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Summary. Let X be a topological space and let D be a subset of
X. D is said to be discrete provided for every subset A of X such that
A C D there is an open subset G of X such that A = Dn G (comp. e.g.,
[7]). A discrete subset M of X is said to be mazimal discrete provided for
every discrete subset D of X if M C D then M = D. A subspace of X
is discrete (mazimal discrete) iff its carrier is discrete (maximal discrete)
in X. :

Our purpose is to list a number of properties of discrete and maximal
discrete sets in Mizar formalism. In particular, we show here that if D
is.dense and discrete then D is mazimal discrete; moreover, if D is open
and marimal discrete then D is dense. We discuss also the problem of
the existence of maximal discrete subsets in a topological space.

To present the main results we first recall a definition of a class of
topological spaces considered herein. A topological space X is called al-
most discrete if every open subset of X is closed; equivalently, if every
closed subset of X is open. Such spaces were investigated in Mizar for-
malism in [4] and [5]. We show here that every almost discrete space
contains a mazimal discrete subspace and every such subspace is a retract
of the enveloping space. Moreover, if Xo is a maximal discrete subspace
of an almost discrete space X andr: X — Xy is a continuous retraction,
then r~1(z) = {z} for every point z of X belonging to Xo. This fact is
a specialization, in the case of almost discrete spaces, of the theorem of
M.H. Stone that every topological space can be made into a Tp-space by
suitable identification of points (see [9]).
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The terminology and notation used in this paper are introduced in the following
papers: [13], [14], [10], [2], [3], [12], (1], [8], [15], [11], [4], and [6].
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1. PROPER SUBSETS OF 1-SORTED STRUCTURES

A non empty set is trivial if:
‘(Def.1) There exists an element s of it such that it = {s}.
.1, . Let us note that there exists a non empty set which is trivial and there exists
" a non empty set which is non trivial.
" - Next we state four propositions:
" (1) = For every non empty set A and for every trivial non empty set B such
' that A C B holds 4 = B.
(2) For every trivial non empty set A and for every set B such that AN B
is non empty holds A C B.
. (3) For every l-sorted structure Y holds Y is trivial iff the carrier of ¥ is
trivial.
(4) Let Yo, Y1 be 1l-sorted structures. Suppose the carrier of Yo = the
carrier of Y;. If Yy is trivial, then Y7 is trivial.

Let S be a set. An element of S is proper if:
(Def.2) Tt #US.

Let S be a set. Observe that there exists a subset of S which is non proper.
Next we state the proposition

(5) For every set S and for every subset A of S holds A is proper iff A # 5.

Let S be a non empty set. Observe that every subset of § which is non
proper is also non empty and every subset of § which is empty is also proper.

Let S be a trivial non empty set. Observe that every subset of S which
is proper is also empty and every subset of S which is non empty is also non
‘proper. k :
Let S be a non empty set. One can check that there exists a subset of 5
which is proper and there exists a subset of .§ which is non proper.

Let S be a non empty set and let y be an element of S. Then {y} is a non
empty subset of 5.

Let S be a non empty set. Observe that there exists a non empty subset of
S which is trivial.

Let S be a non empty set'and let y be an element of . T hen {y} is a trivial
non empty subset of §.

We now state two propositions:

(6) For every non empty set S and for every element y. of S such that {y}
is proper holds S is non trivial.
(7) For every non trivial non empty set S and for every element y of S
holds {y} is proper.
Let S be a trivial non empty set. Note that every non empty subset of 5 is
non proper and every non empty subset of § which is non proper is also trivial:































