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Summary. Let S be a subset of the topological Euclidean plane
E%. We say that S has Jordan’s property if there exist two non-empty,
disjoint and connected subsets G1 and G2 of 5% such that ¢ = G171 U G2
and G1 \ G1 = G2 \ G2 (see [19], [10]). The aim is to prove that the
boundaries of some special polygons in £% have this property (see Section
3). Moreover, it is proved that both the interior and the exterior of the
boundary of any rectangle in £% is open and connected.

MML Identifier: JORDAN1.

The articles [22], [24], [11], [17], [1], [4], [5], [20], [3], [16], [7], [15], [23], [18], [12],
2], [21], [14], [13], [8], [6], and [9] provide the notation and terminology for this
paper.

1. SELECTED THEOREMS ON CONNECTED SPACES

In the sequel G1, G are topological spaces and A is a subset of G1. The following
propositions are true:

(1) If A#0, then the carrier of G; | A = A.
(2)  For every topological space G if for every points x, y of G there exists
G5 such that G9 is connected and there exists a map f from G5 into

(1 such that f is continuous and = € rng f and y € rng f, then G is
connected.

The following propositions are true:

!The article was written during my visit at Shinshu University in 1992.
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(3) For every topological space G if for all points x, y of G such that
x # y there exists a map h from [ into GG such that h is continuous and
x = h(0) and y = h(1), then G; is connected.

(4) Let A be a subset of Gy. Then if A # (g, and for all points z1, y; of
(1 such that z1 € A and y; € A and x1 # y; there exists a map h from I
into G1 | A such that h is continuous and x; = h(0) and y; = h(1), then
A is connected.

(5)  For every G; and for every subset Ay of G; and for every subset A; of
G such that Ag is connected and A; is connected and AgN Ay # 0 holds
Ap U Aq is connected.

(6) For every GG; and for all subsets Ay, Ay, Ay of Gy such that Ay is
connected and A; is connected and As is connected and Ay N Ay # () and
A1 N Ay # 0 holds Ag U A1 U As is connected.

(7)  For every G and for all subsets Ag, A1, A2, A3 of Gy such that Ay is
connected and A; is connected and Ag is connected and As is connected
and AgNA; # 0 and A; N A #* () and As N As =+ 0 holds AgU A; UAsU As

is connected.

2. CERTAIN CONNECTED AND OPEN SUBSETS IN THE EUCLIDEAN PLANE

We follow a convention: P, Q, Py, P» denote subsets of £% and wj, wy denote
points of 2. One can prove the following proposition

(8)  For every P such that P # @5% and for all wq, ws such that wy € P and
wg € P and wy # ws holds L(wy,ws) C P holds P is connected.
We adopt the following rules: pi, po will be points of 5% and si, t1, s9, to, s,
t, s3, t3, S4, t4, S5, ts, Sg, tg, [, S7, t7 will be real numbers. Next we state two
propositions:
(9) Ifs;<sgand sy <sgand 0 <landl <1, then sy < (1—1)-s3+1-s4.
(10) Ifsz<siand sy <syand0<land! <1, then (1—-1)-s3+1-54 < 57.
In the sequel sg, tg denote real numbers. The following propositions are true:
(11) {[S,t] 1851 <SANs<soNt <tEANT L tQ} = {[83,t3] 181 < 83} ﬂ{[54,
t4] 184 < 82} N {[S5,t5] 1 < t5} N {[86,t6] 1t < tg}.
(12) {[S,t] : —|(81 <sAs<soNt <tAtLZ tg)} = {[Sg,tg] 183 < 81} U {[84,
t4] 1ty < tl} U {[S5,t5] 189 < 85} @) {[86,t6] 1l < tﬁ}.
(13)  For all sy, t1, so, ta, P such that s; < sp and t; < t9 and P = {[s,
t]:s1 <sANs<syAtp <tAt<ty} holds P is connected.

(14)  For all sy, P such that P = {[s,t] : s; < s} holds P is connected.
(15)  For all sg, P such that P = {[s,t] : s < so} holds P is connected.
(16)  For all ¢;, P such that P = {[s,t] : t; < t} holds P is connected.
(17)  For all to, P such that P = {[s,t] : t < to} holds P is connected.
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(18)  For all sy, t1, S2, t2, P such that P = {[s,t] : =(s1 < sAs<syAt; <
t At <t9)} holds P is connected.

