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The articles [15], [21], [16], [6], [22], [9], [10], [11], [5], [7], [12], [17], [8], [14], [20], [18], [19],
[13], [4], [3], [1], and [2] provide the notation and terminology for this paper.

One can prove the following two propositions:

(1) For every macro instructionI and for every integer locationa holds card(if a =
0 then I ; Goto(insloc(0)) else(StopSCMFSA

)) = cardI +6.

(2) For every macro instructionI and for every integer locationa holds card(if a >
0 then I ; Goto(insloc(0)) else(StopSCMFSA

)) = cardI +6.

Let a be an integer location and letI be a macro instruction. The functorwhile a= 0 do I yields
a macro instruction and is defined as follows:

(Def. 1) while a= 0 do I = (if a= 0 then I ; Goto(insloc(0)) else(StopSCMFSA
))+·(insloc(cardI +

4)7−→. goto insloc(0)).

The functorwhile a > 0 do I yielding a macro instruction is defined as follows:

(Def. 2) while a> 0 do I = (if a> 0 then I ; Goto(insloc(0)) else(StopSCMFSA
))+·(insloc(cardI +

4)7−→. goto insloc(0)).

One can prove the following proposition

(3) For every macro instructionI and for every integer locationa holds card(if a =
0 then StopSCMFSA

else(if a > 0 then StopSCMFSA
else(I ; Goto(insloc(0))))) = cardI +11.

Let a be an integer location and letI be a macro instruction. The functorwhile a< 0 do I yields
a macro instruction and is defined by:

(Def. 3) while a< 0 do I =(if a= 0 then StopSCMFSA
else(if a> 0 then StopSCMFSA

else(I ; Goto(insloc(0)))))+·(insloc(cardI +
4)7−→. goto insloc(0)).

One can prove the following propositions:

(4) For every macro instructionI and for every integer locationa holds card(while a =
0 do I) = cardI +6.
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(5) For every macro instructionI and for every integer locationa holds card(while a >
0 do I) = cardI +6.

(6) For every macro instructionI and for every integer locationa holds card(while a <
0 do I) = cardI +11.

(7) For every integer locationa and for every instruction-locationl of SCMFSA holds if a =
0 goto l 6= haltSCMFSA.

(8) For every integer locationa and for every instruction-locationl of SCMFSA holds if a >
0 goto l 6= haltSCMFSA.

(9) For every instruction-locationl of SCMFSA holds gotol 6= haltSCMFSA.

(10) Leta be an integer location andI be a macro instruction. Then insloc(0) ∈ dom(while a =
0 do I) and insloc(1) ∈ dom(while a = 0 do I) and insloc(0) ∈ dom(while a > 0 do I) and
insloc(1) ∈ dom(while a > 0 do I).

(11) Let a be an integer location andI be a macro instruction. Then(while a =
0 do I)(insloc(0))= if a= 0 goto insloc(4) and(while a= 0 do I)(insloc(1))= goto insloc(2)
and(while a> 0 do I)(insloc(0))= if a> 0 goto insloc(4) and(while a> 0 do I)(insloc(1))=
goto insloc(2).

(12) Leta be an integer location,I be a macro instruction, andk be a natural number. Ifk < 6,
then insloc(k) ∈ dom(while a = 0 do I).

(13) Leta be an integer location,I be a macro instruction, andk be a natural number. Ifk < 6,
then insloc(cardI +k) ∈ dom(while a = 0 do I).

(14) For every integer locationa and for every macro instructionI holds (while a =
0 do I)(insloc(cardI +5)) = haltSCMFSA.

(15) For every integer locationa and for every macro instructionI holds (while a =
0 do I)(insloc(3)) = goto insloc(cardI +5).

(16) For every integer locationa and for every macro instructionI holds (while a =
0 do I)(insloc(2)) = goto insloc(3).

(17) Let a be an integer location,I be a macro instruction, andk be a natural number. Ifk <
cardI +6, then insloc(k) ∈ dom(while a = 0 do I).

