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Summary. We will introduce four homeomorphisms (Fan morphisms)
which give spoke-like distortion to the plane. They do not change the norms of
vectors and preserve halfplanes invariant. These morphisms are used to regulate
placement of points on the circle.
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The articles [14], [18], [5], [7], [1], [2], [11], [12], [10], [3], [13], [4], [9], [19], [16],
[17], [15], [8], and [6] provide the notation and terminology for this paper.

1. Preliminaries

In this paper x, a denote real numbers andp, q denote points of E%.
The following propositions are true:

(1) If jxj<a; then a<x andx<a:

(2) Ifa- Oand(x a) (x+a)< 0;then a<x andx<a:

(3) For every real numbers; suchthat 1<sjiands;< l1holdsl+s;>0
andl s;1>0:

(4) For every real number a such that a> = 1 holds 1- aanda- 1:

(5) For every real number a such that a> < 1 holds 1<a anda< 1

(6) Let X be a non empty topological structure, g be a map from X into
R B be a subset ofX, and a be a real number. If g is continuous and
B = fp; p ranges over points ofX : Y49 > ag, then B is open.

(7) Let X be a non empty topological structure, g be a map from X into
R, B be a subset ofX, and a be a real number. If g is continuous and
B = fp; p ranges over points ofX : ¥g < ag; then B is open.
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8) Let f be a map fromE2 into E2. Suppose that
p T T pp
f is continuous and one-to-one,

mg f =- g; and
for every point p, of E% there exists a non empty compact subseK
f K and there exists a subsetV, of E2 such that

K andf (p2) 2 Va:

(i)
(ii)
(iii)
of E2 such that K
p2 2 V» and Vs is open andV,
Then f is a homeomorphism.
(9) Let X be a non empty topological spacef 1, f > be maps fromX into R,
and a, b be real numbers. Supposé ; is continuous andf, is continuous
and b6 0 and for every point g of X holdsf,(qg) 6 0: Then there exists a

1

map g from X into R! such that

for every point p of X and for all real numbersrq, ro suchthatf(p) = r1
-+ a

2__-and

(i)
and f,(p) = r2 holds g(p) = %5
(i)  gis continuous.
(10) Let X be a non empty topological spacef 1, f > be maps fromX into R,
and a, b be real numbers. Supposé 1 is continuous andf, is continuous
and b6 0 and for every point g of X holds f,(qg) 6 0: Then there exists a

ri

o 2.
:and

map g from X into R! such that
for every point p of X and for all real numbersrq, ro suchthatfq(p) = r1

(i)
and f,(p) = rz holdsg(p) = r2 %
(i) g is continuous.
(11) Let X be a non empty topological space and; be a map from X into
R®. Supposef is continuous. Then there exists a mapg from X into R*
such that for every point p of X and for every real numberr; such that

f1(p) = r1 holds g(p) = r1? and g is continuous.
(12) Let X be a non empty topological space and; be a map from X into
R!. Supposef; is continuous. Then there exists a mapg from X into R*

such that for every point p of X and for every real numberr; such that

f1(p) = r1 holds g(p) = jri1j and g is continuous.

(13) Let X be a non empty topological space and 1 be a map from X into

R®. Supposef; is continuous. Then there exists a mapg from X into R!

such that for every point p of X and for every real humberr; such that
ri and g is continuous.

f1(p) = r1 holds g(p) =
(14) Let X be a non empty topological spacef 1, f » be maps fromX into R,
and a, b be real numbers. Supposé ; is continuous andf, is continuous
and b6 0 and for every point g of X holdsf,(qg) 6 0: Then there exists a

map g from X into R! such that

(i) forevery point pof X and for allreal numbersry, rz such thatf1(p) = r1
1

and fo(p) = r2 holdsg(p) = r2 j1 ('Z—ba)zj; and
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(i)  gis continuous.

(15) Let X be a non empty topological spacef 1, f > be maps fromX into R?,
and a, b be real numbers. Supposé ; is continuous andf, is continuous
and b6 0 and for every point g of X holds f,(qg) 6 0: Then there exists a
map g from X into R! such that

(i) forevery point pof X and for all real numbersry, rp such thatf1(p) = r1
r
andfo(p)= ro holdsg(p)=r, |1 (rz—ba)zj; and
(i)  gis continuous.
Let n be a natural number. The functor n NormF yields a function from the
carrier of E} into the carrier of R and is de ned by:

(Def. 1) For every point g of E{ holds n NormF(q) = jq:
Next we state several propositions:

(16) For every natural number n holds dom(n NormF) = the carrier of Ef
and dom(n NormF) = R":

(18)' For every natural number n and for all points p, g of ET holdsjjpj j gj-
ip g

(19) For every natural number n and for every mapf from E} into R! such
that f = nNormF holds f is continuous.

