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Summary. This article is a continuation of [5]. We have established a one-to-one
correspondence between midpoint algebras and groups with the operator 1/2. In general we
shall say that a given midpoint algebraM and a groupV arew-assotiated iffw is an atlas from
M to V. At the beginning of the paper a few facts which rather belong to [4], [?] are proved.

MML Identifier: MIDSP_2.

WWW: http://mizar.org/JFM/Vol3/midsp_2.html

The articles [3], [7], [2], [1], [6], [4], and [5] provide the notation and terminology for this paper.
For simplicity, we adopt the following rules:G denotes a non empty loop structure,x denotes

an element ofG, M denotes a non empty midpoint algebra structure,p, q, r denote points ofM, and
w denotes a function from[: the carrier ofM, the carrier ofM :] into the carrier ofG.

Let us considerG, x. The functor 2x yielding an element ofG is defined as follows:

(Def. 1) 2x = x+x.

Let us considerM, G, w. We say thatM, G are associated w.r.t.w if and only if:

(Def. 2) p@q = r iff w(p, r) = w(r, q).

The following proposition is true

(1) If M, G are associated w.r.t.w, thenp@ p = p.

We use the following convention:Sdenotes a non empty set,a, b, b′, c, c′, d denote elements of
S, andw denotes a function from[:S, S:] into the carrier ofG.

Let us considerS, G, w. We say thatw is an atlas ofS, G if and only if the conditions (Def. 3)
are satisfied.

(Def. 3)(i) For alla, x there existsb such thatw(a, b) = x,

(ii) for all a, b, c such thatw(a, b) = w(a, c) holdsb = c, and

(iii) for all a, b, c holdsw(a, b)+w(b, c) = w(a, c).

Let us considerS, G, w, a, x. Let us assume thatw is an atlas ofS, G. The functor(a,x).w
yielding an element ofS is defined by:

(Def. 4) w(a, (a,x).w) = x.

In the sequelG denotes an add-associative right zeroed right complementable non empty loop
structure,x denotes an element ofG, andw denotes a function from[:S, S:] into the carrier ofG.

The following propositions are true:
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(2) 2(0G) = 0G.

(4)1 If w is an atlas ofS, G, thenw(a, a) = 0G.

(5) If w is an atlas ofS, G andw(a, b) = 0G, thena = b.

(6) If w is an atlas ofS, G, thenw(a, b) =−w(b, a).

(7) If w is an atlas ofS, G andw(a, b) = w(c, d), thenw(b, a) = w(d, c).

(8) If w is an atlas ofS, G, then for allb, x there existsa such thatw(a, b) = x.

(9) If w is an atlas ofS, G andw(b, a) = w(c, a), thenb = c.

(10) Letw be a function from[: the carrier ofM, the carrier ofM :] into the carrier ofG. Suppose
w is an atlas of the carrier ofM, G andM, G are associated w.r.t.w. Thenp@q = q@ p.

(11) Letw be a function from[: the carrier ofM, the carrier ofM :] into the carrier ofG. Suppose
w is an atlas of the carrier ofM, G andM, G are associated w.r.t.w. Then there existsr such
thatr @ p = q.

In the sequelG is an add-associative right zeroed right complementable Abelian non empty loop
structure andx is an element ofG.

The following propositions are true:

(13)2 Let G be an add-associative Abelian non empty loop structure andx, y, z, t be elements of
G. Then(x+y)+(z+ t) = x+z+(y+ t).

(14) For every add-associative Abelian non empty loop structureG and for all elementsx, y of
G holds 2(x+y) = 2x+2y.

(15) 2(−x) =−2x.

(16) Letw be a function from[: the carrier ofM, the carrier ofM :] into the carrier ofG. Suppose
w is an atlas of the carrier ofM, G andM, G are associated w.r.t.w. Let a, b, c, d be points of
M. Thena@b = c@d if and only if w(a, d) = w(c, b).

In the sequelw denotes a function from[:S, S:] into the carrier ofG.
One can prove the following proposition

(17) If w is an atlas ofS, G, then for alla, b, b′, c, c′ such thatw(a, b) = w(b, c) andw(a,
b′) = w(b′, c′) holdsw(c, c′) = 2w(b, b′).