(18) Letsbe a state ofSCMFSA, I be a macro instruction, anda be a read-write integer location.
If s(a) 6= 0, thenwhile a = 0 do I is halting ons andwhile a = 0 do I is closed ons.

(19) Leta be an integer location,I be a macro instruction,s be a state ofSCMFSA, andk be a
natural number. Suppose that

(i) I is closed ons and halting ons,

(ii) k < LifeSpan(s+·(I+·Start-At(insloc(0)))),

(iii) IC (Computation(s+·((while a=0 do I)+·Start-At(insloc(0)))))(1+k) = IC (Computation(s+·(I+·Start-At(insloc(0)))))(k)+
4, and

(iv) (Computation(s+·((while a= 0 do I)+·Start-At(insloc(0)))))(1+k)�(Int-Locations∪FinSeq-Locations)=
(Computation(s+·(I+·Start-At(insloc(0)))))(k)�(Int-Locations∪FinSeq-Locations).

ThenIC (Computation(s+·((while a=0 do I)+·Start-At(insloc(0)))))(1+k+1) = IC (Computation(s+·(I+·Start-At(insloc(0)))))(k+1)+
4 and(Computation(s+·((while a= 0 do I)+·Start-At(insloc(0)))))(1+k+1)�(Int-Locations∪FinSeq-Locations)=
(Computation(s+·(I+·Start-At(insloc(0)))))(k+1)�(Int-Locations∪FinSeq-Locations).

(20) Letabe an integer location,I be a macro instruction, andsbe a state ofSCMFSA. SupposeI
is closed onsand halting onsandIC (Computation(s+·((while a=0 do I)+·Start-At(insloc(0)))))(1+LifeSpan(s+·(I+·Start-At(insloc(0))))) =
IC (Computation(s+·(I+·Start-At(insloc(0)))))(LifeSpan(s+·(I+·Start-At(insloc(0)))))+4. Then CurInstr((Computation(s+·((while a=
0 do I)+·Start-At(insloc(0)))))(1+LifeSpan(s+·(I+·Start-At(insloc(0))))))= goto insloc(cardI +
4).
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(21) For every integer locationa and for every macro instructionI holds (while a =
0 do I)(insloc(cardI +4)) = goto insloc(0).

(22) Let s be a state ofSCMFSA, I be a macro instruction, anda be a read-
write integer location. SupposeI is closed ons and halting ons and s(a) = 0.
Then IC (Computation(s+·((while a=0 do I)+·Start-At(insloc(0)))))(LifeSpan(s+·(I+·Start-At(insloc(0))))+3) =
insloc(0) and for every natural numberk such thatk≤LifeSpan(s+·(I+·Start-At(insloc(0))))+
3 holdsIC (Computation(s+·((while a=0 do I)+·Start-At(insloc(0)))))(k) ∈ dom(while a = 0 do I).

In the sequels is a state ofSCMFSA, I is a macro instruction, anda is a read-write integer
location.

Let us considers, I , a. The functorStepWhile=0(a, I ,s) yields a function fromN into ∏ (the
object kind ofSCMFSA) and is defined by:

(Def. 4) (StepWhile=0(a, I ,s))(0)= sand for every natural numberi holds(StepWhile=0(a, I ,s))(i+
1)= (Computation((StepWhile=0(a, I ,s))(i)+·((while a= 0 do I)+·s0)))(LifeSpan((StepWhile=0(a, I ,s))(i)+·(I+·s0))+
3), wheres0 = Start-At(insloc(0)).

In the sequelk, n denote natural numbers.
We now state the proposition

(25)1 (StepWhile=0(a, I ,s))(k+1) = (StepWhile=0(a, I ,(StepWhile=0(a, I ,s))(k)))(1).

The schemeMinIndexdeals with a unary functorF yielding a natural number and a natural
numberA , and states that:

There existsk such thatF (k) = 0 and for everyn such thatF (n) = 0 holdsk≤ n
provided the following conditions are met:

• F (0) = A , and
• For everyk holdsF (k+1) < F (k) or F (k) = 0.

