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Summary. This article completes the Mizar formalization of Chapter I, Section 2
from [13]. After presenting some preliminary material (not all of which is later used in this
article) we give the proof of theorem 2.7 (i), p.60. We do not follow the hint from [13]
suggesting using the equations 2.3, p. 58. The proof is taken directly from the definition of
continuous lattice. The goal of the last section is to prove the correspondence between the
set of all congruences of a continuous lattice and the set of all kernel operators of the lattice
which preserve directed sups (Corollary 2.13).
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The articles [21], [10], [24], [25], [26], [17], [27], [7], [9], [8], [12], [20], [19], [22], [6], [1], [23],
[2], [18], [3], [14], [28], [15], [4], [11], [5], and [16] provide the notation and terminology for this
paper.

1. PRELIMINARIES

The following propositions are true:

(1) For every setX and for every subsetSof idX holdsπ1(S) = π2(S).

(2) For all non empty setsX, Y and for every functionf from X into Y holds[: f , f :]−1(idY) is
an equivalence relation ofX.

Let L1, L2, T1, T2 be relational structures, letf be a map fromL1 into T1, and letg be a map
from L2 into T2. Then[: f , g:] is a map from[:L1, L2 :] into [:T1, T2 :].

The following propositions are true:

(3) For all functions f , g and for every setX holds π1([: f , g:]◦X) ⊆ f ◦π1(X) and π2([: f ,
g:]◦X)⊆ g◦π2(X).

(4) For all functionsf , g and for every setX such thatX ⊆ [:dom f , domg:] holds π1([: f ,
g:]◦X) = f ◦π1(X) andπ2([: f , g:]◦X) = g◦π2(X).

(5) For every non empty antisymmetric relational structureSsuch that inf/0 exists inSholdsS
is upper-bounded.

(6) For every non empty antisymmetric relational structureSsuch that sup/0 exists inSholds
S is lower-bounded.

(7) LetL1, L2 be antisymmetric non empty relational structures andD be a subset of[:L1, L2 :].
If inf D exists in[:L1, L2 :], then infD = 〈〈 inf π1(D), inf π2(D)〉〉.
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(8) LetL1, L2 be antisymmetric non empty relational structures andD be a subset of[:L1, L2 :].
If supD exists in[:L1, L2 :], then supD = 〈〈supπ1(D), supπ2(D)〉〉.

(9) Let L1, L2, T1, T2 be antisymmetric non empty relational structures,f be a map fromL1

into T1, andg be a map fromL2 into T2. Supposef is infs-preserving andg is infs-preserving.
Then[: f , g:] is infs-preserving.

(10) LetL1, L2, T1, T2 be antisymmetric reflexive non empty relational structures,f be a map
from L1 into T1, andg be a map fromL2 into T2. Supposef is filtered-infs-preserving andg
is filtered-infs-preserving. Then[: f , g:] is filtered-infs-preserving.

(11) LetL1, L2, T1, T2 be antisymmetric non empty relational structures,f be a map fromL1 into
T1, andg be a map fromL2 into T2. Supposef is sups-preserving andg is sups-preserving.
Then[: f , g:] is sups-preserving.

(12) LetL1, L2, T1, T2 be antisymmetric reflexive non empty relational structures,f be a map
from L1 into T1, andg be a map fromL2 into T2. Supposef is directed-sups-preserving andg
is directed-sups-preserving. Then[: f , g:] is directed-sups-preserving.

(13) Let L be an antisymmetric non empty relational structure andX be a subset of[:L, L :].
SupposeX ⊆ idthe carrier ofL and infX exists in[:L, L :]. Then infX ∈ idthe carrier ofL.

(14) Let L be an antisymmetric non empty relational structure andX be a subset of[:L, L :].
SupposeX ⊆ idthe carrier ofL and supX exists in[:L, L :]. Then supX ∈ idthe carrier ofL.

(15) LetL, M be non empty relational structures. IfL andM are isomorphic andL is reflexive,
thenM is reflexive.

(16) LetL, M be non empty relational structures. IfL andM are isomorphic andL is transitive,
thenM is transitive.

(17) Let L, M be non empty relational structures. SupposeL andM are isomorphic andL is
antisymmetric. ThenM is antisymmetric.

(18) LetL, M be non empty relational structures. IfL andM are isomorphic andL is complete,
thenM is complete.

