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Summary. We construct a real normed space〈V, ‖.‖〉, whereV is a real vector space
and‖.‖ is a norm. Auxillary properties of the norm are proved. Next, we introduce a notion of
sequence in the real normed space. The basic operations on sequences (addition, subtraction,
multiplication by real number) are defined. We study some properties of sequences in the real
normed space and the operations on them.

MML Identifier: NORMSP_1.
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The articles [11], [5], [14], [2], [12], [6], [1], [3], [4], [15], [9], [7], [8], [10], and [13] provide the
notation and terminology for this paper.

We introduce normed structures which are extensions of RLS structure and are systems
〈 a carrier, a zero, an addition, an external multiplication, a norm〉,

where the carrier is a set, the zero is an element of the carrier, the addition is a binary operation on
the carrier, the external multiplication is a function from[:R, the carrier :] into the carrier, and the
norm is a function from the carrier intoR.

Let us note that there exists a normed structure which is non empty.
In the sequelX denotes a non empty normed structure,a, b denote real numbers, andx denotes

a point ofX.
Let us considerX, x. The functor‖x‖ yielding a real number is defined as follows:

(Def. 1) ‖x‖ = (the norm ofX)(x).

Let I1 be a non empty normed structure. We say thatI1 is real normed space-like if and only if:

(Def. 2) For all pointsx, y of I1 and for everya holds‖x‖= 0 iff x = 0(I1) and‖a·x‖= |a| · ‖x‖ and
‖x+y‖ ≤ ‖x‖+‖y‖.

One can check that there exists a non empty normed structure which is real normed space-like,
real linear space-like, Abelian, add-associative, right zeroed, right complementable, and strict.

A real normed space is a real normed space-like real linear space-like Abelian add-associative
right zeroed right complementable non empty normed structure.

We adopt the following convention:R1 denotes a real normed space andx, y, z, g denote points
of R1.

Next we state a number of propositions:

(5)1 ‖0(R1)‖ = 0.

(6) ‖−x‖ = ‖x‖.
1 The propositions (1)–(4) have been removed.
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(7) ‖x−y‖ ≤ ‖x‖+‖y‖.

(8) 0≤ ‖x‖.

(9) ‖a·x+b·y‖ ≤ |a| · ‖x‖+ |b| · ‖y‖.

(10) ‖x−y‖ = 0 iff x = y.

(11) ‖x−y‖ = ‖y−x‖.

(12) ‖x‖−‖y‖ ≤ ‖x−y‖.

(13) |‖x‖−‖y‖| ≤ ‖x−y‖.

(14) ‖x−z‖ ≤ ‖x−y‖+‖y−z‖.

(15) If x 6= y, then‖x−y‖ 6= 0.

Let R1 be a 1-sorted structure. Sequence ofR1 is defined by:

(Def. 3) It is a function fromN into the carrier ofR1.

Let R1 be a 1-sorted structure. Observe that every sequence ofR1 is function-like and relation-
like.

Let R1 be a non empty 1-sorted structure. We see that the sequence ofR1 is a function fromN
into the carrier ofR1.

For simplicity, we follow the rules:S, S1, S2 are sequences ofR1, k, n, m are natural numbers,r
is a real number,f is a function, andd is a set.

We now state several propositions:

(17)2 Let R1 be a non empty 1-sorted structure andx be an element ofR1. Then f is a sequence
of R1 if and only if domf = N and for everyd such thatd ∈ N holds f (d) is an element of
R1.

(19)3 For every non empty 1-sorted structureR1 and for every elementx of R1 there exists a
sequenceSof R1 such that rngS= {x}.

(20) LetR1 be a non empty 1-sorted structure andSbe a sequence ofR1. Given an elementx
of R1 such that let givenn. ThenS(n) = x. Then there exists an elementx of R1 such that
rngS= {x}.

(21) Let R1 be a non empty 1-sorted structure andS be a sequence ofR1. If there exists an
elementx of R1 such that rngS= {x}, then for everyn holdsS(n) = S(n+1).

(22) LetR1 be a non empty 1-sorted structure andSbe a sequence ofR1. If for every n holds
S(n) = S(n+1), then for alln, k holdsS(n) = S(n+k).