(20) Let n be a natural number, K be a subset ofE?, and f be a map from
(EMK into RL. If for every point p of (E!)*K o holdsf (p) = n NormF(p);
then f is continuous.

(21) Let n be a natural number, p be a point of E", r be a real number, and
B be a subset ofE]. If B = Ball(p;r); then B is Bounded and closed.

(22) For every point p of E?2 and for every real numberr and for every subset
B of E? such that B = Ball(p; r) holds B is compact.

2. Fan Morphism for West

Let s be a real number and letq be a point of E2. The functor FanW (s; g)
yields a point of E% agd is de nred as follows:

VA 2 g
S0 1 (B2 E g sada<o

idj
(Def. 2) FanW(si= _ = @ g @ g
Fid [ 1 (BB EpifE<sandq <O
g; otherwise.

Let s be a real number. The functor s-FanMorphW yields a function from
the carrier of E2 into the carrier of E2 and is de ned by:

1The proposition (17) has been removed.
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(Def. 3) For every point q of ET2 holds s-FanMorphW (g) = FanW (s; g):
Next we state a number of propositions:
(23) Let s1 be a real number. Then

a
@ if .qi. - spand g < O; then s; -FanMorphW (@) = [jqj 1 %)2;
Lz
JCI] JQJ ] and

1 s1

@iy if o - O;then s;-FanMorphW (q) = q:
(24) For every real number s% such that £ - s; and ¢ < 0 holds

19
. &2 2 5
s1-FanMorphW (g) = [jqj 1 (8 h2g W

(25) Let s1 be a real number such that 1<s; ands; < 1. Then
(i) rif G- siandq —~ 0andq6 Og; then sy -FanMorphW () = [jq

i
a2 a2
l llil o )Z,JQJ JQJ ] and
(ii) |f % = s; and gq - 0 and q 6 OE%; then s; -FanMorphW () = [jq
dz. R g
L (zid B

(26) Let s; be a real number,K 1 be a non empty subset ofE2, and f be a
map from (E2)'K ; into RY. Suppose that
(i) 1<sy;
(i) s1<1;
(i)~ for everyppomt p of E2 such that p 2 the carrier of (E2)!K holds

f(p)=jpi 2 and
(iv) for every pomt q of E2 such that g 2 the carrier of (E2)*K 1 holds g, = 0
and g8 Ogz:
Then f is continuous.
(27) Let s; be a real number,K 1 be a non empty subset ofE2, and f be a
map from (E2)1K ; into RY. Suppose that
(i) 1<sy
(i) s1<1;
(iiiy ~ for everypzpoint p of B2 such that p 2 the carrier of (E2)*K holds
f(p)=ipj ‘g and
(iv) for every point g of E% such that q 2 the carrier of (E%)lK 1 holdsqp = O
and g6 Og:
Then f is continuous.
(28) Let s; be a real number,K 1 be a non empty subset ofE2, and f be a
map from (E2)'K ; into R!. Suppose that
() 1<sy
(i) s<1
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(i)~ for every point p of Ef such that p 2 the carrier of (Ef)*K1 holds
f@=ip 1 (327 and
(iv) for every point qof ET2 such that q 2 the carrier of (E2)1K 1 holds gy = O
andj%— s; and 6 Og::
Then f is continuous.
(29) Let s; be a real number,K 1 be a non empty subset ofE2, and f be a
map from (E2)*K ; into RY. Suppose that
(i) 1<sy;
(i) s1<1;
(i)  for every point p of ET2 such that p 2 the carrier of (E%)lKl holds
P2
f(p) = ipi 1 ‘ELS ©)?2; and
(iv) for every point qof E% such that g 2 the carrier of (E%)lKl holdsgy - O
and% -5 anquOE%:
Then f is continuous.

