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Summary. Proving the correctness of quick sort is much more complicated than prov-
ing the correctness of the insert sort. Its difficulty is determined mainly by the following
points:

e Quick sort needs to use a push-down stack.

e It contains three nested loops.

e A subroutine of this algorithm, “Partition”, has no loop-invariant.
This means we cannot justify the correctness of the “Partition” subroutine by the Hoare’s ax-
iom on program verification. This article is organized as follows. First, we present several
fundamental properties of “while” program and finite sequence. Second, we define the “Par-
tition” subroutine on SCMPDS, the task of which is to split a sequence into a smaller and a
larger subsequence. The definition of quick sort on SCMPDS follows. Finally, we describe
the basic property of the “Partition” and quick sort, and prove their correctness.

MML Identifier: SCPQSORT.
WWW: http://mizar.org/JEM/Voll2/scpgsort.html

The articles([28],[8],1[24],[12/7],[17],1[3],[126],1[2], [19],[120],[125] [122] [ 16],[[ 5], [10], [1],[[13],
[51, [210, [22], [24], [3], [4], [16], [21], [18], and[[17] provide the notation and terminology for this
paper.

1. THE SEVERAL PROPERTIES OF'WHILE” PROGRAM AND FINITE SEQUENCE

In this papem, pg are natural numbers.

Letl, J be shiftable Program-blocks, latbe an Int position, and lé4 be an integer. One can
check thaif a > k; then| elsel is shiftable.

We now state the proposition

(1) Letsbhe a state of SCMPD$ be a No-StopCode shiftable Program-blogke a shiftable
Program-blocka, b be Int positions, an#t; be an integer. SupposéDatalLods(a),ki)) >
0 and| is closed ons and halting ons. Then (IExedif a > k; then| elseJ,s))(b) =
(IExedl,s))(b).

The following propositions are true:

(2) Lets, s be states of SCMPD$,be a No-StopCode shiftable Program-bloalge an Int
position,i be an integer, anth be a natural number. Suppose dard0 andl is closed on
sand halting ors ands(DatalLods(a),i)) > 0 andm = LifeSpar(s+- Initialized(stopl )) + 2
ands; = (Computationis+- Initialized(stop while> O(a,i,1))))(m). Thens; [Data-Logcm =
IExed,s) [Data-Logcm ands; +- Initialized(stop while> 0(a,i, 1)) = s;.
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(3) Letsbe a state of SCMPDS andbe a Program-block. Suppose that for every staib
SCMPDS such thdafData-Logcym = s[Data-Logc holdsl is halting ont. Thenl is closed
ons.

(4) Forallinstructionsy, i, i3, i of SCMPDS holds car(dh; ip; is; i4) = 4.

(5) Letsbe a state of SCMPD$,be a No-StopCode shiftable Program-bloaky, y be Int
positions, and, c be integers. Suppose that

(i) cardl >0,

(i)  s(x) > c+s(DataLods(a),i)), and

(iii)  for every statet of SCMPDS such thdtx) > c+t(DataLogs(a),i)) andt(y) = s(y) and
t(a) = s(a) andt(DataLogs(a),i)) > 0 holds(IExed!,t))(a) =t(a) andl is closed ort and
halting ont and (IExed,t))(DataLods(a),i)) < t(DataLods(a),i)) and(IExed],t))(x) >
c+ (IExed],t))(DataLods(a),i)) and(IExed!,t))(y) =t(y).
Then while > 0(a,i,I) is closed ons and while > 0(a,i,I) is halting on s
and if s(DataLods(a),i)) > 0, then IExe¢while > 0(a,i,l),s) = IExeqwhile >
O(a,i,l),IExed]l,s)).

(6) Letsbe a state of SCMPD$,be a No-StopCode shiftable Program-bloaky, y be Int
positions, and, ¢ be integers. Suppose that

(i) cardl >0,

(i) s(x)>c,and

(i)  for every statet of SCMPDS such that(x) > c and t(y) = s(y) andt(a) = s(a)
andt(DataLods(a),i)) > 0 holds (IExed!,t))(a) =t(a) and| is closed ort and halting
ont and (IExeql,t))(DataLods(a),i)) < t(DataLods(a),i)) and (IExedl,t))(x) > ¢ and
(IExed],1))(y) = t(y).
Then while > 0(a,i,I) is closed ons and while > 0(a,i,l) is halting on s
and if s(DataLods(a),i)) > 0, then I[Exe¢while > 0(a,i,l),s) = IExeqwhile >
0(a,i,l),IExedl,s)).

(7) Letsbe a state of SCMPD$ be a No-StopCode shiftable Program-blogkxs, X2, X3, X4
be Int positions, and ¢, m; be integers. Suppose that

(i) cardl >0,

(i) s(xa) = (s(x3) —C) +5(x1),

(i) M <s(x3g) —c, and

(iv) for every state of SCMPDS such thati(x4) = (t(x3) — ¢) +t(x1) andmy <t(x3) —
t(x2) = s(x2) andt(a) = s(a) andt(DataLogs(a),i)) > 0 holds(IExed(,t))(a) = t(
is closed ort and halting ort and (IExedl,t))(DataLods(a),i)) < t(DataLogs(a)
(IExed],t))(xa) = ((IExedl,t))(x3) — ¢) + (IExedl,t))(x1) andmy < (IExed],t))
and(IExed],t))(x2) =t(x2).
Then while > 0(a,i,l) is closed ons and while > O(a,i,l) is halting on s
and if s(DataLods(a),i)) > 0, then I|Exe¢while > 0(a,i,l),s) = IExeqwhile >
0(a,i,l),IExedl,s)).

cand
a) andl
) and
(x3) —

(8) Let f be a finite sequence of elementsandm, ky, k, n be natural numbers. Suppose
thatm < kandk < nandk; = k— 1 andf is non decreasing am, k; and f is non decreasing
onk+ 1, nand for every natural numbeésuch tham < i andi < k holds f (i) < f (k) and for
every natural numbersuch thak < i andi < nholdsf (k) < f(i). Thenf is non decreasing
onm,n.