(23) LetR1 be a non empty 1-sorted structure andS be a sequence ofR1. If for all n, k holds
S(n) = S(n+k), then for alln, m holdsS(n) = S(m).

(24) LetR1 be a non empty 1-sorted structure andSbe a sequence ofR1. Suppose that for all
n, m holdsS(n) = S(m). Then there exists an elementx of R1 such that for everyn holds
S(n) = x.

(25) There existsSsuch that rngS= {0(R1)}.

Let R1 be a non empty 1-sorted structure and letSbe a sequence ofR1. Let us observe thatS is
constant if and only if:

(Def. 4) There exists an elementx of R1 such that for everyn holdsS(n) = x.

2 The proposition (16) has been removed.
3 The proposition (18) has been removed.
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The following proposition is true

(27)4 Let R1 be a non empty 1-sorted structure andSbe a sequence ofR1. ThenS is constant if
and only if there exists an elementx of R1 such that rngS= {x}.

Let R1 be a non empty 1-sorted structure, letSbe a sequence ofR1, and let us considern. Then
S(n) is an element ofR1.

In this article we present several logical schemes. The schemeExRNSSeqdeals with a real
normed spaceA and a unary functorF yielding a point ofA , and states that:

There exists a sequenceSof A such that for everyn holdsS(n) = F (n)
for all values of the parameters.

The schemeExRLSSeqdeals with a real linear spaceA and a unary functorF yielding an
element ofA , and states that:

There exists a sequenceSof A such that for everyn holdsS(n) = F (n)
for all values of the parameters.

Let R1 be a real linear space and letS1, S2 be sequences ofR1. The functorS1 +S2 yielding a
sequence ofR1 is defined as follows:

(Def. 5) For everyn holds(S1 +S2)(n) = S1(n)+S2(n).

Let R1 be a real linear space and letS1, S2 be sequences ofR1. The functorS1−S2 yields a
sequence ofR1 and is defined as follows:

(Def. 6) For everyn holds(S1−S2)(n) = S1(n)−S2(n).

Let R1 be a real linear space, letS be a sequence ofR1, and letx be an element ofR1. The
functorS−x yields a sequence ofR1 and is defined by:

(Def. 7) For everyn holds(S−x)(n) = S(n)−x.

Let R1 be a real linear space, letSbe a sequence ofR1, and let us considera. The functora ·S
yielding a sequence ofR1 is defined as follows:

(Def. 8) For everyn holds(a·S)(n) = a·S(n).

Let us considerR1 and let us considerS. We say thatS is convergent if and only if:

(Def. 9) There existsg such that for everyr such that 0< r there existsmsuch that for everyn such
thatm≤ n holds‖S(n)−g‖ < r.

One can prove the following propositions:

(34)5 If S1 is convergent andS2 is convergent, thenS1 +S2 is convergent.

(35) If S1 is convergent andS2 is convergent, thenS1−S2 is convergent.

(36) If S is convergent, thenS−x is convergent.

(37) If S is convergent, thena·S is convergent.

Let us considerR1 and let us considerS. The functor‖S‖ yields a sequence of real numbers and
is defined as follows:

(Def. 10) For everyn holds‖S‖(n) = ‖S(n)‖.

Next we state the proposition

(39)6 If S is convergent, then‖S‖ is convergent.

4 The proposition (26) has been removed.
5 The propositions (28)–(33) have been removed.
6 The proposition (38) has been removed.
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Let us considerR1 and let us considerS. Let us assume thatS is convergent. The functor limS
yielding a point ofR1 is defined by:

(Def. 11) For everyr such that 0< r there existsm such that for everyn such thatm≤ n holds
‖S(n)− lim S‖ < r.

One can prove the following propositions:

(41)7 If S is convergent and limS= g, then‖S−g‖ is convergent and lim‖S−g‖ = 0.

(42) If S1 is convergent andS2 is convergent, then lim(S1 +S2) = lim S1 + lim S2.

(43) If S1 is convergent andS2 is convergent, then lim(S1−S2) = lim S1− lim S2.

(44) If S is convergent, then lim(S−x) = lim S−x.

(45) If S is convergent, then lim(a·S) = a· lim S.

REFERENCES

[1] Grzegorz Bancerek. The fundamental properties of natural numbers.Journal of Formalized Mathematics, 1, 1989. http://mizar.
org/JFM/Vol1/nat_1.html.