(30) Let s; be a real number, Ko, Bg be subsets ofE2, and f be a
map from (E2)*K, into (E2)'Bo: Suppose 1 < s; ands; < 1 and
f = si;-FanMorphW 1Ky and By = fq;q ranges over points of E%:
qp -0~ qGOEzgandKo— fp: ﬁ' S M pp-~ 0N peoE%g:
Then f is continuous.

(31) Let s; be a real number, Ko, Bg be subsets ofE%, and f be a
map from (E2)!Ko into (E2)Bo: Suppose 1 < s; and s; < 1 and
f = s;-FanMorphW Ko and Bo = fg;q ranges over points of E2:
q - 0" qsoEzgandKo— fp: ﬁ_' s N ppo 0N pSOE%g:
Then f is continuous.

(32) For every real numbers; and for every subsetK 3 of ET2 such that K3 =
fp:p2- s1 jpj » p1— Og holds K 3 is closed.

(33) For every real numbers; and for every subsetK 3 of ET2 such that K3 =
fp:p2—-s1 jpi » p1 - Og holds K3 is closed.

(34) Let s; be a real number, Ko, Bg be subsets ofE2, and f be a
map from (E2)*K, into (E2)Bo: Suppose 1 < s; ands; < 1 and
f = s;-FanMorphW 1Ko and Bg = (the carrier of E%) n fOE%g and
Ko=fp:pr- 0~ p&OE%g: Then f is continuous.

(35) Let s; be a real number, Ko, Bg be subsets ofE%, and f be a
map from (E2)*Kg into (E2)'Bo: Suppose 1 < s; ands; < 1 and
f = s;-FanMorphW Ko and Bg = (the carrier of E2) n fOE%g and
Ko=fp:pr- 07 pGOE%g: Then f is continuous.

(36) Let Bg be a subset ofE2 and Ko be a subset of(E2)!Bo: SupposeBg =
(the carrier of ET2) nfOE%g andKo=fp:pp- 0" p6 OE%g: Then Ko is
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closed.

(37) Let sy be areal number,Bg be a subset o2, K o be a subset of E2)*By;
and f be a map from (E2)!BoK, into (E2):Bo: Suppose 1 < s; and
s1< landf = s;-FanMorphW 1K and By = (the carrier of ETZ) n fOE%g
andKo=fp:pr- 0" pé6 OE% g: Then f is continuous.

(38) Let Bg be a subset of£2 and Ko be a subset of(E2)1Bo: SupposeBg =
(the carrier of ETZ) nfOE%g andKgo=fp:p1- 0" pé6 OE%g: Then Kg is
closed.

(39) Let s; be areal number,Bg be a subset ofE2, K g be a subset of E2)1By;
and f be a map from (E2)!BoKg into (E2):Bo: Suppose 1 < s; and
sy < landf = s;-FanMorphW 1Ky and By = (the carrier of E%) n fOEgg
andKo=fp:p1- 0" pé OE% g: Then f is continuous.

(40) For every real number s; and for every point p of E2 holds
js1-FanMorphW (p)j = jpj:

(41) For every real number s; and for all sets x, Ko such that 1 < s
ands; < landx 2 Kgand Kg = fp:pp - 0 7 pQOE%ghoIds
s1 -FanMorphW (x) 2 Ko:

(42) For every real number s; and for all sets x, Ko such that 1 < s;
ands; < landx 2 Kgand Kg = fp:pp - 0 7 p@OE%ghoIds
s1 -FanMorphW (x) 2 Ko:

(43) Let s; be a real number andD be a non empty subset ofE%. Suppose

l<s;ands; < 1and D€ = fOE$ g: Then there exists a maph from
(E2)1D into (E2)!D suchthath = s; -FanMorphW D and h is continuous.

(44) Let s; be a real number. Suppose 1 < s; and s; < 1. Then there
exists a maph from E2 into E2 such that h = s; -FanMorphW and h is
continuous.

(45) For every real number s; such that 1 < s; and s; < 1 holds
s1 -FanMorphW is one-to-one.

(46) For every real number s; such that 1 < s; and s; < 1 holds
s1 -FanMorphW is a map from E% into E% and rng(s; -FanMorphW) = the
carrier of E2.

(47) Let s; be a real number andp, be a point of E%. Suppose 1< s;
and s; < 1: Then there exists a non empty compact subseK of E% such
that K = s;-FanMorphW K and there exists a subsed/, of ET2 such that
p2 2 Vo and V; is open andV, K and s; -FanMorphW (pz) 2 Va:

(48) Let s; be a real number. Suppose 1 < s; and s; < 1. Then there
exists a mapf from E? into EZ such that f = s; -FanMorphW and f is a
homeomorphism.