Next we state three propositions:

(26) For all functionsf , g holds f+·g+·g = f+·g.

(27) For all functionsf , g, h and for every setD such that( f+·g)�D = h�D holds(h+·g)�D =
( f+·g)�D.

(28) For all functionsf , g, h and for every setD such that f �D = h�D holds (h+·g)�D =
( f+·g)�D.

We now state several propositions:

(29) For all statess1, s2 of SCMFSA such thatIC (s1) = IC (s2) ands1�(Int-Locations∪FinSeq-Locations)=
s2�(Int-Locations∪FinSeq-Locations) ands1�I1 = s2�I1 holdss1 = s2, whereI1 = the instruc-
tion locations ofSCMFSA.

(30) Let I be a macro instruction,a be a read-write integer location, ands be a
state of SCMFSA. Then (StepWhile=0(a, I ,s))(0 + 1) = (Computation(s+·((while a =
0 do I)+·s0)))(LifeSpan(s+·(I+·s0))+3), wheres0 = Start-At(insloc(0)).

(31) Let I be a macro instruction,a be a read-write integer location,s be a state of
SCMFSA, and k, n be natural numbers. SupposeIC (StepWhile=0(a,I ,s))(k) = insloc(0) and
(StepWhile=0(a, I ,s))(k)= (Computation(s+·((while a= 0 do I)+·Start-At(insloc(0)))))(n).
Then(StepWhile=0(a, I ,s))(k)= (StepWhile=0(a, I ,s))(k)+·((while a= 0 do I)+·Start-At(insloc(0)))
and(StepWhile=0(a, I ,s))(k+1)= (Computation(s+·((while a= 0 do I)+·Start-At(insloc(0)))))(n+
(LifeSpan((StepWhile=0(a, I ,s))(k)+·(I+·Start-At(insloc(0))))+3)).

1 The propositions (23) and (24) have been removed.
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(32) LetI be a macro instruction,a be a read-write integer location, andsbe a state ofSCMFSA.
Suppose that

(i) for every natural numberk holdsI is closed on(StepWhile=0(a, I ,s))(k) and halting on
(StepWhile=0(a, I ,s))(k), and

(ii) there exists a functionf from ∏ (the object kind ofSCMFSA) into N such that for every
natural numberk holds f ((StepWhile=0(a, I ,s))(k+ 1)) < f ((StepWhile=0(a, I ,s))(k)) or
f ((StepWhile=0(a, I ,s))(k))= 0 but f ((StepWhile=0(a, I ,s))(k))= 0 iff (StepWhile=0(a, I ,s))(k)(a) 6=
0.

Thenwhile a = 0 do I is halting ons andwhile a = 0 do I is closed ons.

(33) LetI be a parahalting macro instruction,a be a read-write integer location, andsbe a state
of SCMFSA. Given a functionf from ∏ (the object kind ofSCMFSA) into N such that letk be
a natural number. Thenf ((StepWhile=0(a, I ,s))(k+ 1)) < f ((StepWhile=0(a, I ,s))(k)) or
f ((StepWhile=0(a, I ,s))(k))= 0 but f ((StepWhile=0(a, I ,s))(k))= 0 iff (StepWhile=0(a, I ,s))(k)(a) 6=
0. Thenwhile a = 0 do I is halting ons andwhile a = 0 do I is closed ons.

(34) Let I be a parahalting macro instruction anda be a read-write integer location. Given
a function f from ∏ (the object kind ofSCMFSA) into N such that lets be a state of
SCMFSA. Then f ((StepWhile=0(a, I ,s))(1)) < f (s) or f (s) = 0 but f (s) = 0 iff s(a) 6= 0.
Thenwhile a = 0 do I is parahalting.

(35) For all instruction-locationsl1, l2 of SCMFSA and for every integer locationa holds
l1 7−→. goto l2 does not destroya.

(36) For every instructioni of SCMFSA such thati does not destroy intloc(0) holds Macro(i) is
good.

Let I , J be good macro instructions and leta be an integer location. One can check thatif a =
0 then I elseJ is good.

