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Summary. An introduction to the rearrangement theory for finite
functions (e.g. with the finite domain and codomain). The notion of
generators and cogenerators of finite sets (equivalent to the order in the
language of finite sequences) has been defined. The notion of rearrange-
ment for a function into finite set is presented. Some basic properties of
these notions have been proved.

MML Identifier: REARRAN1.

The terminology and notation used here are introduced in the following articles:

[15], [5], (3], [1], [8], [10}, [2], [16], [6], [4], [7], [12], [13], [9], [11], and [14].

Let D be a non empty set, let F be a partial function from D to R, and let
7 be a real number. Then r F is an element of D5R.
A finite sequence has cardinality by index if:

(Def.1)  For every n such that 1 < n and n <lenit holds cardit(n) = n.
A finite sequence is ascending if:
(Def.2)  For every n such that 1 < n and n < lenit — 1 holds it(n) C it(n + 1).
Let X be a set. A finite sequence of elements of X has length by cardinality

if:
(Def.3) lenit = card|J X.

Let D be a non empty finite set. Note that there exists a finite sequence of
elements of 2 which is ascendmg and has cardinality by index and length by
cardinality. '

Let D be a non empty finite set. A rearrangement generator of D is an
ascending finite sequence of elements of 2P with cardinality by index and length
by cardinality. e

One can prove the following propositions:
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(1) For every finite sequence a of elements of 2D holds @ has length by
cardinality iff len a = card D.
(2) Let a be a finite sequence. Then a is ascending if and only if for all n,
m such that n < m and n € doma and m € doma holds a(n) C a(m).
(3) For every finite sequence a of elements of 2D with cardinality by index
and length by cardinality holds a(lena) =
i+ (4) For every finite sequence a of elements of 2P with length by cardinality
e holds lena # 0.
A‘: (5) Let a be an ascending finite sequence of elements of 2D with cardinality
by index and given n, m. If n € doma and m € doma and n # m, then
a(n) # a(m).
(6) Let a be an ascending finite sequence of elements of 2 with cardinality
by index and given n. If 1 < n and n <lena — 1, then a(n) # a(n + 1).
(7)  For every finite sequence a of elements of 2D with cardinality by index
such that n € doma holds a(n) # 0.
(8) Let a be a finite sequence of elements of 20 with cardinality by index.
If1 <nandn <lena— 1, then a(n+ 1)\ a(n) # 0.
(9) Let a be a finite sequence of elements of 2D with cardinality by index
and length by cardinality. Then there exists an element d of D such that
a(1) = {d}.
" (10)  Let a be an ascending finite sequence of elements of 20 with cardinality
by index. Suppose 1 < n and n < lena — 1. Then there exists an element
d of D such that a(n + 1)\ a(n) = {d} and a(n + 1) = a(n) U {d} and
a(n+1)\ {d} = a(n).
. Let D be a non empty finite set and let A be a rearrangement generator of
D. The functor co-Gen(A) yielding a rearrangement generator of D is defined

(Def.4) For every m such that 1 < m and m < lenco-Gen(A) — 1 holds
(co-Gen(A))(m) = D\ A(len A — m).
One can prove the following two propositions:
(11)  For every rearrangement generator A of D holds co-Gen(co-Gen(A)) = -
A

(12) Let F be a partial function from D to R and let A be a rear-
1 rangement generator of C. If F is total and cardC = card D, then
: len MIM(FinS(F, D)) = len CHI(A4, C).

Let D, C be non empty finite set, let A be a rearrangement generator of C,
and let F be a partial function from D to R. The functor F} yields a partial
function from C to R and is defined by:

(Def.5) Fp = S (MIM(FinS(F, D)) CHI(4, C)).
The functor FY yields a partial function from € to.R"and is defined as follows
(Def.6) FY = > (MIM(FinS(F, D)) CHI(co- Gen(A),C)).

Next we state a number of propositions:
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(13) Let F be a partial function from D to R and let A be a rearrangement
generator of C'. If F is total and card C = card D, then dom F% = C.

(14)  Let c be an element of C, and let F be a partial function from D to
R, and let A be a rearrangement generator of C. Suppose F is total and
card C' = card D. Then

(i) ife€ A(1), then (MIM(FinS(F, D)) CHI(A, C))#c = MIM(FinS(F, D)),
and

(ii) for every n such that 1 < n and n < lenA and ¢ € A(n + 1) \ A(n)
holds (MIM(FinS(F, D)) CHI(4,C))#c = (n > (0 qua real number))
~“MIM((FinS(F, D)),n).

(15) Let ¢ be an element of C, and let F' be a partial function from D to
R, and let A be a rearrangement generator of C'. Suppose F is total and
cardC' = card D. Then if ¢ € A(1), then (F})(c) = (FinS(F, D))(1) and
for every n such that 1 <n and n <len A and ¢ € A(n + 1) \ A(n) holds
(F4)(c) = (FinS(F, D))(n+ 1).

(16) Let F be a partial function from D to R and let A be a Tearrange-
ment generator of C'. If F is total and card C = card D, then rng F} =
rng FinS(F, D).

(17)  Let F be a partial function from D to R and let A be a rearrangement
generator of C. Suppose F is total and card C = card D. Then F} and
FinS(F, D) are fiberwise equipotent. '

(18)  Let F be a partial function from D to R and let A be a rearrangement
generator of C. If F' is total and card C' = card D, then FinS(F},C) =
FinS(F, D).

(19) Let F be a partial function from D to R and let A be a rearrangement

generator of C. If F is total and card C = card D, then Y"¢ , F{ (k) =
o F(). |

(20) Let F be a partial function from D to R and let A be a rearrangement
generator of C'. If F is total and cardC' = card D, then FinS((F}) —
r,C) = FinS(F — r,D) and 37 (F4) - 7)(k) = S o(F — r)(x).

(21) Let F be a partial function from D to R and let A be a rearrangement
generator of C'. If F is total and card C = card D, then dom FY = C.

(22) Let ¢ be an element of C, and let F be a partial function from
D to R, and let A be a rearrangement generator of C. Suppose
F is tota,l and cardC = card D. Then if ¢ € (co-Gen(A4))(1), then
(FY)(¢) = (FinS(F, D))(l) and for every n such that 1 < n and
n < lenco-Gen(A4) and ¢ € (co-Gen(A))(n + 1) \ (co- Gen(A))(n) holds
(FY)(c) = (FinS(F, D))(n + 1).

(23) Let F be a partial function from D to R and let A be ‘a rearrange-
ament generator of C. If F'is total and card C = card D, then rng | FY =
tng FinS(F, D). . :

(24)  Let F be a partial function from D to IR and let A be a rearrangement
generator of C'. Suppose F is total and cardC' = card D.. Then FY and
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FinS(F, D) are fiberwise equipotent.

(25) Let F be a partial function from D to R and let A be a rearrangement
generator of C. If F is total and card C = card D, then FinS(FY,C) =
FinS(F, D).

(26) Let F be a partial function from D to R and let A be a rearrangement
generator of C. If F is total and card C = card D, then Y°9_o FY(x) =

Kr—O F(H)

i ‘?.*‘(”27) Let F be a partial function from D to R and let A be a rearrangement

generator of C. If F is total and card C = card D, then FinS((FY) —
r,C) = FinS(F - r, D) and Too((FY) = 7)(K) = Tzo(F — r)(k)-

"~ (28) Let F be a partial function from D to R and let A be a rearrange-

ment generator of C. Suppose F is total and cardC = card D. Then
FY and F} are fiberwise equipotent and FinS(F},C) = FinS(F7,C) and

Zg=0 FX(K’) = ES:O FA\(K)

(29) Let F be a partial function from D to R and let A be a re-

arrangement generator of C. Suppose F is total and cardC =
card D. Then max;((F}) — r) and max,(F — r) are fiberwise equipo-
tent and FinS(maxy((F3) — r) C) = FinS(max;(F — r),D) and
30 maxs (FR) — r)(%) = 2 maxs (F = r)(x).
(30) Let F be a partial functlon from D to R and let A be a te-
arrangement generator of C. Suppose F is total and cardC =

- card D. Then max_((F}) — r) and max_(F — r) are fiberwise equipo-
tent and FinS(max_((F}) — r),C) = FinS(max_(F' — r),D) and
S iomax_((F}) — r)(k) = Lo max_(F = r)(k).

(31) Let F be a partial function from D to R and let A be a rearrangement

" generator of C. If F is total and card D = card C, then len FinS(F},C) =
card C' and 1 < len FinS(F%,C).

(32) Let F bea part1a1 function from D to R and let A be a rearrangement
generator of C. If F is total and card D = card C' and n € dom A, then
FinS(F%,C) I n = FinS(F}, A(n)).

(33)  Let F be a partial function from D to R and let A be a rearrangement
generator of C. If F is total and card D = card C, then (F—r)} = (F7)—

(34) Let F be a partial function from D to R and let A be a re-
arrangement generator of C. Suppose F is total and cardC =
card D. Then max,((FY) — r) and max,(F — r) are fiberwise equipo-
tent and FinS(max;((FY) — r),C) = FinS(maxy(F — r),D) and

30 gmaxy ((F) - 1)(x) = 2 max, (F - r)(x).

(35) Let F be a partial function from D to R and let A be a re-
arrangement generator of C. Suppose F is total and cardC =
card D. Then max_((FY) — r) and max_(F — r) are fiberwise equipo-
tent and FinS(max_((FY) — r),C) = FinS(max_(F - r), D) and
5o max_((FY) - )(K) = Lpeo max—(F — r)().
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(36) Let F be a partial function from D to R and let A be a rearrangement
generator of C. If F'is total and card D = card C, then len FinS(FY,C) =
card C. and 1 < len FinS(FY,C).

(37) Let F be a partial functlon from D to R and let A be a rearrangement
generator of C. If F is total and card D = card C and n € dom 4, then
FinS(FY,C) I n = FinS(FY, (co-Gen(A4))(n)).

(38) Let F be a partial function from D to R and let A be a rearrangement
generator of C. If F'is total and card D = card C, then (F—r)Y% = (FY)-r.

(39), Let F be a partial function from D to R and let A be a rearrangement
generator of C'. Suppose F is total and card D = card C. Then F} and
F are fiberwise equipotent and F) and F are fiberwise equipotent and
g F} = rng F and g F} = rng F.
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