(19)  For all s1, P such that P = {[s,t] : s1 < s} holds P is open.

(20)  For all s1, P such that P = {[s,t] : s1 > s} holds P is open.

(21)  For all s1, P such that P = {[s,t] : s; <t} holds P is open.

(22)  For all s1, P such that P = {[s,t] : s1 > t} holds P is open.

(23)  For all sy, t1, s9, ta, P such that P = {[s,t] : s1 < sAs < saAt1 <

t At <t} holds P is open.

(24)  For all s1, t1, so, ta, P such that P = {[s,t] : =(s1 < sAs<saAt; <
t ANt <t9)} holds P is open.

(25)  Given 1, t1, S92, ta, P, Q. Suppose P = {[s7,t7] : 81 < s7As7 < saAt1 <
tr Atr < ta} and Q = {[ss, ts] : ~(s1 < 55 A sg < s9 ANty <ty Aty < ta)}.
Then PN Q = @g%.

(26)  For all real numbers s1, Sa, t1, t2 holds {p : s1 < p1 Ap1 < sa At1 <
p2 A\ pa < tg} = {[S7,t7] 181 < ST AST < S9Nt <ty Nip < tg}, where p
ranges over points of £2.

(27)  For all s1, s9, t1, t2 holds {q1 : =(s1 < q11 Aq11 < saAt1 < q1a Aqig <
to)} = {[ss,ts] : 7(s1 < sgAsg < saAty <tgAtg <tg)}, where g ranges
over points of E%.

(28)  For all s1, s, t1, ta holds {po : 51 < po1APo1 < S2At1 < PogApog < ta},
where pg ranges over points of S%, is a subset of E%.

(29)  For all sy, so, t1, to holds {ps : =(s1 < p3g Aps1 < saAt1 < p3g Apsg <
t2)}, where ps ranges over points of 5%, is a subset of 5%.

(30)  For all sy, t1, so, ta, P such that s; < sy and t; < t3 and P = {pg :
81 < po1 Apo1 < sa/At1 < pog Apog < tg}, where pg ranges over points of
5% holds P is connected.

(31)  For all sy, t1, Sa, ta, P such that P = {ps : =(s1 < p3g Aps1 < saAtg <
p3o Ap3g < t2)}, where ps ranges over points of S% holds P is connected.

(32)  For all s1, t1, s2, to, P such that P = {pg: s1 < po1 Apo1 < s2 At1 <
Po2 A poa < to}, where py ranges over points of 5% holds P is open.

(33)  For all sy, t1, sa, ta, P such that P = {ps : =(s1 < p3g Aps1 < saAty <
p3a A psg < to)}, where ps ranges over points of S% holds P is open.

(34)  Given sy, t1, so, ta, P, Q. Suppose P ={p:s1 <p1 Ap1 < sa /At <
p2 A p2 < ta}, where p ranges over points of €% and Q = {q1 : ~(s1 <
11 AN qi1 < s2 Aty < qig A qig < ta)}, where g1 ranges over points of 8%.
Then PN Q = @g%.

(35)  Given s1, t1, so, ta, P, Py, P5. Suppose that

(i) S1 < 89,
(ii) t1 < ta,
(ili) P={p:p1=s1Ap2<taAp2>t1 V p1 <s2Ap1 >s1/Ap2=
t2 V p1 <saAp1 >siApa=t1 V p1=s3Ap2 <tz Apz>t1}, where
p ranges over points of 5%,
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(iv) P ={p1:s1 <pi1 Ap11 < s2 Aty < pig Apig < ta}, where p; ranges
over points of 5%,
(v) Py ={p2:—(s1 < p21 Ap21 < sa At1 < pag Apag < t2)}, where py
ranges over points of 5%.
Then
(Vi) PC=P UP,,
(vii)  P¢#0,
(viii) P NP =0,
(ix) for all subsets P3, Py of (€2) 1 P° such that Py = P; and Py = P» holds
Py is a component of (£2) | P¢ and Py is a component of (£2) [ P°.
(36) Given sy, t1, so, ta, P, Py, P;. Suppose that
(i) S1 < 89,
(ii) t1 < tg,
(ili) P={p:pr=s1Apz<taApa>ti V p1 <s2Ap12>s1Apy=
ta V p1 <s2Ap1=s1iApg=t1 V p1=s2/Apz <laApz >t1}, where
p ranges over points of 5%,
(iv)  Pr={p1:s1 <pi1 Ap11 < S2At1 < pig Apig < ta}, where p; ranges
over points of E%,
(v) Py ={p2:(s1 < pag Apa1 < 52 At < pag Apag < ta)}, where po
ranges over points of £3.
Then P=P;\ P and P = P, \ P».
(37)  Given sy, S, t1, ta, P, P;. Suppose that
(i) S1 < 89,
(ii) t1 < tg,
(ili) P={p:pr=s1Apa<taApa>t V p1 <s2Ap1>s1Apy=
ta V p1 <s2Ap1=s1Apg=t1 V p1=s2/Apz <ty Apg >t1}, where
p ranges over points of 5%,
(iv)  Pr={p1:s1 <pi1 Ap11 < S2/At1 < pig Apig < ta}, where p; ranges
over points of E%.
Then P1 g Q(g%)rpo.

(38)  Given s1, s9, t1, ta, P, P;. Suppose that
(i) 81 < 89,
(i) ¢ <to,
(i) P={p:pr=s1Apa<taApz>t1 V p1 <saAp1>s1Ap2=
ta V p1 <s2Ap1>s1Apz=t1 V p1 =s2Apz <taApg >t1}, where
p ranges over points of £3,
(iv) P ={p1:s1 <pi1 Api1 < s2 /Aty < pig Apig < ta}, where p; ranges
over points of 5%.
Then P is a subset of (£2) | P°.
(39)  Given s1, s9, t1, ta, P, P5. Suppose that
(i) S1 < 89,
(i) t1 <to,
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(i) P={p:p1=s1Ap2<taApz >t V p1 <saAp1 >s1Ap2 =
ta V p1 <s2Ap1=s1Apg=t1 V p1=s2Apz <laApg =11}, where
p ranges over points of 5%,

(iv) Py = {p2: (51 < p21 Ap21 < s2 Aty < pag Apag < t2)}, where po
ranges over points of £3.
Then P2 - Q(c‘:%)fpc’

(40)  Given s1, sg, t1, t2, P, P,. Suppose that

(i) 81 < 89,

(i) # < to,

(i) P={p:pr=s1Ap2<taApz >t V p1 <saAp1>s1Ap2=
ty V p1 <saAp1>s1Apz=1t1 V p1 =52 Apa <laApg >t1}, where
p ranges over points of S%,

(iv)  P={p2: (51 < pag Apa1 < s2 Aty < pag Apag < ta)}, where pa
ranges over points of 5%.
Then P is a subset of (£2) [ P°.

3. JORDAN’S PROPERTY

In the sequel S, Ay, As will be subsets of 8%. Let us consider S. We say that S
has Jordan’s property if and only if the conditions (Def.1) is satisfied.
(Def.1) (i) S¢# 0,
(ii)  there exist Ay, Ay such that S¢ = A; U A and Ay N Ay = 0 and
A;\ Ay = Ay \ Ay and for all subsets Cy, Cy of (£2) | S© such that
C1 = Ay and Cy = Ay holds C is a component of (5%) [ 8¢ and Oy is a
component of (E2) | SC.

The following propositions are true:

(41)  Suppose S has Jordan’s property. Then

(i) S°#0,

(ii)  there exist subsets Aj, Ay of 5% and there exist subsets C7, Cy of
(5%) IS¢ such that S = AU Ay and AjN Ay =0 and A1\ A] = Ay \ Ay
and C1 = A1 and Cy = Ay and C is a component of (5%) I 'S¢ and Cs is
a component of (£2) | S¢ and for every subset C3 of (£2) | S¢ such that
Cs is a component of (£2) I S¢ holds C3 = Cy or C3 = Cs.

(42)  Given s1, s9, t1, t2, P. Suppose that

(i) S1 < 89,

(i) t < to,

(i) P={p:pr=s1Apa<taAp2>t1 V p1 <saAp1>s1Ap2=
ta V p1 <s2Ap1>siApz=t1 V p1 =s2Ap2 <taApz >t1}, where
p ranges over points of S%.

Then P has Jordan’s property.
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