(9) Letf, g be finite sequences amxbe a set. Supposec domg and f andg are fiberwise
equipotent. Then there exists a gestuch thay € domg and f (x) = g(y).
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(10) Letf, g, h be finite sequences. Thdnandg are fiberwise equipotent if and onlylif~ f
andh™ g are fiberwise equipotent.

(11) Letf, g be finite sequences amd, n, j be natural numbers. Suppose thHadndg are
fiberwise equipotent anch < n andn < lenf and for every natural numbésuch that 1<
andi <mholdsf (i) = g(i) and for every natural numbésuch than < i andi < lenf holds
f(i) =g(i) andm < j and j < n. Then there exists a natural numbesuch thatm < k and
k<nandf(j)=g(k).

2. PROGRAMPARTITION IS TO SPLIT A SEQUENCE INTO ASMALLER AND A LARGER
SUBSEQUENCE

The Program-block Partition is defined by the condition (Def. 1).

(Def. 1) Partition= ((GBP,5) := (GBP,4)); SubFronfGBP,5,GBP,2); ((GBP,3) := (GBP,2)); AddTo(GBP,3,1); while >
0(GBP,5,while > O(GBP,5,((GBP,7) := (GBP,5)); AddTo(GBP,5,—1); ((GBP,6) :=
(intpos40)); SubFromGBP, 6,intpos20); (if GBP> 6 then AddTo(GBP,4,—1); AddTo(GBP,7,—1) else Load(
0(GBP,7,((GBP,5) := (GBP,7)); AddTo(GBP,7,—1); ((GBP,6) := (intpos20)); SubFromiGBP, 6,intpos30); (if
6 then AddTo(GBP, 3,1); AddTo(GBP,5,—1) elseLoad((GBP)7:=0))); (if GBP> 0then5 else(((GBP,6) :=
(intpos40)); ((intpos40) := (intpos30)); ((intpos30) := (GBP,6)); AddTo(GBP,5,—2); AddTo(GBP,3,1); Add
(intpos40)); ((intpos40) := (intpos 20)); ((intpos20) := (GBP,6)).

3. THE CONSTRUCTION OFQUICK SORT

Let n, po be natural numbers. The functor Quick3arto) yielding a Program-block is defined by
the condition (Def. 2).

(Def. 2) QuickSortn, po) = (GBP =0); (SBP =1); ((SBP)p,:=po+1); ((SBP)p,+1:=p1); while >
0(GBP,1,((GBP,2) := (SBP, p1+1)); SubFroniGBP, 2, SBP, p1); (if GBP> 2then ((GBP,2) :=
(SBP,p1)); ((GBP,4) :=(SBP, p1+1)); Partition;(((SBP, p1+3):=(SBP,p1+1)); ((SBP, p1+
1) := (GBP,4)); ((SBP,p1 + 2) := (GBP,4)); AddTo(SBP, p; + 1,—1); AddTo(SBP, p1 +
2,1); AddTo(GBP,1,2)) elseLoad AddTo(GBP,1,—2)))), wherep; = po -+ n.

4. THE BASIC PROPERTY OFPARTITION PROGRAM

Next we state four propositions:
(12) cardPartition= 38.

(13) Letsbe a state of SCMPDS amd;, po be natural numbers. SupposgBP) = 0 and
s(intpos 4 — s(intpos 2 > 0 ands(intpos2 = m andmy, > po+ 1 andpg > 7. Then Partition
is closed ors and Partition is halting os.

(14) Letsbe a state of SCMPD®y, po, N be natural numbers, arfd f; be finite sequences of
elements of.. Suppose thas(GBP) = 0 ands(intpos4 — s(intpos 2 > 0 ands(intpos2 =m
andmy > pp+ 1 ands(intpos4 < pp+nandpy > 7 and f is FinSequence os, pp and
lenf =nandf; is FinSequence on IEx&eartition's), pp and lenf; = n. Then

() (IExedqPartitions))(GBP) =0,
(i)  (IExedPartitions))(intpos 1 = s(intpos 1),

(i) f andf; are fiberwise equipotent, and

(iv) there exists a natural numbens such thatmy = (IExedPartitions))(intpos4 and
m; < my andmy < s(intpos4 and for every natural numbérsuch thatm <i andi < my
holds (IExeqPartition s))(intposmy) > (IExeqPartitions))(intposi) and for every natu-
ral numberi such thatmy < i andi < s(intpos4 holds (IExedPartition s))(intposmy) <
(IExedPartition s))(intposi) and for every natural numbersuch thati > pg+ 1 buti <
s(intpos 2 ori > s(intpos4 holds (IExeqPartition s)) (intposi) = s(intposi).

(15) Partition is No-StopCode and shiftable.
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5. THE BAsSIC PROPERTY OFQUICK SORT AND ITS CORRECTNESS
Next we state three propositions:
(16) cardQuickSoftn, pp) = 57.
(17) For all natural numbensp, n such thatpy > 7 holds QuickSofin, po) is parahalting.

(18) Letsbe a state of SCMPDS amu, n be natural numbers. Suppopg> 7. Then there
exist finite sequencek g of elements ofZ such that

(i) lenf=n,
(i) fis FinSequence os po,
(i) leng=n,

(iv) gis FinSequence on IExéQuickSortn, po),s), po,
(v) f andg are fiberwise equipotent, and
(vi) gisnon decreasing on h,
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