(49) Let s; be a real number andq be a point of E%. Suppose 1 < s
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ands; < land g < 0 and j% - s;: Let p be a point of ETZ. If p=
s1 -FanMorphW (q); then py < Oand p, - O:

(50) Let s; be a real number andq be a point of E2. Suppose 1 < s
and s; < 1land g < 0 and j% < sj: Let p be a point of E2. If p =
s; -FanMorphW (q); then p; < O and p2 < O:

(51) Let s; be a real number andg;, g be points of E%. Suppose 1< s3

ands; < 1and (o)1 < 0 and (Jqé)f - sy and ()1 < O and (?52)12 - s; and

@)z o ()2 ot p), p, be points of E2. If py = s; -FanMorphW (gz) and

jouj joej (P02 ~ (P2
p1)2 P2)2 .
p2 = s1-FanMorphW (@); then o] ip2j -

(52) Let s; be a real number andcy, ¢ be points of E2. Suppose 1< s;

ands; < 1and (on)1 < 0 and <jqql)12 <siand(¢); < 0and (féz)f <siand

@)z o ()2 et p), p, be points of E2. If py = s; -FanMorphW (gz) and

jouj j%] ()2 o (P22
_ P1)2 P2)2 .
P2 = s1-FanMorphW (cp); then 2 ip2j -

(53) Let s; be a real number andg;, ¢ be points of E%. Suppose 1< s3

ands; < 1land (q): < 0and ()1 < 0 and (ﬁél)f < %: Let py, p2 be

points of E2. If p; = s;-FanMorphW (c1) and pz = s; -FanMorphW (ap);

(P12 o (P2)2.
then ip1j ip2j

(54) Let s; be a real number andq be a point of E%. Suppose 1 < s
ands; < land g < 0 and J% = s;: Let p be a point of ETZ. If p=
s1 -FanMorphW (q); then pp < Oand p, =0

(55) For every real numbers; holds OE% = s -FanMorphW (OE$)3

3. Fan Morphism for North

Let s be a real number and letq be a point of E2. The functor FanN(s; g)
yields a point of E2 and is de ned by

q1 q1

qu] W S oq o (la ey, if &- sandq >0

1 s’
r
Def. 4) FanN(s;q) = aL aL
( : (5:9 E J[o] 'i’+:; 1 (4 *)2]: | fql<s and ¢ > O;
g; otherwise.

Let c be a real number. The functorc-FanMorphN yielding a function from
the carrier of EZ into the carrier of EZ is de ned as follows:

(Def. 5) For every point q of ET2 holds c-FanMorphN(q) = FanN(c; g):
One can prove the following propositions:
(56) Let ¢ be a real number. Then
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a1

lid i

(i)r if % - ¢ and g > 0; then c;-FanMorphN (q)

a1
1 (83— o )2] and
(i) if g - O; then c; -FanMorphN(g) = Q:

57) For every real number ¢; such that .q—l. - ¢ and ¢¢ > O holds
r 9

- SR
¢, -FanMorphN () = [ jqj 'i’+c11 a1 ”{L & 2.
(58) Let ¢ be a real number such that 1<cj; andcy < 1: Then
[N
@ if %. - ccandg - Oandqg6 OE% ; then c¢; -FanMorphN(q) =[jq &

a1
q1

o] 1 ‘q1’ o )2] and
@iy if J%. s crand @ - OandqeoE%;then c1 -FanMorphN () = [jqj @Cll;

a1
g1 (g )2
(59) Let c; be a real number,K 1 be a non empty subset ofE2, and f be a
map from (E2)'K ; into R!. Suppose that
(i) 1<cy;

(i) ca<y
(i)  for every point p of E2 such that p 2 the carrier of (E2)1K1 holds

P1

f(p)= jpj o and

(iv) for every point qof E2 such that q 2 the carrier of (E2)*K; holds g - 0
and q6 Ogz:
Then f is continuous.

