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The articles|[15],[[211],[[16],.[6],[[22],[[°],.[10],.[11],.15],[17],.[12],. [27],. 18] [[14] . [20], [18] L [19],
[13], [4], [3], [1], and [2] provide the notation and terminology for this paper.
One can prove the following two propositions:

(1) For every macro instruction and for every integer locatiora holds cardif a =
Othenl; Gotq(insloq0)) else(Stopscy,)) = cardl + 6.

(2) For every macro instruction and for every integer locatiora holds cardif a >
Othen; Gotq(inslog0)) else(Stopscy,)) = cardl +6.

Letabe an integer location and Iebe a macro instruction. The functehile a=0do | yields
a macro instruction and is defined as follows:

(Def. 1) while a=0dol = (if a=0then|; Gotq(inslod0)) else(Stopscp,))+(inslog(cardl +
4)——goto inslog0)).

The functorwhile a> 0 do | yielding a macro instruction is defined as follows:

(Def. 2) whilea>0dol = (if a>0thenl; Gota(insloq0)) else(Stopscp,,))+(inslogcard +
4)——goto inslog0)).

One can prove the following proposition

(3) For every macro instruction and for every integer locatiora holds cardif a =
0 then Stopscp, €lse(if a > 0then Stopscy, else(l; Gotq(inslog0))))) = card + 11

Letabe an integer location and lebe a macro instruction. The functehile a < 0 do | yields
a macro instruction and is defined by:

(Def. 3) while a<0dol = (if a=0then Stop;cy., else(if a> 0then Stopscy., €lse(l; Gota(inslo0)))))+-(inslod(c
4)——goto inslog0)).

One can prove the following propositions:

(4) For every macro instructioh and for every integer locatioa holds cardwhile a =
Odol)=card +6.
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(5) For every macro instructioh and for every integer locatioa holds cardwhile a >
Odol)=card +6.

(6) For every macro instructioh and for every integer locatioa holds cardwhile a <
Odol)=card +11

(7) For every integer locatioa and for every instruction-locationof SCMgsa holdsif a=
0 gotol # haltscmeg,-

(8) For every integer locatioa and for every instruction-locationof SCMgsa holdsif a >
0 gotol # haltscmeg,-

(9) For every instruction-locatiohof SCMgsa holds gotd # haltscmeg,-

(10) Letabe an integer location aricbe a macro instruction. Then ins{@ € dom(while a=
0dol) and inslo¢l) € dom(while a= 0do ) and inslo¢0) € domwhile a> 0do ) and
inslog1) € domwhilea>0dol).

(11) Let a be an integer location andl be a macro instruction.  Therfwhile a =
0doI)(insloq0)) =if a=0 goto inslog4) and(while a=0doI)(insloq1)) = goto inslo¢2)
and(while a>0do I)(inslog0)) =if a> 0 goto insloq4) and(while a>0do|)(insloq1)) =
goto inslog2).

(12) Letabe an integer location,be a macro instruction, aridbe a natural number. K< 6,
then inslo¢k) € domwhilea=0dol).

(13) Letabe an integer location,be a macro instruction, ardbe a natural number. K< 6,
then inslo¢cardl + k) € domwhilea=0do ).

(14) For every integer locatiom and for every macro instructiom holds (whilea =
Odol)(insloqcardl +5)) = haltscmeg,-

(15) For every integer locatiom and for every macro instructiom holds (whilea =
0dol)(insloq3)) = goto inslo¢card +5).

(16) For every integer locatiora and for every macro instructiom holds (whilea =
0dol)(insloq2)) = goto inslog3).

(17) Letabe an integer locatior, be a macro instruction, aridbe a natural number. K <
card + 6, then inslo¢k) € dom(while a=0dol).

(18) Letsbe a state 08CMgsp, | be a macro instruction, arabe a read-write integer location.
If s(a) # 0, thenwhile a=0do | is halting onsandwhile a=0do| is closed ors.

(19) Letabe an integer location,be a macro instructiors be a state 06CMgsa, andk be a
natural number. Suppose that

(i) 1isclosed orsand halting ors,
(i) k< LifeSpar(s+-(1+- Start-Afinsloq0)))),
(iii)  1C (computatiofis+-((while a=0 do 1)+-StartAt(insloq(0)))))(1-+k) = IC (Computatiorst-(1 + StartAt(insloo(0))))) (k) +
4, and
(iv) (Computatiotis+-((while a=0do | )+- Start-Af(insloq0)))))(1+Kk) [ (Int-LocationsJ FinSeg-Locations=
(Computationis+-(1+- Start-Af(insloq0))))) (k) [ (Int-LocationsJ FinSeq-Locations

