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Summary. The article is a translation of the first chapters of a bédéstep do teorii
liczb (Eng. Introduction to Number Theojyby W. Sierphski, WSIP, Biblioteczka Matem-
atyczna, Warszawa, 1987. The first few pages of this book have already been formalized in
MML. We prove the Chinese Remainder Theorem and Thue’s Theorem as well as several
useful number theory propositions.

MML Identifier: WSIERP_1.

WWW: http://mizar.org/JFM/Vol9/wsierp_1.html

The articles([11],[16],[12],[[12],[T14],[1],[18],[110],1213],[117],[15], (141,161,171, [115],[18], and_19]
provide the notation and terminology for this paper.

For simplicity, we adopt the following rules; y, zdenote real numbera, b, ¢, d, e, f, gdenote
natural numberss, I, m, n, mg, n; denote integers, argldenotes a rational number.

The following propositions are true:

@] x®=x-xand(—x)? =2

(3) (—x)22=x22and(—x)2al = _y2a+l,

(5P If x>0andy>0andd > 0 andx® =y, thenx =Y.

(6) x>maxy,z) iff x>yandx >z

(7) Ifx<0andy>z theny—x>zandy > z+Xx.

(8) Ifx<O0andy>zorx<0andy>ztheny>z+xandy—x>z

Let us considek, a. Observe thak? is integer.
Let us considea, b. Thena® is a natural number.
Next we state a number of propositions:

(9) If k| mandk| n, thenk | m+n.
(10) Ifk|mandk|n, thenk| m-my+n-n;.
(11) If mgcdn =1 andkgcdn = 1, thenm-kgcdn = 1.
(12) Ifgcda,b) =1 and gcdc,b) = 1, then gcda-c,b) = 1.
(13) O0gcdn=|m| and 1gcan=1.

1 The proposition (1) has been removed.
2 The proposition (4) has been removed.
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(14) 1 andk are relative prime.

(15) If kandl are relative prime, thek? andl are relative prime.
(16) Ifkandl are relative prime, thek? andI® are relative prime.
(17) Ifkgedl = 1, thenkged® = 1 andk®ged® = 1.

(18) |m| | kiff m|k.

(19) Ifa]b,thena®|b°.

(20) Ifal|l,thena=1.

(21) Ifd|aandgcda,b) =1, then gcdd,b) = 1.

(22) Itk 0, thenk]| I iff | is an integer.

(23) Ifa<b-c,thena<bandc<bh.

In the sequef; denotes a finite sequence.

Let f be a finite sequence of elements7blnd leta be a set. Note thdt(a) is integer.

Let f, be a finite sequence of elementsMfand let us considea. Then fy(a) is a natural
number.

Let D be a non empty set, |&; be a non empty subset Bf, and letfs, f4 be finite sequences
of elements 0D;. Thenfz ™ f4 is a finite sequence of elementsdy.

Let D be a non empty set and 1By be a non empty subset BX. Thengp, ) is an empty finite
sequence of elements Df.

Z is a non empty subset &.

For simplicity, we use the following conventiol is a non empty sety, v1, Vo, v3 are setsf,
is a finite sequence of elementshNf fs, fg are finite sequences of elementsZpfand f7 is a finite
sequence of elements &f

Let us consideffs. Theny fs is an element of. Then[] fs is an element of.

Let us considef,. Theny f, is a natural number. The f; is a natural number.

Let us consides, f1. Then(f1);a can be characterized by the condition:

(Def. 1)() (f1);a= f1 if a¢ domfy,

(i) len((f1);a) +1=Ilenf; and for evenyp holds ifb < a, then(f1)a(b) = f1(b) and ifb > a,
then(f1)a(b) = f1(b+ 1), otherwise.

Let us consideD, let us considea, and letf; be a finite sequence of elementdofThen(f1);a
is a finite sequence of elementsf

Let us consideD, let D1 be a non empty subset &f, let us consides, and letf; be a finite
sequence of elements Bf.. Then(f1);a is a finite sequence of elementsyf.

We now state a number of propositions:

(26E| (V1)1 =0 and(vy,v2) 1 = (Vo) and(vq, Vo) 12 = (V1) and(vi,V2,Va) ;1 = (V2,V3) and(vy,
V2,V3) 12 = (V1,V3) and(va, V2, V3) 3 = (V1,V2).

(27) Ifaedomfs, thens ((f7)a) + f7(a) =3 f7.

(28) Ifae domfs, theng(%“> is a natural number.

(29) nungand dem are relative prime.

(30) Ifg#0andg= g anda # 0 andk anda are relative prime, thek= numg anda = deng.
(31) If there exist®) such that = @?, then there existk such that = kP.

(32) Ifthere existg) such thata = q¥, then there existb such thata = b?.

3 The propositions (24) and (25) have been removed.
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(33) Ife>0anda®|b® thena|b.

(34) There exist, nsuch that gcth,b) =a-m+b-n.

(35) There existny, Ny such thamgecdn=m-ny +n-n;.

(36) Ifm|n-kandmgcdn=1, thenm|k.

(37) Ifgcda,b) =1anda|b-c,thena|c.

(38) Ifa##0andb+#0, then there exist, d such that gcth,b) =a-c—b-d.

(39) If f >0andg>0andgcdf,g)=1 anda’ = b9, then there existe such thaa = &9 and
b=ef.

In the sequek, y, t denote integers.
We now state several propositions:

(40) There exisk, y such tham-x+n-y = kiff mgcdn | k.

(41) Supposen#£ 0 andn# 0 andm-mg +n-n; = k. Let givenx, y. If m-x+n-y=Kk, then

there exists$ such thakk = my +t- —2- andy = n; —t

PR
mg mgcdn®

(42) Ifgcda,b) =1 anda-b=c9, then there exise, f such thata= e andb = f9.

(43) For everyd such that for evena such thata € domf, holds gcdfz(a),d) = 1 holds
ged(] f2,d) = 1.

(44) Suppose lefp > 2 and for allb, ¢ such that € domf, andc € domf, andb # ¢ holds
ged fz(b), f2(c)) = 1. Let given fs. Suppose leffis = lenfy. Then there existdg such that
lenfsg =lenf; and for everyb such thab € domf; holds fa(b) - fg(b) + f5(b) = f2(1)- fe(1)+

f5(1).

(46@ If a0 andagcdk = 1, then there exish, e such that 0% b and 0# e andb < \/a and
e<,/aanda|k-b+eora|k-b—e

(47) don((f1);a) € domfy.

(48) (W)~ fr)j1=frand(f1™ (V))penf,+1 = f1.
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