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Solving Roots of Polynomial Equation
of Degree 4 with Real Coefficients

Xiguan Liang
Qingdao University of Science and Technology

Summary. In this paper, we describe the definition of the fourth degree algebraic
equations and their properties. We clarify the relation between the four roots of this equation
and its coefficient. Also, the form of these roots for various conditions is discussed. This
solution is known as the Cardano solution.

MML Identifier: POLYEQ_ 2.
WWW: http://mizar.org/JFM/Voll5/polyeq 2.html

The articlesl[1],[[4],[[2], and [3] provide the notation and terminology for this paper.
Leta, b, ¢, d, e x be real numbers. The functor Féarb, c,d, e x) is defined as follows:

(Def. 1) Foufab,c,d,ex)=a-x*+b-x®+c-x>+d-x+e

Leta, b, ¢, d, e x be real numbers. Observe that Faub, c,d, e X) is real.
We now state several propositions:

(1) Leta, c, e x be real numbers. Suppose# 0 ande # 0 andc® —4-a-e > 0. Suppose

Four(a,0,c,0,eX) = 0. Thenx # 0 butx = |/ —S-¥/2@¢8 Vzi(ace) or x = |/ ——V8ce VZAa(ace) or x =

—c+4/A(a,c.e) Or X—= — —c—y/A(ac.e)
(2) Leta, b, ¢, x, y be real numbers. Suppoae“ 0 andy = x+ )—1( If Four(a,b,c,b,a,x) =0,
thenx# 0 and(a-y?+b-y+c)—2-a=0.

(3) Leta, b, ¢, % y be real numbers. Suppose# 0 and (b? —4-a-c)+8-a%> >0
andy = x+ % Suppose Fouya,b,c,b,a,x) = 0. Let y;, y» be real numbers. Suppose

_ 2_4.a a2 —b-+/(0P—4a 22 vy,
y1 = b++/ (b 212ac)+8a andyz _ b—+/ (b 2.:ac)+8a . Thenx;«é 0 butx = y1+«/A(21, y1,1)

orx = 2tV A(1,-y2,1) Of X — y1—/A(1,-y1,1) orx— 2=V A(1,-y2,1)
- 2 - 2 - 2 .

(4) For every real numberholdsx® = x2-x andx3 - x = x* andx? - x2 = x*.

(5) For all real numbers, y such thatx+y # 0 holds(x+y)* = (34 (3-y- X2 +3-y?-X) +
V) x4+ (0C+(3-y- X% +3-y2-X) +y3) -y.
(6) For all real numbers, y such thak+y # 0 holds(x+y)* =x*+ (4-y-x3 +6-y? - x> 4 4-

Y- x) +y*

(7) Letay, ap, a3, a4, as, by, by, bz, bs, bs be real numbers. Suppose that for every real number
x holds Foufay,ap,as, a4, as,x) = Four(by, by, bz, bs, bs,x). Thenas = bs and ((ag — az) +
ag) —ag = ((by —bp) +b3) —bg anday +-ap +ag +ay = by + by + bz +by.
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(8) Letay, ap, as, as, as, by, by, bz, bs, bs be real numbers. Suppose that for every real
numberx holds Foufa,ay,as, as,as,X) = Four(by, by, bz, bs,bs,x). Thena; — by = bz —ag
anday; —b, =bs—ay

(9) Letay, ap, ag, a4, as, by, by, bz, by, bs be real numbers. Suppose that for every real number
x holds Foufas,az,as,as,as,X) = Four(bs, by, bz, ba,bs,x). Thena; = by andaz = by and
ag = bz anday = by andag = bs.

Let a1, X1, X2, X3, X4, X be real numbers. The functor Foa, x1, X2, X3, X4, X) is defined as
llows:

(Def. 2)  FourQas,x1,X2,X3,Xa,X) = a1 - ((X—X1) - (X—X2) - (X—=X3) - (X—Xa)).

[1

[2

3

[4

Letay, X1, X2, X3, X4, X be real numbers. One can check that Foar(X;, X2, X3, Xa,X) is real.
Next we state four propositions:

(10) Letas, ap, ag, a4, as, X, X1, X2, X3, X4 be real numbers. Suppose # 0. Suppose
that for every real numberholds Foufas,az,as, ay, as,X) = FourQ(ag, X1, X2, X3, X4,X). Then

¥ty agslag-
X TR PR TAXEE — (03— (Xa X2 +%3) - (X)) + (X1 - X3 + X2 - X3+ X1 - Xp) - X) —

X1+ X2 X3 X— (X—X1) - (X—X2) - (X—X3) - Xa.

(11) Letas, ap, as, a4, as, X, X1, X2, X3, X4 be real numbers. Suppose # 0. Suppose
that for every real numberholds Fou(ay, ay,as, a4, as,X) = FourQas, X1, X2, X3,X4,X). Then

¥t ay @t ag X2t ay-
a0 x+2p00 18 X403 (3 — (g + Xp + Xg +Xa) XC) + (X0 - Xa+ X1 - Xa+ X1 - Xa+ (Xa-Xa+

a
Xo - Xa) + X3 X4)  X2) — (X1 X2 X3+ X1+ X2 - X4+ X1+ X3+ X4+ X2 X3+ X4) - X) + X1 - X2 - X3 - X4

(12) Letas, ap, az, a4, a5, X1, X2, X3, X4 be real numbers. Suppose # 0 and for ev-
ery real numberx holds Foufas,ap,as,as,as,X) = FourQag, X1, X2,X3,X4,X). Then a2 =
—(Xg + X2+ X3 +Xq) anda3 =Xy Xp+ X1 X3+ X1 Xg+ (X2 X3+ X2+ Xq) + X3 - x4andgi =
—(X1-X2 X3+ X1 Xz - x4+x1 X3+ Xq+ X2 - X3-X4) and%1 = X1 X2 X3 X4

(13) Leta, k, y be real numbers. Suppose# 0. Suppose that for every real numbeholds
X}*+at=k-a-x-(x%+a). Then(y*—k-y>*—k-y) +1=0.
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