We use the following convention:M denotes a midpoint algebra andp, q, r, s denote points of
M.

Let us considerM. Observe that vectgroupM is Abelian, add-associative, right zeroed, and right
complementable.

We now state the proposition

(18)(i) For every seta holdsa is an element of vectgroupM iff a is a vector ofM,

(ii) 0vectgroupM = IM, and

(iii) for all elementsa, b of vectgroupM and for all vectorsx, y of M such thata = x andb = y
holdsa+b = x+y.

Let I1 be a non empty loop structure. We say thatI1 is midpoint operator if and only if the
conditions (Def. 5) are satisfied.

(Def. 5)(i) For every elementa of I1 there exists an elementx of I1 such that 2x = a, and

(ii) for every elementa of I1 such that 2a = 0(I1) holdsa = 0(I1).

1 The proposition (3) has been removed.
2 The proposition (12) has been removed.
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Let us observe that every non empty loop structure which is midpoint operator is also Fanoian.
Let us mention that there exists a non empty loop structure which is strict, midpoint operator,

add-associative, right zeroed, right complementable, and Abelian.
In the sequelG denotes a midpoint operator add-associative right zeroed right complementable

Abelian non empty loop structure andx, y denote elements ofG.
We now state two propositions:

(19) Let G be a Fanoian add-associative right zeroed right complementable non empty loop
structure andx be an element ofG. If x =−x, thenx = 0G.

(20) LetG be a Fanoian add-associative right zeroed right complementable Abelian non empty
loop structure andx, y be elements ofG. If 2x = 2y, thenx = y.

Let G be a midpoint operator add-associative right zeroed right complementable Abelian non
empty loop structure and letx be an element ofG. The functor1

2x yielding an element ofG is
defined as follows:

(Def. 6) 21
2x = x.

The following propositions are true:

(21) 1
2(0G) = 0G and 1

2(x+y) = 1
2x+ 1

2y and if 1
2x = 1

2y, thenx = y and 1
22x = x.

(22) LetM be a non empty midpoint algebra structure andw be a function from[: the carrier of
M, the carrier ofM :] into the carrier ofG. Supposew is an atlas of the carrier ofM, G andM,
G are associated w.r.t.w. Leta, b, c, d be points ofM. Then(a@b)@(c@d) = a@c@(b@d).

(23) LetM be a non empty midpoint algebra structure andw be a function from[: the carrier of
M, the carrier ofM :] into the carrier ofG. Supposew is an atlas of the carrier ofM, G and
M, G are associated w.r.t.w. ThenM is a midpoint algebra.

Let us considerM. Observe that vectgroupM is midpoint operator.
Let us considerM, p, q. The functorqp yielding an element of vectgroupM is defined as follows:

(Def. 7) qp =
−−→
[p,q].

Let us considerM. The functor vectM yielding a function from[: the carrier ofM, the carrier of
M :] into the carrier of vectgroupM is defined by:

(Def. 8) (vectM)(p, q) =
−−→
[p,q].

One can prove the following propositions:

(24) vectM is an atlas of the carrier ofM, vectgroupM.

(25)
−−→
[p,q] =

−−→
[r,s] iff p@s= q@ r.

(26) p@q = r iff
−−→
[p, r] =

−−→
[r,q].

(27) M, vectgroupM are associated w.r.t. vectM.

In the sequelw is a function from[:S, S:] into the carrier ofG.
Let us considerS, G, w. Let us assume thatw is an atlas ofS, G. The functor@w yielding a

binary operation onS is defined as follows:

(Def. 9) w(a, (@w)(a, b)) = w((@w)(a, b), b).

We now state the proposition

(28) If w is an atlas ofS, G, then for alla, b, c holds(@w)(a, b) = c iff w(a, c) = w(c, b).



ATLAS OF MIDPOINT ALGEBRA 4

Let D be a non empty set and letM be a binary operation onD. Observe that〈D,M〉 is non
empty.