ThenIC (Computatioris+-((while a=0 do I)+- StartAt(inslog(0))))) (1+k+1) — IC (Computatioris+-(1+- StartAt(insloq0))))) (k+1) +
4 and(Computatiotis+-((while a=0do I )+- Start-Af(inslog0))))) (1+k-+1) [ (Int-LocationsJ FinSeq-Locations=
(Computatiofis+- (14 Start-Afinsloq0))))) (k+ 1) [ (Int-LocationsJ FinSeq-Locations

(20) Letabe aninteger locatio be a macro instruction, arsbe a state 0BCMgsa. Supposé

is closed orsand halting orsandIC (computatiorts+-((while a=0 do 1)+- StartAt(inslod(0))))) (L+ LifeSpar(s+-(I-+ StartAt(inslog(0))))) =
IC (Computatiorts (1 +- StartAt(inslod0)))) ) (LifeSparfs+(1+- StartAt(insloq0))))) +4- Then Curinstf(Computatioris+((while a=
0dol)+- Start-Atinsloq0))))) (1+ LifeSpar(s+- (1 +- Start-Afinsloq0)))))) = goto inslog¢cardl +

4).
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(21) For every integer locatiorm and for every macro instructiom holds (whilea =
0dol)(insloqcard +4)) = goto inslog0).

(22) Let s be a state ofSCMgsp, | be a macro instruction, ané& be a read-
write integer location. Suppose is closed ons and halting ons and s(a) = 0.
Then IC (Computatioifs+-((while a=0 do 1)+ StartAt(inslog0)))))(LifeSpar(s+-(1+- StartAt(insloq(0))))+3) =
inslo(0) and for every natural numbkisuch thak < LifeSpar(s+-(l+- Start-At(insloq0)))) +
3 holdsIC (computatiotis+((while a=0 do 1)+- StartAt(insloq0)))))(k) € dom(while a=0do ).

In the sequek is a state ofSCMgsa, | is @ macro instruction, and is a read-write integer
location.

Let us consides, |, a. The functorStepWhile-0(a, 1,s) yields a function fromN into [](the
object kind ofSCMEgsa) and is defined by:

(Def. 4) (StepWhile=0(a, 1,s))(0) = sand for every natural numbeholds(StepWhile=0(a, 1,s)) (i +
1) = (Computatioig(StepWhile=0(a, 1, s))(i)+-((while a=0do | )+-59)) ) (LifeSpar( (StepWhile-0(a, 1, s) ) (i)+- (1+-
3), wheresy = Start-Atinsloq0)).

In the sequek, n denote natural numbers.
We now state the proposition

(ZSE] (StepWhile=0(a, 1,s))(k+ 1) = (StepWhile=0(a, I, (StepWhile=0(a, I, 5))(K)))(1).

The schemévliinindexdeals with a unary functof yielding a natural number and a natural
number4, and states that:
There existk such that7 (k) = 0 and for everyn such thatf (n) = 0 holdsk < n
provided the following conditions are met:
e 7(0)=2A4,and
e For everyk holds 7 (k+ 1) < F (k) or F (k) = 0.
Next we state three propositions:

(26) For all functionsf, g holdsf+-g+-g= f+-g.

(27) For all functionsf, g, h and for every seb such thaf f+-g)[D = h[D holds(h+-g)[D =
(f+-9)ID.

(28) For all functionsf, g, h and for every seD such thatf[D = h|D holds (h+-g)[D =
(f+-0)ID.

We now state several propositions:

(29) For all states;, s, of SCMgsa such thatC ) =1Csy) ands; [ (Int-LocationsJ FinSeg-Locations=
s2[(Int-LocationsJFinSeq-Locationsands; [11 = s [11 holdss; = s, wherel; = the instruc-
tion locations ofSCMgsa.

(30) Let | be a macro instruction,a be a read-write integer location, arsl be a
state of SCMgsa. Then (StepWhile-0(a,1,s))(0 + 1) = (Computatiofis+-((while a =
0dol)+-59)))(LifeSpar(s+-(1+-sp)) + 3), wheresy = Start-Af(insloq0)).

(31) Letl be a macro instructiona be a read-write integer locatiors be a state of
SCMesa, andk, n be natural numbers. Suppo8€ stepwhile-o(al,s))(k) = iNslog0) and
(StepWhile=0(a, 1,s)) (k) = (Computatiofs+-((while a= 0 do I )+- Start-Afinslod0)))))(n).
Then(StepWhile=0(a, 1, s)) (k) = (StepWhile-0(a, I, s))(k)+-((while a=0do | )+- Start-At(insloq0)))
and(StepWhile=0(a, 1,s))(k+ 1) = (Computatiofis+-((while a= 0 do I )+ Start-A{insloq0))))) (n+
(LifeSpar((StepWhile=0(a, 1,s)) (k)+- (I +- Start-Ainsloq0)))) + 3)).