Let I be a good macro instruction and leta be an integer location. Observe thatwhile a= 0 do I
is good.

The following propositions are true:

(37) Leta be an integer location,I be a macro instruction, andk be a natural number. Ifk < 6,
then insloc(k) ∈ dom(while a > 0 do I).

(38) Leta be an integer location,I be a macro instruction, andk be a natural number. Ifk < 6,
then insloc(cardI +k) ∈ dom(while a > 0 do I).

(39) For every integer locationa and for every macro instructionI holds (while a >
0 do I)(insloc(cardI +5)) = haltSCMFSA.

(40) For every integer locationa and for every macro instructionI holds (while a >
0 do I)(insloc(3)) = goto insloc(cardI +5).

(41) For every integer locationa and for every macro instructionI holds (while a >
0 do I)(insloc(2)) = goto insloc(3).

(42) Let a be an integer location,I be a macro instruction, andk be a natural number. Ifk <
cardI +6, then insloc(k) ∈ dom(while a > 0 do I).

(43) Letsbe a state ofSCMFSA, I be a macro instruction, anda be a read-write integer location.
If s(a)≤ 0, thenwhile a > 0 do I is halting ons andwhile a > 0 do I is closed ons.

The following four propositions are true:
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(44) Leta be an integer location,I be a macro instruction,s be a state ofSCMFSA, andk be a
natural number. Suppose that

(i) I is closed ons and halting ons,

(ii) k < LifeSpan(s+·(I+·Start-At(insloc(0)))),

(iii) IC (Computation(s+·((while a>0 do I)+·Start-At(insloc(0)))))(1+k) = IC (Computation(s+·(I+·Start-At(insloc(0)))))(k)+
4, and

(iv) (Computation(s+·((while a> 0 do I)+·Start-At(insloc(0)))))(1+k)�D =(Computation(s+·(I+·Start-At(insloc(0)))))(k)�D.

ThenIC (Computation(s+·((while a>0 do I)+·Start-At(insloc(0)))))(1+k+1) = IC (Computation(s+·(I+·Start-At(insloc(0)))))(k+1)+
4 and (Computation(s+·((while a > 0 do I)+·Start-At(insloc(0)))))(1 + k + 1)�D =
(Computation(s+·(I+·Start-At(insloc(0)))))(k+1)�D, whereD = Int-Locations∪FinSeq-Locations.

(45) Letabe an integer location,I be a macro instruction, andsbe a state ofSCMFSA. SupposeI
is closed onsand halting onsandIC (Computation(s+·((while a>0 do I)+·Start-At(insloc(0)))))(1+LifeSpan(s+·(I+·Start-At(insloc(0))))) =
IC (Computation(s+·(I+·Start-At(insloc(0)))))(LifeSpan(s+·(I+·Start-At(insloc(0)))))+4. Then CurInstr((Computation(s+·((while a>
0 do I)+·Start-At(insloc(0)))))(1+LifeSpan(s+·(I+·Start-At(insloc(0))))))= goto insloc(cardI +
4).

(46) For every integer locationa and for every macro instructionI holds (while a >
0 do I)(insloc(cardI +4)) = goto insloc(0).

(47) Let s be a state ofSCMFSA, I be a macro instruction, anda be a read-
write integer location. SupposeI is closed ons and halting ons and s(a) > 0.
Then IC (Computation(s+·((while a>0 do I)+·Start-At(insloc(0)))))(LifeSpan(s+·(I+·Start-At(insloc(0))))+3) =
insloc(0) and for every natural numberk such thatk≤LifeSpan(s+·(I+·Start-At(insloc(0))))+
3 holdsIC (Computation(s+·((while a>0 do I)+·Start-At(insloc(0)))))(k) ∈ dom(while a > 0 do I).

In the sequels denotes a state ofSCMFSA, I denotes a macro instruction, anda denotes a read-
write integer location.

