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The articles [21], [6], [27], [29], [28], [15], [20], [3], [1], [2], [24], [23], [9], [4], [5], [7], [26], [22],
[16], [17], [13], [11], [12], [10], [25], [14], [8], [19], and [18] provide the notation and terminology
for this paper.

1. THE BANACH SPACE OFBOUNDED REAL SEQUENCES

The subset the set of bounded real sequences of the linear space of real sequences is defined by the
condition (Def. 1).

(Def. 1) Letx be a set. Thenx∈ the set of bounded real sequences if and only ifx∈ the set of real
sequences and idseq(x) is bounded.

Let us mention that the set of bounded real sequences is non empty and the set of bounded real
sequences is linearly closed.

The following proposition is true

(1) 〈the set of bounded real sequences,Zero (the set of bounded real sequences, the linear
space of real sequences),Add (the set of bounded real sequences, the linear space of real
sequences),Mult (the set of bounded real sequences, the linear space of real sequences)〉 is a
subspace of the linear space of real sequences.

One can verify that〈the set of bounded real sequences,Zero (the set of bounded real sequences, the
linear space of real sequences),Add (the set of bounded real sequences, the linear space of real
sequences),Mult (the set of bounded real sequences, the linear space of real sequences)〉 is Abelian,
add-associative, right zeroed, right complementable, and real linear space-like.

The function linfty-norm from the set of bounded real sequences intoR is defined by:

(Def. 2) For every setx such thatx ∈ the set of bounded real sequences holds linfty-norm(x) =
suprng|idseq(x)|.

We now state the proposition

(2) Let r1 be a sequence of real numbers. Thenr1 is bounded and suprng|r1|= 0 if and only if
for every natural numbern holdsr1(n) = 0.
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Let us note that〈the set of bounded real sequences,Zero (the set of bounded real sequences, the
linear space of real sequences),Add (the set of bounded real sequences, the linear space of real
sequences),Mult (the set of bounded real sequences, the linear space of real sequences), linfty-norm〉
is Abelian, add-associative, right zeroed, right complementable, and real linear space-like.

The non empty normed structure linfty-Space is defined by the condition (Def. 3).

(Def. 3) linfty-Space= 〈the set of bounded real sequences,Zero (the set of bounded real
sequences, the linear space of real sequences),Add (the set of bounded real sequences, the
linear space of real sequences),Mult (the set of bounded real sequences, the linear space of
real sequences), linfty-norm〉.

One can prove the following two propositions:

(3) The carrier of linfty-Space= the set of bounded real sequences and for every setx holds
x is a vector of linfty-Space iffx is a sequence of real numbers and idseq(x) is bounded and
0linfty-Space= Zeroseq and for every vectoru of linfty-Space holdsu = idseq(u) and for all
vectorsu, v of linfty-Space holdsu+v = idseq(u)+ idseq(v) and for every real numberr and
for every vectoru of linfty-Space holdsr ·u= r idseq(u) and for every vectoru of linfty-Space
holds−u=−idseq(u) and idseq(−u) =−idseq(u) and for all vectorsu, v of linfty-Space holds
u−v= idseq(u)− idseq(v) and for every vectorv of linfty-Space holds idseq(v) is bounded and
for every vectorv of linfty-Space holds‖v‖= suprng|idseq(v)|.

(4) Let x, y be points of linfty-Space anda be a real number. Then‖x‖ = 0 iff x = 0linfty-Space

and 0≤ ‖x‖ and‖x+y‖ ≤ ‖x‖+‖y‖ and‖a·x‖= |a| · ‖x‖.

Let us mention that linfty-Space is real normed space-like, real linear space-like, Abelian, add-
associative, right zeroed, and right complementable.

One can prove the following proposition

(5) For every sequencev1 of linfty-Space such thatv1 is Cauchy sequence by norm holdsv1 is
convergent.

2. THE BANACH SPACE OFBOUNDED FUNCTIONS

Let X be a non empty set, letY be a real normed space, and letI1 be a function fromX into the
carrier ofY. We say thatI1 is bounded if and only if:

(Def. 4) There exists a real numberK such that 0≤ K and for every elementx of X holds‖I1(x)‖ ≤
K.

We now state the proposition

(6) Let X be a non empty set,Y be a real normed space, andf be a function fromX into the
carrier ofY. If for every elementx of X holds f (x) = 0Y, then f is bounded.

Let X be a non empty set and letY be a real normed space. Observe that there exists a function
from X into the carrier ofY which is bounded.

Let X be a non empty set and letY be a real normed space. The functor BoundedFunctions(X,Y)
yielding a subset of RealVectSpace(X,Y) is defined as follows:

(Def. 5) For every setx holdsx∈ BoundedFunctions(X,Y) iff x is a bounded function fromX into
the carrier ofY.

LetX be a non empty set and letY be a real normed space. One can check that BoundedFunctions(X,Y)
is non empty.

We now state two propositions:

(7) For every non empty setX and for every real normed spaceY holds BoundedFunctions(X,Y)
is linearly closed.
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(8) For every non empty setX and for every real normed spaceY holds〈BoundedFunctions(X,Y),Zero (BoundedFunctions(X,Y),RealVectSpace(X,Y)),Add (BoundedFunctions(X,Y),RealVectSpace(X,Y)),Mult (BoundedFunctions(X,Y),RealVectSpace(X,Y))〉
is a subspace of RealVectSpace(X,Y).

LetX be a non empty set and letY be a real normed space. One can check that〈BoundedFunctions(X,Y),Zero (BoundedFunctions(X,Y),RealVectSpace(X,Y)),Add (BoundedFunctions(X,Y),RealVectSpace(X,Y)),Mult (BoundedFunctions(X,Y),RealVectSpace(X,Y))〉
is Abelian, add-associative, right zeroed, right complementable, and real linear space-like.

One can prove the following proposition

(9) For every non empty setX and for every real normed spaceY holds〈BoundedFunctions(X,Y),Zero (BoundedFunctions(X,Y),RealVectSpace(X,Y)),Add (BoundedFunctions(X,Y),RealVectSpace(X,Y)),Mult (BoundedFunctions(X,Y),RealVectSpace(X,Y))〉
is a real linear space.

Let X be a non empty set and letY be a real normed space. The set of bounded real sequences
from X into Y yields a real linear space and is defined by:

(Def. 6) The set of bounded real sequences fromX intoY = 〈BoundedFunctions(X,Y),Zero (BoundedFunctions(X,Y),RealVectSpace(X,Y)),Add (BoundedFunctions(X,Y),RealVectSpace(X,Y)),Mult (BoundedFunctions(X,Y),RealVectSpace(X,Y))〉.

Let X be a non empty set and letY be a real normed space. Note that the set of bounded real
sequences fromX into Y is strict.

We now state three propositions:

(10) LetX be a non empty set,Y be a real normed space,f , g, h be vectors of the set of bounded
real sequences fromX into Y, and f ′, g′, h′ be bounded functions fromX into the carrier of
Y. Supposef ′ = f andg′ = g andh′ = h. Thenh = f +g if and only if for every elementx of
X holdsh′(x) = f ′(x)+g′(x).

(11) LetX be a non empty set,Y be a real normed space,f , h be vectors of the set of bounded
real sequences fromX into Y, and f ′, h′ be bounded functions fromX into the carrier ofY.
Supposef ′ = f andh′ = h. Let a be a real number. Thenh = a · f if and only if for every
elementx of X holdsh′(x) = a· f ′(x).

(12) LetX be a non empty set andY be a real normed space. Then 0the set of bounded real sequences fromX into Y =
X 7−→ 0Y.

Let X be a non empty set, letY be a real normed space, and letf be a set. Let us assume that
f ∈ BoundedFunctions(X,Y). The functor modetrans( f ,X,Y) yields a bounded function fromX
into the carrier ofY and is defined by:

(Def. 7) modetrans( f ,X,Y) = f .

Let X be a non empty set, letY be a real normed space, and letu be a function fromX into the
carrier ofY. The functor PreNorms(u) yields a non empty subset ofR and is defined by:

(Def. 8) PreNorms(u) = {‖u(t)‖ : t ranges over elements ofX}.

Next we state three propositions:

(13) LetX be a non empty set,Y be a real normed space, andg be a bounded function fromX
into the carrier ofY. Then PreNorms(g) is non empty and upper bounded.

(14) LetX be a non empty set,Y be a real normed space, andg be a function fromX into the
carrier ofY. Theng is bounded if and only if PreNorms(g) is upper bounded.

(15) LetX be a non empty set andY be a real normed space. Then there exists a functionN1 from
BoundedFunctions(X,Y) intoR such that for every setf if f ∈BoundedFunctions(X,Y), then
N1( f ) = supPreNorms(modetrans( f ,X,Y)).