1 The propositions (23) and (24) have been removed.
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(32) Letl be a macro instructiom be a read-write integer location, agtle a state 05CMgsa.
Suppose that

(i) for every natural numbek holdsl is closed on(StepWhile=0(a, 1,s))(k) and halting on
(StepWhile=0(a, 1, s))(k), and

(if) there exists a functiorf from [](the object kind ofSCMgsa) into N such that for every
natural numbek holds f((StepWhile-0(a,1,s))(k+ 1)) < f((StepWhile=0(a,1,s))(k)) or
f((StepWhile=0(a, 1,s))(k)) = 0 but f ((StepWhile=0(a, 1, s))(k)) = 0 iff (StepWhile=0(a, 1, s))(k)(a) #
0.

Thenwhile a=0do | is halting onsandwhile a=0do | is closed ors.

(33) Letl be a parahalting macro instructiambe a read-write integer location, astie a state
of SCMgsa. Given a functionf from [ (the object kind 05CMgs,) into N such that lek be
a natural number. Theh((StepWhile=0(a,1,s))(k+ 1)) < f((StepWhile-0(a,1,s))(k)) or
f((StepWhile=0(a,1,s))(k)) =0 but f ((StepWhile-0(a,1,s))(k)) = 0 iff (StepWhile-0(a,1,s))(k)(a) #
0. Thenwhile a= 0do | is halting onsandwhile a=0do is closed ors.

(34) Letl be a parahalting macro instruction aade a read-write integer location. Given
a function f from [](the object kind ofSCMgspa) into N such that lets be a state of
SCMgsa. Then f((StepWhile-0(a,1,s))(1)) < f(s) or f(s) = 0 but f(s) = 0 iff s(a) # 0.
Thenwhile a=0do | is parahalting.

(35) For all instruction-locations;, I, of SCMgsa and for every integer locatioa holds
l1——gotol, does not destrog.

(36) For every instructionof SCMgsa such thai does not destroy intld®) holds Macrdi) is
good.

Letl, J be good macro instructions and kebe an integer location. One can check tifia =
Othen| elselJ is good.

Let| be a good macro instruction and &lbe an integer location. Observe thdtile a=0do |
is good.

The following propositions are true:

(37) Letabe an integer locationl,be a macro instruction, aridbe a natural number. K< 6,
then inslo¢k) € dom(whilea> 0do ).

(38) Letabe an integer location,be a macro instruction, aridbe a natural number. K< 6,
then inslo¢card +k) € dom(whilea>0dol).

(39) For every integer locatiom and for every macro instructioh holds (while a >
Odol)(insloqcardl +5)) = haltscmeg,-

(40) For every integer locatiom and for every macro instructiom holds (while a >
0dol)(insloq3)) = goto inslo¢card +5).

(41) For every integer locatiorm and for every macro instructiom holds (while a >
0dol)(insloq2)) = goto inslog3).

(42) Letabe an integer location, be a macro instruction, aridbe a natural number. K<
card + 6, then inslo¢k) € dom(while a> 0dol).

(43) Letshe a state 6cBCMggsp, | be a macro instruction, arabe a read-write integer location.
If s(a) <0, thenwhile a> 0do is halting onsandwhile a>0do | is closed ors.

The following four propositions are true:
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(44) Letabe an integer locatiorl,be a macro instructiors be a state 05CMgsp, andk be a
natural number. Suppose that

(i) 1isclosed orsand halting ors,
(i) k< LifeSpar(s+-(1+- Start-Atinsloq0)))),

(i) 1C (Computatiofis+-((while a>0 do |)+- StartAt(insloq0)))))(1+k) = IC (Computatioifs+-(1+- StartAt(insloq0))))) (k) +
4, and

(iv) (Computatioiis+-((while a>0do | )+- Start-Atinslog0)))))(1+Kk) [D = (Computatioiis+- (I +- Start-Afinslod(

ThenIC (Computatioris+-((while a>0 do 1)+ StartAt(inslog0))))) (1+k+1) = IC (Computatiofis+-(1+- StartAt(inslog0))))) (k+1) +
4 and (Computatioifs+-((whilea > 0do )+ Start-Afinsloq0)))))(1 + k + 1)[D =

(Computationis+-(I1+- Start-Af(insloq0))))) (k+ 1) D, whereD = Int-LocationsJ FinSeq-Locations.

(45) Letabe aninteger locatio be a macro instruction, arsbe a state 05CMgsa. Supposé

is closed orsand halting orsandIC (Computatiofis+-((while a>0 do |)+- StartAt(inslo(0)))))(1+LifeSpar(s+- (I +- StartAt(insloq0))))) =

IC (Computatiofs (1 +- StartAt(inslod(0))))) (LifeSpar(s+-(I +- StartAt(insloq0))))) +4- Then Curinstf(Computatios+-((while a>
0do|)+- Start-Atinsloq0))))) (1+ LifeSpar(s+- (1 +- Start-Afinsloq0)))))) = goto inslog¢cardl +
4).