Let us considers, I , a. The functorStepWhile>0(a, I ,s) yielding a function fromN into ∏ (the
object kind ofSCMFSA) is defined by:

(Def. 5) (StepWhile>0(a, I ,s))(0)= sand for every natural numberi holds(StepWhile>0(a, I ,s))(i+
1)= (Computation((StepWhile>0(a, I ,s))(i)+·((while a> 0 do I)+·s0)))(LifeSpan((StepWhile>0(a, I ,s))(i)+·(I+·s0))+
3), wheres0 = Start-At(insloc(0)).

Next we state several propositions:

(50)2 (StepWhile>0(a, I ,s))(k+1) = (StepWhile>0(a, I ,(StepWhile>0(a, I ,s))(k)))(1).

(51) Let I be a macro instruction,a be a read-write integer location, ands be a
state of SCMFSA. Then (StepWhile>0(a, I ,s))(0 + 1) = (Computation(s+·((while a >
0 do I)+·s0)))(LifeSpan(s+·(I+·s0))+3), wheres0 = Start-At(insloc(0)).

(52) Let I be a macro instruction,a be a read-write integer location,s be a state of
SCMFSA, and k, n be natural numbers. SupposeIC (StepWhile>0(a,I ,s))(k) = insloc(0) and
(StepWhile>0(a, I ,s))(k)= (Computation(s+·((while a> 0 do I)+·Start-At(insloc(0)))))(n).
Then(StepWhile>0(a, I ,s))(k)= (StepWhile>0(a, I ,s))(k)+·((while a> 0 do I)+·Start-At(insloc(0)))
and(StepWhile>0(a, I ,s))(k+1)= (Computation(s+·((while a> 0 do I)+·Start-At(insloc(0)))))(n+
(LifeSpan((StepWhile>0(a, I ,s))(k)+·(I+·Start-At(insloc(0))))+3)).

(53) LetI be a macro instruction,a be a read-write integer location, andsbe a state ofSCMFSA.
Suppose that

(i) for every natural numberk holdsI is closed on(StepWhile>0(a, I ,s))(k) and halting on
(StepWhile>0(a, I ,s))(k), and

(ii) there exists a functionf from ∏ (the object kind ofSCMFSA) into N such that for every
natural numberk holds f ((StepWhile>0(a, I ,s))(k+ 1)) < f ((StepWhile>0(a, I ,s))(k)) or

2 The propositions (48) and (49) have been removed.
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f ((StepWhile>0(a, I ,s))(k))= 0 but f ((StepWhile>0(a, I ,s))(k))= 0 iff (StepWhile>0(a, I ,s))(k)(a)≤
0.

Thenwhile a > 0 do I is halting ons andwhile a > 0 do I is closed ons.

(54) LetI be a parahalting macro instruction,a be a read-write integer location, andsbe a state
of SCMFSA. Given a functionf from ∏ (the object kind ofSCMFSA) into N such that letk be
a natural number. Thenf ((StepWhile>0(a, I ,s))(k+ 1)) < f ((StepWhile>0(a, I ,s))(k)) or
f ((StepWhile>0(a, I ,s))(k))= 0 but f ((StepWhile>0(a, I ,s))(k))= 0 iff (StepWhile>0(a, I ,s))(k)(a)≤
0. Thenwhile a > 0 do I is halting ons andwhile a > 0 do I is closed ons.

(55) Let I be a parahalting macro instruction anda be a read-write integer location. Given
a function f from ∏ (the object kind ofSCMFSA) into N such that lets be a state of
SCMFSA. Then f ((StepWhile>0(a, I ,s))(1)) < f (s) or f (s) = 0 but f (s) = 0 iff s(a) ≤ 0.
Thenwhile a > 0 do I is parahalting.

Let I , J be good macro instructions and letabe an integer location. Note thatif a> 0 then I elseJ
is good.

Let I be a good macro instruction and leta be an integer location. Note thatwhile a > 0 do I is
good.
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[10] Czesław Bylínski. Functions from a set to a set.Journal of Formalized Mathematics, 1, 1989.http://mizar.org/JFM/Vol1/funct_
2.html.
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