(60) Let c; be a real number,K, be a non empty subset ofE2, and f be a
map from (E2)'K ; into R. Suppose that

(i) 1<cy;

(i) o<1
(i)  for every point p of E2 such that p 2 the carrier of (E2)1K; holds

P1

f(p) = ip 2L and

for every point g of ET such that q 2 the carrier of (E%)lKl holdsg - O
and g6 Ogz:
Then f is continuous.
(61) Let c1 be a real number,K, be a non empty subset ofE2, and f be a

map from (E2)'K  into R!. Suppose that
)  1<cy

(i) <1
(i) for every point p of Ef such that p 2 the carrier of (Ef)*K1 holds

(iv)

P1

fe=i 1 (G4 )2 and
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(iv) for every point gof EZ such that q 2 the carrier of (E2)*K1 holdscp - 0
and i -G an.d 96 Og::
Then f is continuous.

(62) Let c1 be a real number,K1 be a non empty subset ofE%, andf be a
map from (E2)1K ; into R. Suppose that

(i) 1<cy;
(i) c<
(i) ~ for every point p of EZ such that p 2 the carrier of (E2)1K 1 holds
PL ¢

f=ip 1 (%52 and

(iv) for every point qof E2 such that q 2 the carrier of (E2)*K 1 holds g, - 0
and & - c1 and q6 Og::
Then f is continuous.

(63) Let c; be a real number, Ko, By be subsets ofE2, and f be a
map from (E2)*K, into (E2)!Bo: Suppose 1 < c; and ¢; < 1 and
f = ci-FanMorphN 1Ky and By = fq;q ranges over points of E%:
- 0" q60ggandKo= fp:%j- ¢t " pp- 07" p6Ogg
Then f is continuous.

(64) Let c¢; be a real number, Ko, By be subsets ofETZ, and f be a
map from (E2)*K, into (E2)!Bo: Suppose 1 < c; and ¢; < 1 and
f = ci-FanMorphN Ky and By = fqQ;q ranges over points of E%:
- 0" q60ggandKo= fp:l%ﬂ ¢t " pp- 07" p6Ogy
Then f is continuous.

(65) For every real numberc; and for every subsetK 3 of E2 such that K3 =
fp:pr- ¢ jpi » p2 - Ogholds K3 is closed.

(66) For every real numberc; and for every subsetK 3 of E% such that K3 =
fp:pr—-c1 jpi  p2- Ogholds K3 is closed.

(67) Let c; be a real number, Ko, By be subsets ofE2, and f be a
map from (E2)*K, into (E2)!Bo: Suppose 1 < c; and ¢; < 1 and
f = cp-FanMorphN *Ky and By = (the carrier of E%) n fOE%g and
Ko=fp:ip2- 07 p60E%g: Then f is continuous.

(68) Let c¢; be a real number, Ko, By be subsets of ETZ, and f be a
map from (E2)*K, into (E2)!Bo: Suppose 1 < c; and ¢; < 1 and
f = cp-FanMorphN tKy and By = (the carrier of E%) n fOE%g and
Ko=fp:pp- 0" pé OE%g: Then f is continuous.

(69) Let Bg be a subset of£2 and Ko be a subset of(E2)2Bo: SupposeBg =
(the carrier of E2) nfOE%g andKo=fp:p2- 0™ p6 OE%g: Then Ko is
closed.

(70) Let B be a subset of£2 and Ko be a subset of(E2)!Bo: SupposeBg =
(the carrier of ET2) nfOE%g andKo=fp:po- 0" p6 OE%g: Then Ko is
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closed.

(71) Let c; be areal number,Bg be a subset of£2, K ¢ be a subset o E2)*By;
and f be a map from (E2)!Bo'K into (E2)'Bo: Suppose 1 < c; and
c1 < landf = c¢;-FanMorphN 1Ky and Bg = (the carrier of E%) n fOE%g
andKo=fp:p2- 0" p6 OE% g: Then f is continuous.

(72) Let ¢; be areal number,Bg be a subset ofE2, K g be a subset of E2)*By;
and f be a map from (E2)!Bo'K into (E2)'Bo: Suppose 1< c¢; and
c1 < landf = ¢ -FanMorphN Ky and Bg = (the carrier of E%) n fOEgg
andKog=fp:p2=- 0" pé 0E$ g: Then f is continuous.

