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Summary. A contiuation of [5]. The notions of finite-order trees,
succesors of an element of a tree, and chains, levels and branches of a
tree are introduced. Those notions are used to formalize Konig’s Lemma
which claims that there is a infinite branch of a finite-order tree if the
tree has arbitrary long finite chains. Besides, the concept of decorated
trees is introduced and some concepts dealing with trees are applied to
decorated trees.

MML Identifier: TREES_2.

The articles [12], [7], [10], [4], [6], [9], [2], [1], [3], [8], [11], [13], and [5] provide the
notation and terminology for this paper. For simplicity we adopt the following
rules: x, y are arbitrary, W, Wy, W5 denote trees, w denotes an element of W,
X denotes a set, f, f1, fo denote functions, D, D’ denote non-empty sets, k,
k1, ko, m, n denote natural numbers, v, v1, vo denote finite sequences, and p, q,
r denote finite sequences of elements of N. The following propositions are true:
(1) For all vy, ve, v such that v1 < v and vy =< v holds v; and vy are
comparable.
(2)  For all vy, vy, v such that v; < v and vg =< v holds v; and vy are
comparable and vo and v; are comparable.
(4)2 TIf lenwv; = k + 1, then there exist vy, x such that v; = vy ~ () and
lenwvy = k.
(5)  (v1 " w2) | Seglenv; = v.
(6) Seg<(v™ (x)) = Seg<(v) U {v}.
The scheme TreeStruct_Ind concerns a tree A, and a unary predicate P, and
states that:
for every element ¢ of A holds PJt]
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2The proposition (3) was either repeated or obvious.
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provided the following requirements are met:
. Pl
e for every element ¢ of A and for every n such that P[t] and t~(n) € A
holds P[t = (n)].
We now state the proposition
(7)  If for every p holds p € Wy if and only if p € Wy, then W = Wh.

Let us consider W7, Ws. Let us note that one can characterize the predicate
W1 = Wy by the following (equivalent) condition:

(Def.1)  for every p holds p € Wy if and only if p € Whs.
One can prove the following propositions:
(8) Ifpe W, then W =W(p/(W 1 p)).
(9) IfpeW and g€ W and p £ ¢, then ¢ € W(p/W1).
(10) Ifpe W and ¢ € W and p and ¢ are not comparable, then
W(p/W1)(a/W2) = W(q/W2)(p/Wh).
A tree is finite-order if:
(Def.2)  there exists n such that for every element ¢ of it holds t ~ (n) ¢ it.
We now define three new constructions. Let us consider W. A subset of W
is said to be a chain of W if:
(Def.3)  for all p, ¢ such that p € it and ¢ € it holds p and ¢ are comparable.
A subset of W is called a level of W if:
(Def.4)  there exists n such that it = {w : lenw = n}.
Let us consider w. The functor succw yielding a subset of W is defined by:
(Def.5)  succw ={w "~ (n):w "~ (n) € W}.
One can prove the following propositions:
(11)  For every level L of W holds L is an antichain of prefixes of W.
(12)  succw is an antichain of prefixes of W.

(13)  For every antichain A of prefixes of W and for every chain C' of W there
exists w such that AN C C {w}.

Let us consider W, n. The functor ny yielding a level of W is defined by:
(Def.6) nw ={w:lenw =n}.

We now state several propositions:
(14)  w " (n) € succw if and only if w ~ (n) € W.
(15) If w=e, then 1y = succw.
(16) W =U{nw}.
(17)  For every finite tree W holds W = [J{nw : n < height W}.
(18)  For every level L of W there exists n such that L = nyy.

Now we present three schemes. The scheme AuzSch concerns a tree A, and
a unary predicate P, and states that:

{w : Plw]}, where w ranges over elements of A, is a subset of A
for all values of the parameters.
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The scheme FraenkelCard concerns a non-empty set A, a set B, and a unary
functor F and states that:
{F(w) : w € B} < B, where w ranges over elements of A
for all values of the parameters.
The scheme FraenkelFinCard concerns a non-empty set A, a set B, and a
unary functor F and states that:
card{F(w) : w € B} < card B, where w ranges over elements of .4
provided the parameters meet the following requirement:
e JBis finite.
The following four propositions are true:
(19) If W is finite-order, then there exists n such that for every w holds
succ w is finite and card succw < n.

(20) If W is finite-order, then succw is finite.
(21) 0 is a chain of W.
(22)  {e} is a chain of W.
Let us consider W. A chain of W is said to be a branch of W if:

(Def.7)  for every p such that p € it holds Seg~(p) C it and for no p holds p € W
and for every ¢ such that ¢ € it holds ¢ < p.

Let us consider W. We see that the branch of W is an non-empty chain of
w

In the sequel C will be a chain of W and B will be a branch of W. The
following propositions are true:

(23) Ifwv; € C and vz € C, then vy € Seg<(v2) or vg X vy.

(24) Ifv; € C and vp € C and v = vy, then vy € Seg<(v) or v < vy.

(25) If C is finite and card C' > n, then there exists p such that p € C' and
lenp > n.

(26)  For every C holds {w: V,[p € C Aw < pl|} is a chain of W.
(27) If p<qand g€ B, then p € B.

(28) e€B.

(29) IfpeC and g€ C and lenp <leng, then p < g.

(

30)  There exists B such that C' C B.

Now we present two schemes. The scheme FuncExOfMinNat concerns a set
A, and a binary predicate P, and states that:

there exists f such that dom f = A and for every x such that = € A there
exists n such that f(z) = n and Pz, n| and for every m such that P[x, m] holds
n<m
provided the following condition is met:

e for every z such that x € A there exists n such that Plx,n].

The scheme InfiniteChain concerns a set A, a constant B, a unary predicate
P, and a binary predicate Q, and states that:

there exists f such that dom f = N and rng f C A and f(0) = B and for
every k holds Q[f(k), f(k + 1)] and P[f(k)]
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provided the parameters meet the following conditions:
e Be Aand PlB],
e for every x such that € A and P|x] there exists y such that y € A
and Q[z,y] and P[y].
The following two propositions are true:

(31)  For every tree T such that for every n there exists a chain C of T such
that C' is finite and card C' = n and for every element t of T" holds succt
is finite there exists a chain B of T such that B is not finite.

(32)  For every finite-order tree T such that for every n there exists a chain
C of T such that C is finite and card C = n there exists a chain B of T
such that B is not finite.

A function is said to be a decorated tree if:
(Def.8)  domit is a tree.

In the sequel T', T4, T5 are decorated trees. Let us consider 7. Then domT
is a tree.

Let us consider D. A decorated tree is said to be a tree decorated by D if:
(Det.9)  rngit C D.

Let D be a non-empty set, and let T" be a tree decorated by D, and let ¢ be
an element of dom7". Then T'(t) is an element of D.
One can prove the following proposition
(33) If dom7) = domT5 and for every p such that p € dom T} holds T3 (p) =
Tg(p), then T7 = T5.
Now we present two schemes. The scheme DTreeFx concerns a tree A, and
a binary predicate P, and states that:
there exists T such that domT = A and for every p such that p € A holds
Plp, T(p)]
provided the following condition is satisfied:
e for every p such that p € A there exists z such that P[p, z].
The scheme DTreeLambda deals with a tree A and a unary functor F and
states that:
there exists T such that domT = A and for every p such that p € A holds
T(p) = F(p)
for all values of the parameters.
We now define two new functors. Let us consider 7. The functor LeavesT
yielding a set is defined by:

(Def.10)  LeavesT =T ° Leaves dom T'.
Let us consider p. The functor T' | p yielding a decorated tree is defined by:
(Def.11)  dom(7' | p) = domT' | p and for every ¢ such that ¢ € domT | p holds
(TTp)a) =T~ q).
The following proposition is true
(34) IfpedomT, then rng(T | p) C rngT.
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Let us consider D, and let T" be a tree decorated by D. Then LeavesT is a
subset of D. Let p be an element of dom 7. Then 7' | p is a tree decorated by
D.

Let us consider T, p, T}. Let us assume that p € dom7". The functor T'(p/T7)
yielding a decorated tree is defined by the conditions (Def.12).

(Def.12) (i) dom(T(p/T1)) = (domT)(p/dom Ty),
(ii) for every ¢ such that
q € (domT)(p/ domT1)
holds p £ g and T'(p/T1)(q) = T'(q) or there exists r such that r € dom T}
and ¢ = p~r and T(p/T1)(q) = T1(r).

Let us consider W, x. Then W —— z is a decorated tree.

Let D be a non-empty set, and let us consider W, and let d be an element
of D. Then W —— d is a tree decorated by D.

Next we state four propositions:
(35)  If for every = such that x € D holds x is a tree, then |J D is a tree.

(36)  If for every x such that € X holds z is a function and for all f1, fs such
that f; € X and fs € X holds graph fi; C graph fs or graph fo C graph f1,
then J X is a function.

(37) If for every x such that x € D holds = is a decorated tree and for
all Ty, 15 such that 177 € D and T3 € D holds graphTy C graphTs or
graphTs C graph 77, then | D is a decorated tree.

(38)  If for every x such that x € D’ holds x is a tree decorated by D and for
all Ty, Ty such that 71 € D’ and Ty € D’ holds graphT; C graphTh or
graph Ty C graph T}, then |J D’ is a tree decorated by D.

Now we present two schemes. The scheme D TreeStructEzr deals with a non-
empty set A, an element B of A, a unary functor F yielding a set, and a function
C from [ A, N] into A and states that:

there exists a tree T' decorated by A such that T'(¢) = B and for every
element t of dom T holds succt = {t ~ (k) : k € F(T'(t))} and for all n, x such
that = T'(t) and n € F(z) holds T'(t ~ (n)) = C({x, n))
provided the following condition is satisfied:

e for every element d of A and for all kq, ks such that k; < ko and
ko € F(d) holds ky € F(d).

The scheme DTreeStructFinEzr deals with a non-empty set A, an element B
of A, a unary functor F yielding a natural number, and a function C from [ A,
N] into A and states that:

there exists a tree T' decorated by A such that T(¢) = B and for every
element ¢t of dom T holds succt = {t ~ (k) : k < F(T'(t))} and for all n, x such
that x = T'(t) and n < F(z) holds T'(t ~ (n)) = C({x, n))
for all values of the parameters.
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