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Warsaw

Summary. The article is a translation of the first chapters of a bookWstȩp do teorii
liczb (Eng. Introduction to Number Theory) by W. Sierpínski, WSiP, Biblioteczka Matem-
atyczna, Warszawa, 1987. The first few pages of this book have already been formalized in
MML. We prove the Chinese Remainder Theorem and Thue’s Theorem as well as several
useful number theory propositions.

MML Identifier: WSIERP_1.

WWW: http://mizar.org/JFM/Vol9/wsierp_1.html

The articles [11], [16], [2], [12], [14], [1], [8], [10], [13], [17], [5], [4], [6], [7], [15], [3], and [9]
provide the notation and terminology for this paper.

For simplicity, we adopt the following rules:x, y, zdenote real numbers,a, b, c, d, e, f , g denote
natural numbers,k, l , m, n, m1, n1 denote integers, andq denotes a rational number.

The following propositions are true:

(2)1 x2 = x ·x and(−x)2 = x2.

(3) (−x)2·a = x2·a and(−x)2·a+1 =−x2·a+1.

(5)2 If x≥ 0 andy≥ 0 andd > 0 andxd = yd, thenx = y.

(6) x > max(y,z) iff x > y andx > z.

(7) If x≤ 0 andy≥ z, theny−x≥ z andy≥ z+x.

(8) If x≤ 0 andy > z or x < 0 andy≥ z, theny > z+x andy−x > z.

Let us considerk, a. Observe thatka is integer.
Let us considera, b. Thenab is a natural number.
Next we state a number of propositions:

(9) If k |mandk | n, thenk |m+n.

(10) If k |mandk | n, thenk |m·m1 +n·n1.

(11) If mgcdn = 1 andkgcdn = 1, thenm·kgcdn = 1.

(12) If gcd(a,b) = 1 and gcd(c,b) = 1, then gcd(a·c,b) = 1.

(13) 0gcdm= |m| and 1gcdm= 1.

1 The proposition (1) has been removed.
2 The proposition (4) has been removed.
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(14) 1 andk are relative prime.

(15) If k andl are relative prime, thenka andl are relative prime.

(16) If k andl are relative prime, thenka andlb are relative prime.

(17) If kgcdl = 1, thenkgcdlb = 1 andkagcdlb = 1.

(18) |m| | k iff m | k.

(19) If a | b, thenac | bc.

(20) If a | 1, thena = 1.

(21) If d | a and gcd(a,b) = 1, then gcd(d,b) = 1.

(22) If k 6= 0, thenk | l iff l
k is an integer.

(23) If a≤ b−c, thena≤ b andc≤ b.

In the sequelf1 denotes a finite sequence.
Let f be a finite sequence of elements ofZ and leta be a set. Note thatf (a) is integer.
Let f2 be a finite sequence of elements ofN and let us considera. Then f2(a) is a natural

number.
Let D be a non empty set, letD1 be a non empty subset ofD, and let f3, f4 be finite sequences

of elements ofD1. Then f3 a f4 is a finite sequence of elements ofD1.
Let D be a non empty set and letD1 be a non empty subset ofD. Thenε(D1) is an empty finite

sequence of elements ofD1.
Z is a non empty subset ofR.
For simplicity, we use the following convention:D is a non empty set,v, v1, v2, v3 are sets,f2

is a finite sequence of elements ofN, f5, f6 are finite sequences of elements ofZ, and f7 is a finite
sequence of elements ofR.

Let us considerf5. Then∑ f5 is an element ofZ. Then∏ f5 is an element ofZ.
Let us considerf2. Then∑ f2 is a natural number. Then∏ f2 is a natural number.
Let us considera, f1. Then( f1)�a can be characterized by the condition:

(Def. 1)(i) ( f1)�a = f1 if a /∈ dom f1,

(ii) len(( f1)�a)+1= len f1 and for everyb holds ifb< a, then( f1)�a(b) = f1(b) and ifb≥ a,
then( f1)�a(b) = f1(b+1), otherwise.

Let us considerD, let us considera, and letf1 be a finite sequence of elements ofD. Then( f1)�a

is a finite sequence of elements ofD.
Let us considerD, let D1 be a non empty subset ofD, let us considera, and let f1 be a finite

sequence of elements ofD1. Then( f1)�a is a finite sequence of elements ofD1.
We now state a number of propositions:

(26)3 〈v1〉�1 = /0 and〈v1,v2〉�1 = 〈v2〉 and〈v1,v2〉�2 = 〈v1〉 and〈v1,v2,v3〉�1 = 〈v2,v3〉 and〈v1,
v2,v3〉�2 = 〈v1,v3〉 and〈v1,v2,v3〉�3 = 〈v1,v2〉.

(27) If a∈ dom f7, then∑(( f7)�a)+ f7(a) = ∑ f7.

(28) If a∈ dom f2, then ∏ f2
f2(a) is a natural number.

(29) numq and denq are relative prime.

(30) If q 6= 0 andq = k
a anda 6= 0 andk anda are relative prime, thenk = numq anda = denq.

(31) If there existsq such thata = qb, then there existsk such thata = kb.

(32) If there existsq such thata = qd, then there existsb such thata = bd.

3 The propositions (24) and (25) have been removed.
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(33) If e> 0 andae | be, thena | b.

(34) There existm, n such that gcd(a,b) = a·m+b·n.

(35) There existm1, n1 such thatmgcdn = m·m1 +n·n1.

(36) If m | n·k andmgcdn = 1, thenm | k.

(37) If gcd(a,b) = 1 anda | b·c, thena | c.

(38) If a 6= 0 andb 6= 0, then there existc, d such that gcd(a,b) = a·c−b·d.

(39) If f > 0 andg > 0 and gcd( f ,g) = 1 andaf = bg, then there existse such thata = eg and
b = ef .

In the sequelx, y, t denote integers.
We now state several propositions:

(40) There existx, y such thatm·x+n·y = k iff mgcdn | k.

(41) Supposem 6= 0 andn 6= 0 andm·m1 + n ·n1 = k. Let givenx, y. If m· x+ n · y = k, then
there existst such thatx = m1 + t · n

mgcdn andy = n1− t · m
mgcdn.

(42) If gcd(a,b) = 1 anda·b = cd, then there existe, f such thata = ed andb = f d.

(43) For everyd such that for everya such thata ∈ dom f2 holds gcd( f2(a),d) = 1 holds
gcd(∏ f2,d) = 1.

(44) Suppose lenf2 ≥ 2 and for allb, c such thatb ∈ dom f2 andc ∈ dom f2 andb 6= c holds
gcd( f2(b), f2(c)) = 1. Let given f5. Suppose lenf5 = len f2. Then there existsf6 such that
len f6 = len f2 and for everyb such thatb∈ dom f2 holds f2(b) · f6(b)+ f5(b) = f2(1) · f6(1)+
f5(1).

(46)4 If a 6= 0 andagcdk = 1, then there existb, e such that 06= b and 06= e andb≤
√

a and
e≤

√
a anda | k ·b+eor a | k ·b−e.

(47) dom(( f1)�a)⊆ dom f1.

(48) (〈v〉a f1)�1 = f1 and( f1 a 〈v〉)�len f1+1 = f1.
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