(73) For every real number c; and for every point p of ET2 holds
jc1 -FanMorphN (p)j = jpi:

(74) For every real number c; and for all sets x, Ko such that 1 < ¢g
andcp < landx 2 Kpand Kg = fp:px- 0 7 pSOE%ghoIds
c1 -FanMorphN(x) 2 Ko:

(75) For every real number c; and for all sets x, Ko such that 1 < ¢;
andc; < 1land x 2 Kpand Kg = fp:p2 - 0 7 psoEgghoIds
c1 -FanMorphN (x) 2 Ko:

(76) Let c1 be a real number andD be a non empty subset ofE%. Suppose

l<cyandc < 1and D€ = fOE% g: Then there exists a maph from

(E2)!D into (E2)'D such that h = ¢; -FanMorphN 1D and h is continuous.

(77) Let c; be a real number. Suppose 1 < ¢; and ¢; < 1. Then there
exists a maph from E2 into E2 such that h = ¢, -FanMorphN and h is
continuous.

(78) For every real number ¢; such that 1 < c; and ¢; < 1 holds
c1 -FanMorphN is one-to-one.

(79) For every real number ¢; such that 1 < c; and ¢; < 1 holds
c1 -FanMorphN is a map from E% into ET2 and rng(c; -FanMorphN) = the
carrier of E2.

(80) Let c; be a real number andp, be a point of E%. Suppose 1< c;
and ¢; < 1. Then there exists a hon empty compact subseK of E% such
that K = ¢;-FanMorphN K and there exists a subsel/, of E% such that
p2 2 Vo, and V; is open andV, K and c¢; -FanMorphN(p2) 2 Va:

(81) Let c; be a real number. Suppose 1 < ¢; and ¢; < 1. Then there
exists a mapf from E2 into E2 such that f = ¢, -FanMorphN and f is a
homeomorphism.

(82) Let c; be areal number andq be a point of E2. Suppose 1< cjandc; <
landg > Oand J% - ¢1: Let pbe a point of E2. If p= c; -FanMorphN(q);
thenp, > 0Oandp; - O:

(83) Let cq be areal number andg be a point of E%. Suppose 1<cjiandcy <
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landg > Oand; ‘h < cy: Let pbe a point of E2 If p= c1-FanMorphN(q);
then p, > 0 and pl <0

(84) Let c; be a real number anday, g be points of E2. Suppose 1< ¢

and c; < 1and (qr)2 > 0and (& - ¢ and (), > 0 and &L - ¢; and

] jc]
(?él)jl < (Jqéz)f Let p1, p2 be points of E2. If p; = ¢; -FanMorphN(q) and

o (P11 o (P2)1.
p2=C FanMorth(Ch), then ip1j ip2j -

(85) Let c1 be a real number andaq, g be points of E2 Suppose 1<c3
and ¢; < 1and (q1)2 > 0and (& < ¢, and (), > 0 and &L < ¢, and

jnj i%]
(ﬁél)jl < (ﬁéz)jl: Let p1, p2 be points of E2. If p; = ¢; -FanMorphN(a1) and

= . (P1)1 (p2)1 .
p2 = c¢1-FanMorphN(q); then o < ig
(86) Let c; be a real number andq, g be points of E2 Suppose 1< c3

and ¢ < 1 and (an)2 > 0 and ()., > 0 and (ﬁél)f < (ﬁéz)f Let p1, po

be points of E%. If p1 = ¢ -FanMorphN(qp) and p2 = c; -FanMorphN(op);

(P)1 o (P2)1.
then ip1j ip2j *

(87) Let cq be areal number andg be a point of E%. Suppose 1<cjandc; <
landg > Oand J% = ¢;: Let pbe a point of E%. If p= c1-FanMorphN(Qq);
thenp, > 0andp; =0

(88) For every real numberc; holds OE% = cl-FanMorth(OE%):

4. Fan Morphism for East

Let s be a real number and letq be a point of E%. The functor FanE(s;q)
yields a point of E2 %nd is dre ned as follows:

92 92

EM [ 1 Io )2, Ju 2y, if - sandq >0

1 s S
Def. 6) FanE(s;q) = G2 92
PEE ST s g 1 BB g <sandas o
qg; otherwise.

