⋂

S= X\
⋃

(X\S) and
⋃

S= X\
⋂

(X\
S).

Let X be a set and letI1 be a family of subsets ofX. Let us observe thatI1 is closed for
complement operator if and only if:

(Def. 3) For every setA such thatA∈ I1 holdsX \A∈ I1.

One can prove the following proposition

(16) Let X be a set andF be a family of subsets ofX. SupposeF is ∪-closed and closed for
complement operator. ThenF is∩-closed.

Let X be a set. Note that every family of subsets ofX which is∪-closed and closed for comple-
ment operator is also∩-closed and every family of subsets ofX which is∩-closed and closed for
complement operator is also∪-closed.

The following propositions are true:

(17) For every fieldSof subsets ofX holdsS= X \S.

(18) LetM be a set. ThenM is a field of subsets ofX if and only if there exists a non empty
family Sof subsets ofX such thatM = Sand for every setA such thatA∈ SholdsX \A∈ S
and for all setsA, B such thatA∈ SandB∈ SholdsA∪B∈ S.

(19) LetSbe a non empty family of subsets ofX. ThenS is a field of subsets ofX if and only if
for every setA such thatA∈ SholdsX \A∈ Sand for all setsA, B such thatA∈ SandB∈ S
holdsA∩B∈ S.

(20) For every fieldS of subsets ofX and for all setsA, B such thatA ∈ S andB ∈ S holds
A\B∈ S.

(21) For every fieldSof subsets ofX holds /0 ∈ SandX ∈ S.

Let Sbe a non empty set, letF be a function fromS into R, and letA be an element ofS. Then
F(A) is an extended real number.

Let X be a non empty set and letF be a function fromX into R. Let us observe thatF is
non-negative if and only if:

(Def. 4) For every elementA of X holds 0R ≤ F(A).

Next we state the proposition

(23)4 Let S be a field of subsets ofX. Then there exists a functionM from S into R such that
M is non-negative andM( /0) = 0R and for all elementsA, B of Ssuch thatA missesB holds
M(A∪B) = M(A)+M(B).

Let X be a set and letS be a field of subsets ofX. A function from S into R is said to be a
measure onS if:

(Def. 5) It is non-negative and it( /0) = 0R and for all elementsA, B of Ssuch thatA missesB holds
it(A∪B) = it(A)+ it(B).

Next we state two propositions:

3 The propositions (10)–(13) have been removed.
4 The proposition (22) has been removed.
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(25)5 Let Sbe a field of subsets ofX, M be a measure onS, andA, B be elements ofS. If A⊆ B,
thenM(A)≤M(B).

(26) LetSbe a field of subsets ofX, M be a measure onS, andA, B be elements ofS. If A⊆ B
andM(A) < +∞, thenM(B\A) = M(B)−M(A).

Let X be a set. Note that there exists a family of subsets ofX which is non empty, closed for
complement operator, and∩-closed.

Let X be a set, letSbe a non empty∪-closed family of subsets ofX, and letA, B be elements of
S. ThenA∪B is an element ofS.

Let X be a set, letSbe a field of subsets ofX, and letA, B be elements ofS. ThenA∩B is an
element ofS. ThenA\B is an element ofS.

We now state the proposition

(27) For every fieldSof subsets ofX and for every measureM onSand for all elementsA, B of
SholdsM(A∪B)≤M(A)+M(B).

Let X be a set, letSbe a field of subsets ofX, let M be a measure onS, and letA be a set. We
say thatA is measurable w.r.t.M if and only if:

(Def. 6) A∈ S.

We now state the proposition

(29)6 Let Sbe a field of subsets ofX andM be a measure onS. Then

(i) /0 is measurable w.r.t.M,

(ii) X is measurable w.r.t.M, and

(iii) for all setsA, B such thatA is measurable w.r.t.M andB is measurable w.r.t.M holdsX \A
is measurable w.r.t.M andA∪B is measurable w.r.t.M andA∩B is measurable w.r.t.M.

Let X be a set, letSbe a field of subsets ofX, and letM be a measure onS. An element ofS is
called a set of measure zero w.r.t.M if:

(Def. 7) M(it) = 0R.

Next we state several propositions:

(31)7 Let Sbe a field of subsets ofX, M be a measure onS, A be an element ofS, andB be a set
of measure zero w.r.t.M. If A⊆ B, thenA is a set of measure zero w.r.t.M.