(19) LetL be a non empty transitive relational structure andk be a map fromL into L. If k is
infs-preserving, thenk◦ is infs-preserving.

(20) LetL be a non empty transitive relational structure andk be a map fromL into L. If k is
filtered-infs-preserving, thenk◦ is filtered-infs-preserving.

(21) LetL be a non empty transitive relational structure andk be a map fromL into L. If k is
sups-preserving, thenk◦ is sups-preserving.

(22) LetL be a non empty transitive relational structure andk be a map fromL into L. If k is
directed-sups-preserving, thenk◦ is directed-sups-preserving.

(24)1 Let S, T be reflexive antisymmetric non empty relational structures andf be a map from
S into T. If f is filtered-infs-preserving, thenf is monotone.

(25) LetS, T be non empty relational structures andf be a map fromS into T. Supposef is
monotone. LetX be a subset ofS. If X is filtered, thenf ◦X is filtered.

(26) Let L1, L2, L3 be non empty relational structures,f be a map fromL1 into L2, andg be
a map fromL2 into L3. Supposef is infs-preserving andg is infs-preserving. Theng · f is
infs-preserving.

1 The proposition (23) has been removed.
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(27) LetL1, L2, L3 be non empty reflexive antisymmetric relational structures,f be a map from
L1 into L2, andg be a map fromL2 into L3. Supposef is filtered-infs-preserving andg is
filtered-infs-preserving. Theng· f is filtered-infs-preserving.

(28) LetL1, L2, L3 be non empty relational structures,f be a map fromL1 into L2, andg be a
map fromL2 into L3. Supposef is sups-preserving andg is sups-preserving. Theng · f is
sups-preserving.

(29) LetL1, L2, L3 be non empty reflexive antisymmetric relational structures,f be a map from
L1 into L2, andg be a map fromL2 into L3. Supposef is directed-sups-preserving andg is
directed-sups-preserving. Theng· f is directed-sups-preserving.

2. SOME REMARKS ON LATTICE PRODUCT

Next we state several propositions:

(30) LetI be a non empty set andJ be a relational structure yielding nonempty many sorted set
indexed byI . Suppose that for every elementi of I holdsJ(i) is a lower-bounded antisym-
metric relational structure. Then∏J is lower-bounded.

(31) LetI be a non empty set andJ be a relational structure yielding nonempty many sorted set
indexed byI . Suppose that for every elementi of I holdsJ(i) is an upper-bounded antisym-
metric relational structure. Then∏J is upper-bounded.

(32) LetI be a non empty set andJ be a relational structure yielding nonempty many sorted set
indexed byI . Suppose that for every elementi of I holdsJ(i) is a lower-bounded antisym-
metric relational structure. Leti be an element ofI . Then⊥∏J(i) =⊥J(i).

(33) LetI be a non empty set andJ be a relational structure yielding nonempty many sorted set
indexed byI . Suppose that for every elementi of I holdsJ(i) is an upper-bounded antisym-
metric relational structure. Leti be an element ofI . Then>∏J(i) =>J(i).

(34) LetI be a non empty set andJ be a relational structure yielding nonempty reflexive-yielding
many sorted set indexed byI . Suppose that for every elementi of I holdsJ(i) is a continuous
complete lattice. Then∏J is continuous.

3. KERNEL PROJECTIONS ANDQUOTIENT LATTICES

Next we state the proposition

(35) LetL, T be continuous complete lattices,g be a CLHomomorphism ofL, T, andSbe a sub-
set of[:L, L :]. SupposeS= [:g, g:]−1(idthe carrier ofT). Then sub(S) is a continuous subframe
of [:L, L :].

Let L be a relational structure and letR be a subset of[:L, L :]. Let us assume thatR is an
equivalence relation of the carrier ofL. The functor EqRel(R) yielding an equivalence relation of
the carrier ofL is defined by:

(Def. 1) EqRel(R) = R.

Let L be a non empty relational structure and letR be a subset of[:L, L :]. We say thatR is
continuous lattice congruence if and only if:

(Def. 2) R is an equivalence relation of the carrier ofL and sub(R) is a continuous subframe of[:L,
L :].