(46) For every integer locatiom and for every macro instructiom holds (while a >
O0dol)(insloqcard +4)) = goto inslog0).

(47) Let s be a state ofSCMgsp, | be a macro instruction, ané& be a read-
write integer location. Suppose is closed ons and halting ons and s(a) > O.

Then IC (Computatiotis+-((while a>0 do |)+- StartAt(insloq0)))))(LifeSpar(s+- (I +- StartAt(insloq0))))+3) —
insloq0) and for every natural numbkisuch thak < LifeSpar(s+- (1 +- Start-Atinsloq0)))) +

3 holdsIC (Computatiotis+-((while a>0 do I)+- StartAt(inslog0))))) (k) € don‘(while a>0do I)-

In the seques denotes a state §CMgsa, | denotes a macro instruction, aadenotes a read-
write integer location.

Let us consides, |, a. The functorStepWhile-0(a, |, s) yielding a function from\N into [] (the
object kind ofSCMgs,) is defined by:

(Def. 5) (StepWhile-0(a,1,s))(0) = sand for every natural numbeholds(StepWhile-0(a, 1,s)) (i +
1) = (Computatioi(StepWhile-O(a, 1,s))(i)+-((while a> 0 do | )+-s9)) ) (LifeSpar{ (StepWhile-0(a, I, 8) ) (i) +- (14
3), wheresy = Start-Afinsloq0)).

Next we state several propositions:
(SOE] (StepWhile-0(a, 1, s))(k+ 1) = (StepWhile-0(a, 1, (StepWhile-0(a, 1,s))(k)))(1).

(51) Let | be a macro instructiona be a read-write integer location, arsl be a
state of SCMgsa. Then (StepWhile-0(a,1,s))(0+ 1) = (Computatios+-((while a >
0dol)+-5)))(LifeSpar(s+-(1+-5)) + 3), wheresy = Start-Af(insloq0)).

(52) Letl| be a macro instructiona be a read-write integer locatiors be a state of
SCMesa, andk, n be natural numbers. Suppos€ siepwhile-o(al,s) (k) = inslog0) and
(StepWhile-0(a, 1, 5)) (k) = (Computatiofs+-((while a> 0 do | )+- Start-Atinsloq0)))))(n).
Then(StepWhile-0(a, 1, s)) (k) = (StepWhile-0(a, I, s)) (K)+-((while a> 0 do | )+- Start-At(inslog0)) )
and(StepWhile-0(a, 1,s))(k+ 1) = (Computatiofis+-((while a> 0 do I )+ Start-A{insloq0))))) (n+
(LifeSpan((StepWhile-0(a, 1,s)) (k)+- (1 +- Start-Ainslod0)))) + 3)).

(53) Letl be a macro instructiom be a read-write integer location, agtle a state 08CMgsa.
Suppose that

(i) for every natural numbek holdsl is closed on(StepWhile-0(a,1,s))(k) and halting on
(StepWhile-0(a, 1, s))(k), and

(if) there exists a functiorf from [](the object kind ofSCMrsa) into N such that for every
natural numbek holds f((StepWhile-O(a,1,s))(k+ 1)) < f((StepWhile-0(a,1,s))(k)) or

2 The propositions (48) and (49) have been removed.
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f((StepWhile-0(a, 1,s))(k)) = 0 but f ((StepWhile-0(a, 1,s))(k)) = 0 iff (StepWhile-0(a,1,s))(k)(a) <
0.
Thenwhile a > 0do | is halting onsandwhile a> 0do | is closed ors.

(54) Letl be a parahalting macro instructicmbe a read-write integer location, astie a state
of SCMgsa. Given a functionf from [ (the object kind 0S5CMgs,) into N such that lek be
a natural number. Theh((StepWhile-0(a,1,s))(k+ 1)) < f((StepWhile-0(a,1,s))(k)) or
f((StepWhile-0(a, 1,s))(k)) = 0 but f ((StepWhile-0(a, 1,s))(k)) = 0 iff (StepWhile-0(a,1,s))(k)(a) <
0. Thenwhile a> 0do | is halting onsandwhile a> 0do| is closed ors.

(55) Letl be a parahalting macro instruction aade a read-write integer location. Given
a function f from [](the object kind ofSCMgspa) into N such that lets be a state of
SCMgsa. Then f((StepWhile-0(a,1,s))(1)) < f(s) or f(s) =0 but f(s) = 0 iff s(a) <O0.
Thenwhile a > 0do | is parahalting.

Letl, J be good macro instructions and égbe an integer location. Note th&ta > 0 then | elseJ
is good.

Let| be a good macro instruction and &ebe an integer location. Note thahile a> 0do | is
good.
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