Let s be a real number. The functors -FanMorphE yielding a function from
the carrier of E2 into the carrier of EZ is de ned as follows:

(Def. 7) For every point q of ET2 holds s-FanMorphE (g) = FanE(s;Q):
Next we state a number of propositions:
(89) Let s; be a real number. Then

a2
() if &- s;andq > O;thens;-FanMorphE(c) = [joj 1 (-1
Lz
idi “{‘ 3 ] and
(i) if gqq - O; then s;-FanMorphE(Q) = q:
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(90) For every real numberr s; such that J% - s; and q@ > 0 holds
.. a2 a2 S1
s;-FanMorphE(q) =[jg 1 (% )Z,qu 1

1+s; 1+s; ]:

(91) Let s; be a real number such that 1<sj; and s; < 1: Then
(i)r if Jq;] - ssandqg - Oandqgé OE%; then s; -FanMorphE(Q) = [jqj

1 i) )qu] T *]; and

1 51

(ii)r if J% - s;andq - Oand g6 OE%; then s; -FanMorphE(q) = [jqj

QZ C|2 st

1 (fre)ia gl
(92) Let s; be a real number,K 1 be a non empty subset ofE2, and f be a
map from (E2)1K ; into R. Suppose that
(i) 1<sy;
(i) s1<1;
(ii))y  for every pomt p of ET such that p 2 the carrier of (E2)1K1 holds

f(p)= jpi %" and
(iv) for every point gof EZ such that q 2 the carrier of (E2)*K holdsq - 0
and g6 Og:
Then f is continuous.
(93) Let s; be a real number,K 1 be a non empty subset ofE2, and f be a
map from (E2)1K ; into RY. Suppose that
)  1<sg;
(i) si< 1
(i)  for everypzpoint p of E2 such that p 2 the carrier of (E2)*K holds
f(p)= jpi g and
(iv) for every point qof E2 such that q 2 the carrier of (E2)*K; holds gy - 0
and g8 Ogz:
Then f is continuous.
(94) Let s; be a real number,K 1 be a non empty subset ofE2, and f be a
map from (E2)1K ; into R. Suppose that
(i) 1<sy;
(i) s1<1;
(i)  for every point p of E2 such that p 2 the carrier of (E2)1K 1 holds
P2
(=i 1 (5292 and
(iv) for every point q of E% such that q 2 the carrier of (E2)1K 1 holdsq - O
and J% -5 anquOEg:
Then f is continuous.
(95) Let s; be a real number,K 1 be a non empty subset ofE2, and f be a
map from (E2)'K ; into RY. Suppose that
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(i) 1<sy;
@iy s1<1;
(i)~ for every point p of EZ such that p 2 the carrier of (Ef)*K1 holds
P2 g

f@=jp 1 (%)% and

(iv) for every point qof E% such that q 2 the carrier of (E%)lKl holdsqy - O
andj%—' Sy anquOEg:
Then f is continuous.

(96) Let s; be a real number, Ko, Bo be subsets ofE2, and f be a
map from (E2)*K, into (E2)'Bo: Suppose 1 < s; ands; < 1 and
f = si;-FanMorphE 1Ky and Bg = fqQ;q ranges over points of E%:
G- 0" q60ggandKo = fp:l%- st * pp- 0" p6Ogg
Then f is continuous.

(97) Let s; be a real number, Kg, Bg be subsets ofE%, and f be a
map from (E2)!Ko into (E?)!Bo: Suppose 1 < s; ands; < 1 and
f = s;-FanMorphE 1Ky and Bg = fqg;q ranges over points of E%:
- 0" g60ggandKo= fpzj%—' st pr- 0" p6O0gg

Then f is continuous.

(98) For every real numbers; and for every subsetK 3 of ET2 such that K3 =
fp:p2- s1 jpi » p1- OgholdsK3 is closed.
(99) For every real numbers; and for every subsetK 3 of ET2 such that K3 =
fp:p2-s1 jpi » p1- OgholdsK3 is closed.
(100) Let s; be a real number, Ko, By be subsets ofE%, and f be a
map from (E2)!Ko into (E?)Bo: Suppose 1 < s; and s; < 1 and
f = s;-FanMorphE Ky and Bg = (the carrier of ETZ) n fOE%g and
Ko=fp:pp- 07" peoE%g: Then f is continuous.

(101) Let s; be a real number, Ko, Bg be subsets ofE%, and f be a
map from (E2)*Kg into (E2)Bo: Suppose 1 < s; ands; < 1 and
f = s;-FanMorphE Ko and Bg = (the carrier of E2) n fOEgg and
Ko=fp:pr- 0~ p60E%g: Then f is continuous.