Next we state the proposition

(36) LetL be a complete lattice andRbe a non empty subset of[:L, L :]. SupposeR is continuous
lattice congruence. Letx be an element ofL. Then〈〈 inf([x]EqRel(R)), x〉〉 ∈ R.
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Let L be a complete lattice and letR be a non empty subset of[:L, L :]. Let us assume thatR
is continuous lattice congruence. The kernel operation ofR yielding a kernel map fromL into L is
defined by:

(Def. 3) For every elementx of L holds (the kernel operation ofR)(x) = inf([x]EqRel(R)).

One can prove the following three propositions:

(37) LetL be a complete lattice andRbe a non empty subset of[:L, L :]. SupposeR is continuous
lattice congruence. Then

(i) the kernel operation ofR is directed-sups-preserving, and

(ii) R= [: the kernel operation ofR, the kernel operation ofR:]−1(idthe carrier ofL).

(38) LetL be a continuous complete lattice,Rbe a subset of[:L, L :], andk be a kernel map from
L into L. Supposek is directed-sups-preserving andR= [:k, k:]−1(idthe carrier ofL). Then there
exists a continuous complete strict latticeL4 such that

(i) the carrier ofL4 = ClassesEqRel(R),

(ii) the internal relation ofL4 = {〈〈[x]EqRel(R), [y]EqRel(R)〉〉;x ranges over elements ofL, y ranges
over elements ofL: k(x)≤ k(y)}, and

(iii) for every mapg from L into L4 such that for every elementx of L holdsg(x) = [x]EqRel(R)
holdsg is a CLHomomorphism ofL, L4.

(39) LetL be a continuous complete lattice andRbe a subset of[:L, L :]. Suppose that

(i) R is an equivalence relation of the carrier ofL, and

(ii) there exists a continuous complete latticeL4 such that the carrier ofL4 = ClassesEqRel(R)
and for every mapg from L into L4 such that for every elementx of L holdsg(x) = [x]EqRel(R)
holdsg is a CLHomomorphism ofL, L4.

Then sub(R) is a continuous subframe of[:L, L :].

Let L be a non empty reflexive relational structure. Note that there exists a map fromL into L
which is directed-sups-preserving and kernel.

Let L be a non empty reflexive relational structure and letk be a kernel map fromL into L. The
kernel congruence ofk yielding a non empty subset of[:L, L :] is defined as follows:

(Def. 4) The kernel congruence ofk = [:k, k:]−1(idthe carrier ofL).

We now state two propositions:

(40) Let L be a non empty reflexive relational structure andk be a kernel map fromL into L.
Then the kernel congruence ofk is an equivalence relation of the carrier ofL.

(41) LetL be a continuous complete lattice andk be a directed-sups-preserving kernel map from
L into L. Then the kernel congruence ofk is continuous lattice congruence.

Let L be a continuous complete lattice and letRbe a non empty subset of[:L, L :]. Let us assume
thatR is continuous lattice congruence. The functorL/R yields a continuous complete strict lattice
and is defined as follows:

(Def. 5) The carrier ofL/R = ClassesEqRel(R) and for all elementsx, y of L/R holds x ≤ y iff
d−eLx≤ d−eLy.

We now state four propositions:

(42) LetL be a continuous complete lattice andR be a non empty subset of[:L, L :]. SupposeR
is continuous lattice congruence. Letx be a set. Thenx is an element ofL/R if and only if
there exists an elementy of L such thatx = [y]EqRel(R).
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(43) LetL be a continuous complete lattice andR be a non empty subset of[:L, L :]. SupposeR
is continuous lattice congruence. ThenR= the kernel congruence of the kernel operation of
R.

(44) LetL be a continuous complete lattice andk be a directed-sups-preserving kernel map from
L into L. Thenk = the kernel operation of the kernel congruence ofk.

(45) LetL be a continuous complete lattice andp be a projection map fromL into L. Supposep
is infs-preserving. Then Imp is a continuous lattice and Imp is infs-inheriting.
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[28] MariuszŻynel and Czesław Byliński. Properties of relational structures, posets, lattices and maps.Journal of Formalized Mathematics,
8, 1996.http://mizar.org/JFM/Vol8/yellow_2.html.

Received July 6, 1998

Published January 2, 2004

http://mizar.org/JFM/Vol1/relset_1.html
http://mizar.org/JFM/Vol1/relset_1.html
http://mizar.org/JFM/Vol1/relat_2.html
http://mizar.org/JFM/Vol1/relat_2.html
http://mizar.org/JFM/Vol8/yellow_2.html

	kernel projections and quotient lattices By piotr rudnicki