(32) Let S be a field of subsets ofX, M be a measure onS, andA, B be sets of measure zero
w.r.t. M. Then

(i) A∪B is a set of measure zero w.r.t.M,

(ii) A∩B is a set of measure zero w.r.t.M, and

(iii) A\B is a set of measure zero w.r.t.M.

(33) LetSbe a field of subsets ofX, M be a measure onS, A be an element ofS, andB be a set
of measure zero w.r.t.M. ThenM(A∪B) = M(A) andM(A∩B) = 0R andM(A\B) = M(A).

(34) For every subsetA of X there exists a functionF from N into 2X such that rngF = {A}.

(35) For every setA there exists a functionF from N into {A} such that for every natural number
n holdsF(n) = A.

5 The proposition (24) has been removed.
6 The proposition (28) has been removed.
7 The proposition (30) has been removed.
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Let X be a set. One can check that there exists a family of subsets ofX which is non empty and
countable.

Let X be a set. A denumerable family of subsets ofX is a non empty countable family of subsets
of X.

One can prove the following propositions:

(38)8 Let A, B, C be subsets ofX. Then there exists a functionF from N into 2X such that
rngF = {A,B,C} andF(0) = A andF(1) = B and for every natural numbern such that 1< n
holdsF(n) = C.

(39) For all subsetsA, B of X holds{A,B, /0} is a denumerable family of subsets ofX.

(40) LetA, B be subsets ofX. Then there exists a functionF from N into 2X such that rngF =
{A,B} andF(0) = A and for every natural numbern such that 0< n holdsF(n) = B.

(41) For all subsetsA, B of X holds{A,B} is a denumerable family of subsets ofX.

(42) For every denumerable familyS of subsets ofX holdsX \S is a denumerable family of
subsets ofX.

Let X be a set and letI1 be a family of subsets ofX. We say thatI1 is σ-field of subsets-like if
and only if:

(Def. 9)9 For every denumerable familyM of subsets ofX such thatM ⊆ I1 holds
⋃

M ∈ I1.

Let X be a set. One can verify that there exists a family of subsets ofX which is non empty,
closed for complement operator, andσ-field of subsets-like.

Let X be a set. Aσ-field of subsets ofX is a closed for complement operatorσ-field of subsets-
like non empty family of subsets ofX.

We now state the proposition

(45)10 For everyσ-field Sof subsets ofX holds /0 ∈ SandX ∈ S.

Let X be a set. One can check that everyσ-field of subsets ofX is non empty.
We now state four propositions:

(46) For everyσ-field S of subsets ofX and for all setsA, B such thatA ∈ S andB ∈ S holds
A∪B∈ SandA∩B∈ S.

(47) For everyσ-field S of subsets ofX and for all setsA, B such thatA ∈ S andB ∈ S holds
A\B∈ S.

(48) For everyσ-field Sof subsets ofX holdsS= X \S.

(49) LetS be a non empty family of subsets ofX. Then for every setA such thatA∈ S holds
X \A∈Sand for every denumerable familyM of subsets ofX such thatM ⊆Sholds

⋂
M ∈S

if and only if S is aσ-field of subsets ofX.

Let X be a set and letSbe aσ-field of subsets ofX. One can verify that there exists a function
from N into Swhich is disjoint valued.

Let X be a set and letSbe aσ-field of subsets ofX. A sequence of separated subsets ofS is a
disjoint valued function fromN into S.

Let X be a set, letSbe aσ-field of subsets ofX, and letF be a function fromN into S. Then
rngF is a non empty family of subsets ofX.

The following propositions are true:

8 The propositions (36) and (37) have been removed.
9 The definition (Def. 8) has been removed.

10 The propositions (43) and (44) have been removed.



THE σ-ADDITIVE MEASURE THEORY 5

(52)11 Let S be aσ-field of subsets ofX andF be a function fromN into S. Then rngF is a
denumerable family of subsets ofX.

(53) For everyσ-field Sof subsets ofX and for every functionF from N into Sholds
⋃

rngF is
an element ofS.

(54) LetY, Sbe non empty sets,F be a function fromY into S, andM be a function fromS into
R. If M is non-negative, thenM ·F is non-negative.

