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Summary. The goal of this article is to examine the effectiveness of “for-loop” and
“while-loop” statements on SCMPDS by insert sort. In this article, first of all, we present an
approach to compute the execution result of “for-loop” program by “loop-invariant”, based on
Hoare’s axioms for program verification. Secondly, we extend the fundamental properties of
the finite sequence and complex instructions of SCMPDS. Finally, we prove the correctness
of the insert sort program described in the article.

MML Identifier: SCPISORT.

WWW: http://mizar.org/JFM/Voll2/scpisort.html

The articles([20],[15],[16],[118],[12], 116],[[18],[4],[[12],[[],[1],[[10], 18], 19], [11],[[3], [14],[18],
[17], and [15] provide the notation and terminology for this paper.

1. PRELIMINARIES

In this papem, po are natural numbers.

Let f be a finite sequence of elementsZflet s be a state of SCMPDS, and letbe a natural
number. We say thdit is FinSequence og) mif and only if:

(Def. 1) For every natural numbesuch that I< i andi < lenf holds f (i) = s(intposm+1).

One can prove the following four propositions:

(1) Letf be afinite sequence of elementsZzbdndm, n be natural numbers. th> n, then f
is non decreasing am, n.

(2) Letshe astate of SCMPDS amgdmbe natural numbers. Then there exists a finite sequence
f of elements ofZ such that lerf = n and for every natural numbérsuch that 1< i and
i <lenf holdsf (i) = s(intposm+i).

(8) Letsbe astate of SCMPDS amgdmbe natural numbers. Then there exists a finite sequence
f of elements ofZ such that led = nandf is FinSequence og m.

(4) Let f, g be finite sequences of elementsZfand m, n be natural numbers. Suppose
that 1< nandn <lenf and 1< mandm<lenf and lenf = leng and f(m) = g(n) and
f(n) = g(m) and for every natural numbgisuch thak £ mandk £ nand 1< kandk < lenf
holds f (k) = g(k). Thenf andg are fiberwise equipotent.

We now state several propositions:
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(5) For all states;, s, of SCMPDS such that for every Int positiarholdss; (a) = s,(a) holds
Dstates; = Dstates,.

(6) Letsbe a state of SCMPD$,be a No-StopCode Program-block, ante a parahalting
shiftable instruction of SCMPDS. Suppobkés closed ors and halting ors. Thenl; j is
closed orsandl; j is halting ons.

(7) Letsbe a state of SCMPDS,be a No-StopCode Program-blockbe a shiftable para-
halting Program-block, and be an Int position. Il is closed ons and halting ors, then

(IExedl; J,s))(a) = (IExedJ, IExed]l,s)))(a).

(8) Lets be a state of SCMPDS, be a No-StopCode parahalting Program-blogikhe a
shiftable Program-block, ara be an Int position. If] is closed on IExed,s) and halting
on IExedl,s), then(IExed; J,s))(a) = (IExeqJ, IExedl,s)))(a).

(9) Lets be a state of SCMPDS, be a Program-block, andl be a shiftable parahalting
Program-block. Supposeis closed ons and halting ons. Thenl; J is closed ons and
I; Jis halting ons.

(10) Lets be a state of SCMPDS, be a parahalting Program-block, addbe a shiftable
Program-block. Supposgis closed on IExed,s) and halting on IExed,s). Thenl;J
is closed orsandl; J is halting ons.

(11) Letsbe a state of SCMPD$ be a Program-block, anjdbe a parahalting shiftable instruc-
tion of SCMPDS. Supposeis closed ors and halting ors. Thenl; j is closed ors andl; j
is halting ons.

2. COMPUTING THE EXECUTION RESULT OFFOR-LOOPPROGRAM BY LOOP-INVARIANT

In this article we present several logical schemes. The sclren@wnHaltdeals with a stated
of SCMPDS, a No-StopCode shiftable Program-bl@lan Int positionC, an integerD, a natural
numberZ, and a unary predicatg, and states that:
P[A] or notP[ 4] but for-dowr(C, D, E, B) is closed o4 but for-dowr(C, D, ‘E, B)
is halting on4
provided the parameters meet the following requirements:
e E>0,
e P[Dstateq], and
e Lett be astate of SCMPDS. SuppaBfstate] andt(C) = A(C) andt(DataLod4(C), D)) >
0. Then(IExedB; AddTo(C,D,—E),t))(C) =t(C) and(IExedB; AddTo(C,D,—E),t))(DataLocA(C), D)) =
t(DataLog 4(C), D)) — E andBis closed ot andB is halting ort and?|Dstate IExe¢B; AddTo(C, D, —E),t)].
The schem&orDownExedleals with a statgl of SCMPDS, a No-StopCode shiftable Program-
block B, an Int positionC, an integerD, a natural numbe, and a unary predicat&, and states
that:
?[4] or notP[ 4] but IExe¢for-down(C, D, E, B), A) = |IExeqfor-down(C, D, E, B), |IExed B; AddTo(C,D,—E),
provided the following requirements are met:
e £>0,
e A(DatalLodA4(C),D)) > 0,
e P|[Dstateq], and
e Lett be astate of SCMPDS. SuppaBfstatet] andt(C) = A(C) andt(DataLoc4(C), D)) >
0. Then(IExedB; AddTo(C,D,—E),t))(C) =t(C) and(IExedB; AddTo(C,D,—E),t))(DataLocA(C), D)) =
t(DataLog4(C), D)) — E andBis closed ot andB is halting ort and?[Dstate IExe¢B; AddTo(C, D, —E),t)].
The schem&orDownEnddeals with a statgl of SCMPDS, a No-StopCode shiftable Program-
block B, an Int positionC, an integerD, a natural numbe, and a unary predicat&, and states
that:
?[4] or not P[4] but (IExedfor-down(C, D, E,B),4))(DataLo¢ A(C),D)) <0
but P[Dstate IExe¢for-down(C, D, E,B), )]
provided the following requirements are met:
e E>0,
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e P[Dstateq], and
e Lett be astate of SCMPDS. SuppaBfstate| andt(C) = 4(C) andt(DataLod 4(C), D)) >
0. Then(IExed B; AddTo(C,D,—E),t))(C) =t(C) and(IExed B; AddTo(C, D, —E),t))(DataLoc 4(C), D)) =

t(DataLoc 4(C), D)) — E andBis closed ort andB is halting ort and?[Dstate IExe(:fB AddTo(C, D, —E),t)].
One can prove the following propositions:

(12) Letsbe a state of SCMPD$,be a No-StopCode shiftable Program-bloaky, y be Int
positions,, c be integers, and be a natural number. Suppose that

i n>0,
(i)  s(x) >s(y)+c,and

(i)  for every statet of SCMPDS such that(x) > t(y) + ¢ and t(a) = s(a) and

t(DataLods(a),i)) > 0 holds(IExeql; AddTo(a,i,—n),t))(a) =t( )and(IExec(I AddTo(a,i,—n),t))(DataLoc(s(aj
t(DataLods(a),i)) —nandl is closed ort and halting ort and(IExeq(l; AddTo(a,i,—n),t))(x) >
(IExed; AddTo(a,i,—n),t))(y) +cC.

Then for-dowita, i, n, 1) is closed ors and for-dowrita,i,n, 1) is halting ons.

(13) Letsbe a state of SCMPD$,be a No-StopCode shiftable Program-bloaky, y be Int
positions,, ¢ be integers, and be a natural number. Suppose that

i n>0,
(i) s(x) =s(y)+c,
(i)  s(DataLods(a),i)) > 0, and
(iv) for every statet of SCMPDS such thalt() t(y) + ¢ and t(a) = s(a) and

t(DatalLods(a),i)) > 0 holds(IExeql; AddTo(a,i,—n),t))(a) =t(a) and(IExeq; AddTo(a,i,—n),t))(DataLogs(a
t(DataLods(a),i)) —nandl is closed ort and haltlng o and(IExeql; AddTo(a,i,—n),t))(x) >
(IExed(I; AddTo(a,i,—n),t))(y) +c.

Then IExe¢for-down(a,i,n,l),s) = IExeqfor-down(a,i,n,l),|IExed!; AddTo(a,i,—n),s)).

(14) Lets be a state of SCMPDS, be a No-StopCode shiftable Program-bloekhe an Int
position,i be an integer, and be a natural number. Suppose that
(i) s(DataLods(a),i)) >0,
(i) n>0,
(i) cardl >0,
(v) a+#DatalLods(a),i), and

(v) for every statet of SCMPDS such that(a) = s(a) holds (IExedl,t))(a) = t(a) and
(IExed,t))(DataLocs(a),i)) = t(DataLods(a),i)) andl is closed ort and halting ort.

Then for-dowrfa, i,n,1) is closed ors and for-dowrfa, i, n, 1) is halting ons.

3. A PROGRAM FORINSERTSORT

Let n, pp be natural numbers. The functor insert-éorpg) yields a Program-block and is defined
by the condition (Def. 2).

(Def. 2) insert-sofin, po) = (GBP =0); ((GBP)1:=0); ((GBP)2:=n—1); ((GBP)3:=pp); for-down(GBP, 2,1, AddTo(GBP
(GBP,3)); AddTo(GBP,1,1); ((GBP,6) := (GBP,1)); while > 0(GBP, 6, ((GBP,5) := (intpos4 —1)); SubFron{GB
5then ((GBP,5) := (intpos4 —1)); ((intpos4 —1) := (intpos40)); ((intpos40) := (GBP,5)); AddTo(GBP,4,—1);

4. THE PROPERTY OFINSERTSORT AND ITS CORRECTNESS
Next we state two propositions:
(15) cardinsert-sofh, pg) = 23.

(16) If pp > 7, then insert-sofh, pp) is parahalting.
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One can prove the following two propositions:

(17) Lets be a state of SCMPDSf, g be finite sequences of elementsZf andkp, k be

natural numbers. Suppose tisdf,) > 7+ s(ag) ands(GBP) = 0 andk = s(ag) andky =
s(as) — s(as) — 1 andf is FinSequence os kg andg is FinSequence on |IExég, s), ko and
lenf =leng and lenf > k andf is non decreasing on k, Then

(i) f andg are fiberwise equipotent,

(i) gisnondecreasingon k+1,

(i) for every natural numbersuch thai > k+1 andi < lenf holdsf (i) = g(i), and

(iv)  for every natural numbeirsuch that 1< i andi < k+ 1 there exists a natural numbgr

suchthat KX jandj < k+1 andg(i) = f(j),

where a4 = intpos4, as = intpos6, I, = Wy, Wiy = while > 0(GBP,6,B1), B; =
ki; ko; 11, ki = (GBP,5) := (intpos4—1), k; = SubFromiGBP,5,intpos40), |3 =
if GBP > 5thenT; elseF;, T1 = ks; ka; ks; ke; k7, ks = (GBP,5) := (intpos4-—1), ks =
(intpos4 —1) := (intpos40), ks = (intpos40) := (GBP,5), ks = AddTo(GBP, 4, —1), k7 =
AddTo(GBP, 6,—1), andF; = Load((GBP)s:=0).

(18) Letsbe a state of SCMPDS, g be finite sequences of elementsZgfandpg, n be natural
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