Let us considerS, G, w. The functor Atlasw yields a function from[: the carrier of〈S,@w〉, the
carrier of〈S,@w〉 :] into the carrier ofG and is defined by:

(Def. 10) Atlasw = w.

We now state the proposition

(32)3 If w is an atlas ofS, G, then〈S,@w〉, G are associated w.r.t. Atlasw.

Let us considerS, G, w. Let us assume thatw is an atlas ofS, G. The functor MidSp(w) yields
a strict midpoint algebra and is defined by:

(Def. 11) MidSp(w) = 〈S,@w〉.

We adopt the following rules:M is a non empty midpoint algebra structure,w is a function from
[: the carrier ofM, the carrier ofM :] into the carrier ofG, anda, b, b1, b2, c are points ofM.

Next we state the proposition

(33) M is a midpoint algebra if and only if there existsG and there existsw such thatw is an
atlas of the carrier ofM, G andM, G are associated w.r.t.w.

Let M be a non empty midpoint algebra structure. We introduce atlas structures overM which
are systems

〈 an algebra, a function〉,
where the algebra is a non empty loop structure and the function is a function from[: the carrier of
M, the carrier ofM :] into the carrier of the algebra.

Let M be a non empty midpoint algebra structure and letI1 be an atlas structure overM. We say
thatI1 is atlas-like if and only if the conditions (Def. 12) are satisfied.

(Def. 12)(i) The algebra ofI1 is midpoint operator, add-associative, right zeroed, right comple-
mentable, and Abelian,

(ii) M, the algebra ofI1 are associated w.r.t. the function ofI1, and

(iii) the function ofI1 is an atlas of the carrier ofM, the algebra ofI1.

Let M be a midpoint algebra. One can check that there exists an atlas structure overM which is
atlas-like.

Let M be a non empty midpoint algebra. An atlas ofM is an atlas-like atlas structure overM.
Let M be a non empty midpoint algebra structure and letW be an atlas structure overM. A

vector ofW is an element of the algebra ofW.
Let M be a midpoint algebra, letW be an atlas structure overM, and leta, b be points ofM. The

functorW(a, b) yields an element of the algebra ofW and is defined by:

(Def. 13) W(a, b) = (the function ofW)(a, b).

Let M be a midpoint algebra, letW be an atlas structure overM, let a be a point ofM, and letx
be a vector ofW. The functor(a,x).W yields a point ofM and is defined as follows:

(Def. 14) (a,x).W = (a,x).the function ofW.

Let M be a midpoint algebra and letW be an atlas ofM. The functor 0W yields a vector ofW
and is defined as follows:

(Def. 15) 0W = 0the algebra ofW.

We now state two propositions:

(34) Supposew is an atlas of the carrier ofM, G and M, G are associated w.r.t.w. Then
a@c = b1

@b2 if and only if w(a, c) = w(a, b1)+w(a, b2).
3 The propositions (29)–(31) have been removed.
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(35) Supposew is an atlas of the carrier ofM, G andM, G are associated w.r.t.w. Thena@c= b
if and only if w(a, c) = 2w(a, b).

For simplicity, we adopt the following rules:M denotes a midpoint algebra,W denotes an atlas
of M, a, b, b1, b2, c, d denote points ofM, andx denotes a vector ofW.

We now state several propositions:

(36) a@c = b1
@b2 iff W(a, c) = W(a, b1)+W(a, b2).

(37) a@c = b iff W(a, c) = 2W(a, b).

(38)(i) For alla, x there existsb such thatW(a, b) = x,

(ii) for all a, b, c such thatW(a, b) = W(a, c) holdsb = c, and

(iii) for all a, b, c holdsW(a, b)+W(b, c) = W(a, c).

(39) W(a, a) = 0W and if W(a, b) = 0W, then a = b andW(a, b) = −W(b, a) and if W(a,
b) = W(c, d), thenW(b, a) = W(d, c) and for allb, x there existsa such thatW(a, b) = x
and ifW(b, a) = W(c, a), thenb = c anda@ b = c iff W(a, c) = W(c, b) anda@ b = c@ d
iff W(a, d) = W(c, b) andW(a, b) = x iff (a,x).W = b.

(40) (a,0W).W = a.
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