(55) LetSbe aσ-field of subsets ofX anda, b be extended real numbers. Then there exists a
functionM from S into R such that for every elementA of Sholds

(i) if A = /0, thenM(A) = a, and

(ii) if A 6= /0, thenM(A) = b.

(56) LetSbe aσ-field of subsets ofX. Then there exists a functionM from S into R such that
for every elementA of Sholds

(i) if A = /0, thenM(A) = 0R, and

(ii) if A 6= /0, thenM(A) = +∞.

(57) LetSbe aσ-field of subsets ofX. Then there exists a functionM from S into R such that
for every elementA of SholdsM(A) = 0R.

(58) LetSbe aσ-field of subsets ofX. Then there exists a functionM from S into R such that
M is non-negative andM( /0) = 0R and for every sequenceF of separated subsets ofSholds
∑(M ·F) = M(

⋃
rngF).

Let X be a set and letS be aσ-field of subsets ofX. A function fromS into R is said to be a
σ-measure onS if:

(Def. 11)12 It is non-negative and it( /0) = 0R and for every sequenceF of separated subsets ofSholds
∑(it ·F) = it(

⋃
rngF).

Let X be a set. Note that every non empty family of subsets ofX which isσ-field of subsets-like
and closed for complement operator is also∪-closed.

Next we state several propositions:

(60)13 For everyσ-field Sof subsets ofX holds everyσ-measure onS is a measure onS.

(61) LetSbe aσ-field of subsets ofX, M be aσ-measure onS, andA, B be elements ofS. If A
missesB, thenM(A∪B) = M(A)+M(B).

(62) LetSbe aσ-field of subsets ofX, M be aσ-measure onS, andA, B be elements ofS. If
A⊆ B, thenM(A)≤M(B).

(63) LetSbe aσ-field of subsets ofX, M be aσ-measure onS, andA, B be elements ofS. If
A⊆ B andM(A) < +∞, thenM(B\A) = M(B)−M(A).

(64) LetSbe aσ-field of subsets ofX, M be aσ-measure onS, andA, B be elements ofS. Then
M(A∪B)≤M(A)+M(B).

Let X be a set, letSbe aσ-field of subsets ofX, let M be aσ-measure onS, and letA be a set.
We say thatA is measurable w.r.t.M if and only if:

(Def. 12) A∈ S.

We now state two propositions:

11 The propositions (50) and (51) have been removed.
12 The definition (Def. 10) has been removed.
13 The proposition (59) has been removed.
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(66)14 Let Sbe aσ-field of subsets ofX andM be aσ-measure onS. Then

(i) /0 is measurable w.r.t.M,

(ii) X is measurable w.r.t.M, and

(iii) for all setsA, B such thatA is measurable w.r.t.M andB is measurable w.r.t.M holdsX \A
is measurable w.r.t.M andA∪B is measurable w.r.t.M andA∩B is measurable w.r.t.M.

(67) LetSbe aσ-field of subsets ofX, M be aσ-measure onS, andT be a denumerable family
of subsets ofX. Suppose that for every setA such thatA∈ T holdsA is measurable w.r.t.M.
Then

⋃
T is measurable w.r.t.M and

⋂
T is measurable w.r.t.M.

Let X be a set, letSbe aσ-field of subsets ofX, and letM be aσ-measure onS. An element of
S is called a set of measure zero w.r.t.M if:

(Def. 13) M(it) = 0R.

One can prove the following propositions:

(69)15 Let Sbe aσ-field of subsets ofX, M be aσ-measure onS, A be an element ofS, andB be
a set of measure zero w.r.t.M. If A⊆ B, thenA is a set of measure zero w.r.t.M.

(70) LetSbe aσ-field of subsets ofX, M be aσ-measure onS, andA, B be sets of measure zero
w.r.t. M. Then

(i) A∪B is a set of measure zero w.r.t.M,

(ii) A∩B is a set of measure zero w.r.t.M, and

(iii) A\B is a set of measure zero w.r.t.M.

(71) LetSbe aσ-field of subsets ofX, M be aσ-measure onS, A be an element ofS, andB be
a set of measure zero w.r.t.M. ThenM(A∪B) = M(A) andM(A∩B) = 0R andM(A\B) =
M(A).
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[6] Andrzej Nȩdzusiak.σ-fields and probability.Journal of Formalized Mathematics, 1, 1989.http://mizar.org/JFM/Vol1/prob_1.
html.
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