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Summary. In this article we describe the dimension of real unitary space. Most of
theorems are restricted from real linear space. In the last section, we introduce affine subset
of real unitary space.
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The articles [14], [13], [19], [10], [2], [3], [4], [1], [5], [11], [16], [6], [15], [18], [12], [17], [9], [8],
and [7] provide the notation and terminology for this paper.

1. FINITE-DIMENSIONAL REAL UNITARY SPACE

One can prove the following propositions:

(1) LetV be a real unitary space,A, B be finite subsets ofV, andv be a vector ofV. Suppose
v ∈ Lin(A∪B) andv /∈ Lin(B). Then there exists a vectorw of V such thatw ∈ A andw ∈
Lin(((A∪B)\{w})∪{v}).

(2) Let V be a real unitary space andA, B be finite subsets ofV. Suppose the unitary space
structure ofV = Lin(A) andB is linearly independent. ThenB ≤ A and there exists a finite

subsetC of V such thatC⊆ A andC = A− B and the unitary space structure ofV = Lin(B∪
C).

Let V be a real unitary space. We say thatV is finite dimensional if and only if:

(Def. 1) There exists a finite subset ofV which is a basis ofV.

Let us observe that there exists a real unitary space which is strict and finite dimensional.
Let V be a real unitary space. Let us observe thatV is finite dimensional if and only if:

(Def. 2) There exists a finite subset ofV which is a basis ofV.

One can prove the following propositions:

(3) For every real unitary spaceV such thatV is finite dimensional holds every basis ofV is
finite.

(4) LetV be a real unitary space andA be a subset ofV. SupposeV is finite dimensional and
A is linearly independent. ThenA is finite.
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(5) For every real unitary spaceV and for all basesA, B of V such thatV is finite dimensional
holdsA = B.

(6) For every real unitary spaceV holds0V is finite dimensional.

(7) LetV be a real unitary space andW be a subspace ofV. If V is finite dimensional, thenW
is finite dimensional.

Let V be a real unitary space. Note that there exists a subspace ofV which is finite dimensional
and strict.

Let V be a finite dimensional real unitary space. Observe that every subspace ofV is finite
dimensional.

Let V be a finite dimensional real unitary space. Note that there exists a subspace ofV which is
strict.

2. DIMENSION OF REAL UNITARY SPACE

LetV be a real unitary space. Let us assume thatV is finite dimensional. The functor dim(V) yields
a natural number and is defined as follows:

(Def. 3) For every basisI of V holds dim(V) = I .

One can prove the following propositions:

(8) For every finite dimensional real unitary spaceV and for every subspaceW of V holds
dim(W)≤ dim(V).

(9) Let V be a finite dimensional real unitary space andA be a subset ofV. If A is linearly
independent, thenA = dim(Lin(A)).

(10) For every finite dimensional real unitary spaceV holds dim(V) = dim(ΩV).

(11) LetV be a finite dimensional real unitary space andW be a subspace ofV. Then dim(V) =
dim(W) if and only if ΩV = ΩW.

(12) For every finite dimensional real unitary spaceV holds dim(V) = 0 iff ΩV = 0V .

(13) LetV be a finite dimensional real unitary space. Then dim(V) = 1 if and only if there exists
a vectorv of V such thatv 6= 0V andΩV = Lin({v}).

(14) LetV be a finite dimensional real unitary space. Then dim(V) = 2 if and only if there exist
vectorsu, v of V such thatu 6= v and{u,v} is linearly independent andΩV = Lin({u,v}).

(15) For every finite dimensional real unitary spaceV and for all subspacesW1, W2 of V holds
dim(W1 +W2)+dim(W1∩W2) = dim(W1)+dim(W2).

(16) For every finite dimensional real unitary spaceV and for all subspacesW1, W2 of V holds
dim(W1∩W2)≥ (dim(W1)+dim(W2))−dim(V).

(17) LetV be a finite dimensional real unitary space andW1, W2 be subspaces ofV. If V is the
direct sum ofW1 andW2, then dim(V) = dim(W1)+dim(W2).

3. FIXED-DIMENSIONAL SUBSPACEFAMILY

The following proposition is true

(18) LetV be a finite dimensional real unitary space,W be a subspace ofV, andn be a natural
number. Thenn ≤ dim(V) if and only if there exists a strict subspaceW of V such that
dim(W) = n.
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Let V be a finite dimensional real unitary space and letn be a natural number. The functor
Subn(V) yielding a set is defined by:

(Def. 4) For every setx holdsx∈ Subn(V) iff there exists a strict subspaceW of V such thatW = x
and dim(W) = n.

