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Summary. The aim is to prove, using Mizar System, one of the most important result
in general topology, namely the Stone Theorem on paracompactness of metrizable spaces [18].
Our proof is based on [17] (and also [15]). We prove first auxiliary fact that every open cover
of any metrizable space has a locally finite open refinement. We show next the main theorem
that every metrizable space is paracompact. The remaining material is devoted to concepts
and certain properties needed for the formulation and the proof of that theorem (see also [4]).

MML Identifier: PCOMPS_2.

WWW: http://mizar.org/JFM/Vol4/pcomps_2.html

The articles [19], [7], [21], [1], [20], [10], [5], [6], [13], [12], [9], [14], [4], [16], [2], [22], [3], [11],
and [8] provide the notation and terminology for this paper.

1. SELECTED PROPERTIES OFREAL NUMBERS

In this paperr, u denote real numbers andn, k denote natural numbers.
The following propositions are true:

(3)1 If r > 0 andu > 0, then there exists a natural numberk such thatu
2k ≤ r.

(4) If k≥ n andr ≥ 1, thenrk ≥ rn.

2. CERTAIN FUNCTIONS DEFINED ON FAMILIES OF SETS

In the sequelRdenotes a binary relation andA denotes a set.
One can prove the following proposition

(5) If Rwell ordersA, thenR|2 A well ordersA andA = field(R|2 A).

The schemeMinSetdeals with a setA , a binary relationB, and a unary predicateP , and states
that:

There exists a setX such thatX ∈ A andP [X] and for every setY such thatY ∈ A
andP [Y] holds〈〈X, Y〉〉 ∈ B

provided the parameters satisfy the following conditions:
• B well ordersA , and
• There exists a setX such thatX ∈ A andP [X].

Let F1 be a set, letR be a binary relation, and letB be an element ofF1. The functor
⋃

β<RB β is
defined by:

1 The propositions (1) and (2) have been removed.
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(Def. 1)
⋃

β<RB β =
⋃

(R-Seg(B)).

Let F1 be a set and letRbe a binary relation. The disjoint family ofF1, R is defined as follows:

(Def. 2) A ∈ the disjoint family ofF1, R iff there exists an elementB of F1 such thatB ∈ F1 and
A = B\

⋃
β<RB β.

Let X be a set, letn be a natural number, and letf be a function fromN into 2X. The functor⋃
κ<n f (κ) is defined as follows:

(Def. 3)
⋃

κ<n f (κ) =
⋃

( f ◦(Segn\{n})).

3. PARACOMPACTNESS OFMETRIZABLE SPACES

For simplicity, we adopt the following convention:P1 denotes a non empty topological space,P2

denotes a metric space,F1, G1, H1 denote families of subsets ofP1, andV, W denote subsets ofP1.
One can prove the following propositions:

(6) SupposeP1 is aT3 space. Let givenF1. SupposeF1 is a cover ofP1 and open. Then there
existsH1 such thatH1 is open and a cover ofP1 and for everyV such thatV ∈ H1 there exists
W such thatW ∈ F1 andV ⊆W.

(7) Let givenP1, F1. SupposeP1 is a T2 space and paracompact andF1 is a cover ofP1 and
open. Then there existsG1 such thatG1 is open and a cover ofP1 and clfG1 is finer thanF1

andG1 is locally finite.

(8) Let f be a function from[: the carrier ofP1, the carrier ofP1 :] into R. Supposef is a metric
of the carrier ofP1. SupposeP2 = MetrSp((the carrier ofP1), f ). Then the carrier ofP2 = the
carrier ofP1.

(11)2 Let f be a function from[: the carrier ofP1, the carrier ofP1 :] into R. Supposef is a
metric of the carrier ofP1. SupposeP2 = MetrSp((the carrier ofP1), f ). ThenF1 is a family
of subsets ofP1 if and only if F1 is a family of subsets ofP2.

In the sequeln denotes a natural number.
Let P2 be a non empty set, letg be a function fromN into (22P2)∗, and let us considern. Then

g(n) is a finite sequence of elements of 22P2 .
One can prove the following two propositions:

(12) SupposeP1 is metrizable. LetF1 be a family of subsets ofP1. SupposeF1 is a cover ofP1

and open. Then there exists a familyG1 of subsets ofP1 which is open, a cover ofP1, finer
thanF1, and locally finite.

(13) If P1 is metrizable, thenP1 is paracompact.
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