[2] Grzegorz Bancerek. The ordinal numbers.Journal of Formalized Mathematics, 1, 1989.http://mizar.org/JFM/Vol1/ordinal1.
html.
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[5] Czesław Bylínski. Some basic properties of sets.Journal of Formalized Mathematics, 1, 1989. http://mizar.org/JFM/Vol1/
zfmisc_1.html.

[6] Krzysztof Hryniewiecki. Basic properties of real numbers.Journal of Formalized Mathematics, 1, 1989. http://mizar.org/JFM/
Vol1/real_1.html.

[7] Jarosław Kotowicz. Convergent sequences and the limit of sequences.Journal of Formalized Mathematics, 1, 1989.http://mizar.
org/JFM/Vol1/seq_2.html.

[8] Jarosław Kotowicz. Monotone real sequences. Subsequences.Journal of Formalized Mathematics, 1, 1989.http://mizar.org/JFM/
Vol1/seqm_3.html.

[9] Jarosław Kotowicz. Real sequences and basic operations on them.Journal of Formalized Mathematics, 1, 1989.http://mizar.org/
JFM/Vol1/seq_1.html.

[10] Jan Popiołek. Some properties of functions modul and signum.Journal of Formalized Mathematics, 1, 1989. http://mizar.org/
JFM/Vol1/absvalue.html.

[11] Andrzej Trybulec. Tarski Grothendieck set theory.Journal of Formalized Mathematics, Axiomatics, 1989.http://mizar.org/JFM/
Axiomatics/tarski.html.

[12] Andrzej Trybulec. Subsets of real numbers.Journal of Formalized Mathematics, Addenda, 2003.http://mizar.org/JFM/Addenda/
numbers.html.

[13] Wojciech A. Trybulec. Vectors in real linear space.Journal of Formalized Mathematics, 1, 1989. http://mizar.org/JFM/Vol1/
rlvect_1.html.

[14] Zinaida Trybulec. Properties of subsets.Journal of Formalized Mathematics, 1, 1989.http://mizar.org/JFM/Vol1/subset_1.html.

[15] Edmund Woronowicz. Relations and their basic properties.Journal of Formalized Mathematics, 1, 1989. http://mizar.org/JFM/
Vol1/relat_1.html.

Received September 20, 1990

Published January 2, 2004

7 The proposition (40) has been removed.

http://mizar.org/JFM/Vol1/nat_1.html
http://mizar.org/JFM/Vol1/nat_1.html
http://mizar.org/JFM/Vol1/ordinal1.html
http://mizar.org/JFM/Vol1/ordinal1.html
http://mizar.org/JFM/Vol1/funct_1.html
http://mizar.org/JFM/Vol1/funct_1.html
http://mizar.org/JFM/Vol1/funct_2.html
http://mizar.org/JFM/Vol1/funct_2.html
http://mizar.org/JFM/Vol1/zfmisc_1.html
http://mizar.org/JFM/Vol1/zfmisc_1.html
http://mizar.org/JFM/Vol1/real_1.html
http://mizar.org/JFM/Vol1/real_1.html
http://mizar.org/JFM/Vol1/seq_2.html
http://mizar.org/JFM/Vol1/seq_2.html
http://mizar.org/JFM/Vol1/seqm_3.html
http://mizar.org/JFM/Vol1/seqm_3.html
http://mizar.org/JFM/Vol1/seq_1.html
http://mizar.org/JFM/Vol1/seq_1.html
http://mizar.org/JFM/Vol1/absvalue.html
http://mizar.org/JFM/Vol1/absvalue.html
http://mizar.org/JFM/Axiomatics/tarski.html
http://mizar.org/JFM/Axiomatics/tarski.html
http://mizar.org/JFM/Addenda/numbers.html
http://mizar.org/JFM/Addenda/numbers.html
http://mizar.org/JFM/Vol1/rlvect_1.html
http://mizar.org/JFM/Vol1/rlvect_1.html
http://mizar.org/JFM/Vol1/subset_1.html
http://mizar.org/JFM/Vol1/relat_1.html
http://mizar.org/JFM/Vol1/relat_1.html

	real normed space By jan popiolek