The following propositions are true:

(19) LetV be a finite dimensional real unitary space andn be a natural number. Ifn≤ dim(V),
then Subn(V) is non empty.

(20) For every finite dimensional real unitary spaceV and for every natural numbern such that
dim(V) < n holds Subn(V) = /0.

(21) LetV be a finite dimensional real unitary space,W be a subspace ofV, andn be a natural
number. Then Subn(W)⊆ Subn(V).

4. AFFINE SET

Let V be a non empty RLS structure and letSbe a subset ofV. We say thatS is Affine if and only
if:

(Def. 5) For all vectorsx, y of V and for every real numbera such thatx ∈ S and y ∈ S holds
(1−a) ·x+a·y∈ S.

The following propositions are true:

(22) For every non empty RLS structureV holdsΩV is Affine and/0V is Affine.

(23) For every real linear space-like non empty RLS structureV and for every vectorv of V
holds{v} is Affine.

Let V be a non empty RLS structure. Note that there exists a subset ofV which is non empty
and Affine and there exists a subset ofV which is empty and Affine.

Let V be a real linear space and letW be a subspace ofV. The functor Up(W) yielding a non
empty subset ofV is defined as follows:

(Def. 6) Up(W) = the carrier ofW.

Let V be a real unitary space and letW be a subspace ofV. The functor Up(W) yielding a non
empty subset ofV is defined by:

(Def. 7) Up(W) = the carrier ofW.

The following two propositions are true:

(24) For every real linear spaceV and for every subspaceW of V holds Up(W) is Affine and
0V ∈ the carrier ofW.

(25) LetV be a real linear space andA be a Affine subset ofV. Suppose 0V ∈ A. Let x be a
vector ofV anda be a real number. Ifx∈ A, thena·x∈ A.

Let V be a non empty RLS structure and letS be a non empty subset ofV. We say thatS is
Subspace-like if and only if the conditions (Def. 8) are satisfied.

(Def. 8)(i) The zero ofV ∈ S, and

(ii) for all elementsx, y of V and for every real numbera such thatx ∈ S andy ∈ S holds
x+y∈ Sanda·x∈ S.

The following propositions are true:
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(26) LetV be a real linear space andA be a non empty Affine subset ofV. If 0V ∈ A, thenA is
Subspace-like andA = the carrier of Lin(A).

(27) For every real linear spaceV and for every subspaceW of V holds Up(W) is Subspace-like.

(28) For every real linear spaceV and for every strict subspaceW of V holdsW = Lin(Up(W)).

(29) LetV be a real unitary space andA be a non empty Affine subset ofV. If 0V ∈ A, then
A = the carrier of Lin(A).

(30) For every real unitary spaceV and for every subspaceW of V holds Up(W) is Subspace-
like.

(31) For every real unitary spaceV and for every strict subspaceW of V holdsW = Lin(Up(W)).

Let V be a non empty loop structure, letM be a subset ofV, and letv be an element ofV. The
functorv+M yields a subset ofV and is defined by:

(Def. 9) v+M = {v+u;u ranges over elements ofV: u∈M}.

We now state three propositions:

(32) LetV be a real linear space,W be a strict subspace ofV, M be a subset ofV, andv be a
vector ofV. If Up(W) = M, thenv+W = v+M.

(33) LetV be an Abelian add-associative real linear space-like non empty RLS structure,M be
a Affine subset ofV, andv be a vector ofV. Thenv+M is Affine.

(34) LetV be a real unitary space,W be a strict subspace ofV, M be a subset ofV, andv be a
vector ofV. If Up(W) = M, thenv+W = v+M.

Let V be a non empty loop structure and letM, N be subsets ofV. The functorM +N yields a
subset ofV and is defined as follows:

(Def. 10) M+N = {u+v;u ranges over elements ofV, v ranges over elements ofV: u∈M ∧ v∈N}.

The following proposition is true

(35) For every Abelian non empty loop structureV and for all subsetsM, N of V holdsN+M =
M +N.

Let V be an Abelian non empty loop structure and letM, N be subsets ofV. Let us observe that
the functorM +N is commutative.

We now state four propositions:

(36) For every non empty loop structureV and for every subsetM of V and for every elementv
of V holds{v}+M = v+M.

(37) LetV be an Abelian add-associative real linear space-like non empty RLS structure,M be
a Affine subset ofV, andv be a vector ofV. Then{v}+M is Affine.

(38) For every non empty RLS structureV and for all Affine subsetsM, N of V holdsM∩N is
Affine.

(39) LetV be an Abelian add-associative real linear space-like non empty RLS structure andM,
N be Affine subsets ofV. ThenM +N is Affine.
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