LetX be a non empty set and letY be a real normed space. The functor BoundedFunctionsNorm(X,Y)
yields a function from BoundedFunctions(X,Y) into R and is defined as follows:

(Def. 9) For every setxsuch thatx∈BoundedFunctions(X,Y) holds BoundedFunctionsNorm(X,Y)(x)=
supPreNorms(modetrans(x,X,Y)).

Next we state two propositions:
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(16) LetX be a non empty set,Y be a real normed space, andf be a bounded function fromX
into the carrier ofY. Then modetrans( f ,X,Y) = f .

(17) LetX be a non empty set,Y be a real normed space, andf be a bounded function fromX
into the carrier ofY. Then BoundedFunctionsNorm(X,Y)( f ) = supPreNorms( f ).

Let X be a non empty set and letY be a real normed space. The real normed space of bounded
functions fromX into Y yielding a non empty normed structure is defined by:

(Def. 10) The real normed space of bounded functions fromX intoY = 〈BoundedFunctions(X,Y),Zero (BoundedFunctions(X,Y),RealVectSpace(X,Y)),Add (BoundedFunctions(X,Y),RealVectSpace(X,Y)),Mult (BoundedFunctions(X,Y),RealVectSpace(X,Y)),BoundedFunctionsNorm(X,Y)〉.

The following propositions are true:

(18) Let X be a non empty set andY be a real normed space. ThenX 7−→ 0Y =
0the real normed space of bounded functions fromX into Y.

(19) LetX be a non empty set,Y be a real normed space,f be a point of the real normed space
of bounded functions fromX into Y, andg be a bounded function fromX into the carrier of
Y. If g = f , then for every elementt of X holds‖g(t)‖ ≤ ‖ f‖.

(20) LetX be a non empty set,Y be a real normed space, andf be a point of the real normed
space of bounded functions fromX into Y. Then 0≤ ‖ f‖.

(21) Let X be a non empty set,Y be a real normed space, andf be a point
of the real normed space of bounded functions fromX into Y. Suppose f =
0the real normed space of bounded functions fromX into Y. Then 0= ‖ f‖.

(22) LetX be a non empty set,Y be a real normed space,f , g, h be points of the real normed
space of bounded functions fromX into Y, and f ′, g′, h′ be bounded functions fromX into
the carrier ofY. Supposef ′ = f andg′ = g andh′ = h. Thenh= f +g if and only if for every
elementx of X holdsh′(x) = f ′(x)+g′(x).

(23) LetX be a non empty set,Y be a real normed space,f , h be points of the real normed space
of bounded functions fromX into Y, and f ′, h′ be bounded functions fromX into the carrier
of Y. Supposef ′ = f andh′ = h. Let a be a real number. Thenh = a · f if and only if for
every elementx of X holdsh′(x) = a· f ′(x).

(24) LetX be a non empty set,Y be a real normed space,f , g be points of the real normed space
of bounded functions fromX into Y, anda be a real number. Then

(i) ‖ f‖= 0 iff f = 0the real normed space of bounded functions fromX into Y,

(ii) ‖a· f‖= |a| · ‖ f‖, and

(iii) ‖ f +g‖ ≤ ‖ f‖+‖g‖.

(25) Let X be a non empty set andY be a real normed space. Then the real normed space of
bounded functions fromX into Y is real normed space-like.

(26) Let X be a non empty set andY be a real normed space. Then the real normed space of
bounded functions fromX into Y is a real normed space.

Let X be a non empty set and letY be a real normed space. Observe that the real normed
space of bounded functions fromX intoY is real normed space-like, real linear space-like, Abelian,
add-associative, right zeroed, and right complementable.

The following three propositions are true:

(27) LetX be a non empty set,Y be a real normed space,f , g, h be points of the real normed
space of bounded functions fromX into Y, and f ′, g′, h′ be bounded functions fromX into
the carrier ofY. Supposef ′ = f andg′ = g andh′ = h. Thenh= f −g if and only if for every
elementx of X holdsh′(x) = f ′(x)−g′(x).
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(28) Let X be a non empty set andY be a real normed space. SupposeY is complete. Lets1

be a sequence of the real normed space of bounded functions fromX into Y. If s1 is Cauchy
sequence by norm, thens1 is convergent.

(29) Let X be a non empty set andY be a real Banach space. Then the real normed space of
bounded functions fromX into Y is a real Banach space.

Let X be a non empty set and letY be a real Banach space. Observe that the real normed space
of bounded functions fromX into Y is complete.
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