(102) Lets; be a real number,Bg be a subset ofE2, K o be a subset of E2)1By;
and f be a map from (E2)1Bo!K into (E2)!Bo: Suppose 1< s; and
s1 < landf = s;-FanMorphE 1K and By = (the carrier of E%) n fOE%g
andKg=fp:p1- 0~ pé6 05% g: Then f is continuous.

(103) Lets; be a real number,Bg be a subset ofE2, K o be a subset of E2)1Bo;
and f be a map from (E2)!Bo!K, into (E2)!Bo: Suppose 1 < s; and
s; < landf = s;-FanMorphE Ky and Bg = (the carrier of E%) n fOE%g
andKo=fp:pp- 0" p6 Opz0: Then f is continuous.

(104) For every real number s; and for every point p of EZ holds
js1-FanMorphE(p)j = jpj:
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(105) For every real number s; and for all sets x, Ko such that 1 < s
ands; < landx 2 Kgand Kg = fp:pp - 0 7 psoE%ghoIds
s; -FanMorphE(x) 2 Ko:

(106) For every real numbers; and for all sets x, Kg such that 1 < s
ands; < landx 2 Kgpand Kg = fp:pp - 0 7 p60E%ghoIds
s1 -FanMorphE(x) 2 Ko:

(107) Let s; be a real number andD be a non empty subset ofE%. Suppose

l<s;ands; < 1and D¢ = fOE% g: Then there exists a maph from

(E2)1D into (E2)'D such that h = s; -FanMorphE D and h is continuous.

(108) Let s; be a real number. Suppose 1 < s; and s; < 1. Then there
exists a maph from E? into E2 such that h = s; -FanMorphE and h is
continuous.

(109) For every real number s; such that 1 < s; and s; < 1 holds
s1 -FanMorphE is one-to-one.

(110) For every real number s; such that 1 < s; and s; < 1 holds
s1 -FanMorphE is a map from E% into E% and rng(s; -FanMorphE) = the
carrier of EZ.

(111) Let s; be a real number andp, be a point of E%. Suppose 1< s;
and s; < 1: Then there exists a non empty compact subseK of E% such
that K = s; -FanMorphE K and there exists a subsetv, of ET2 such that
p2 2 Vo and V, is open andV, K and s; -FanMorphE(p2) 2 Va:

(112) Let s; be a real number. Suppose 1 < s; and s; < 1. Then there
exists a mapf from E2 into E2 such that f = s; -FanMorphE and f is a
homeomorphism.

(113) Let s; be a real number andqg be a point of E%. Suppose 1 < s
ands; < 1and q > Oand & - si: Let p be a point of E2. If p=
s; -FanMorphE(q); then p; > Oand p, - O:

(114) Let s; be a real number andq be a point of E2. Suppose 1 < s;
ands; < 1and g > 0 and J% < sy Let p be a point of E2. If p =
s1 -FanMorphE(q); then p1 > 0 and p; < O:

(115) Let s; be a real number andg, g be points of E%. Suppose 1< s3

ands; < land(q)1 > Oand (@2 s; and (g)1 > 0 and (@)z s; and

joj jo2j
% < —(ﬁéz)f: Let p1, p2 be points of E%. If p1 = s1-FanMorphE(q1) and

- . (P1) (P2)2 .

p2 = s1-FanMorphE(); then J.plljz < jézjz'
(116) Let s; be a real number andg,, g be points of E%. Suppose 1< s3
and s; < 1and (qr)1 > 0and (%2 < s, and (g)1 > 0 and (®2 <5, and

jouj jo2j
(ﬁél)jz < (ﬁ§2)123 Let p1, p2 be points of E2. If p; = s; -FanMorphE(q1) and

= - . (P1)2 (p2)2 .
p2 = s1-FanMorphE(@); then o < et
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(117) Let s; be a real number andg, o be points of E2 Suppose 1< s3
and s; < 1 and (qu); > 0 and ()1 > 0 and (Jqé)f < %: Let p1, p2
be points of E2 If p1 = s1-FanMorphE (1) and p2 = s; -FanMorphE();

(p1)2 . (P2)2
then ipi ip2j -

(118) Let s; be a real number andq be a point of E2. Suppose 1 < s;
ands; < 1and g > 0 and j‘% = s;: Let p be a point of E2. If p =
s; -FanMorphE(q); then p; > 0 and p = 0:

(119) For every real numbers; holds OE% = sl-FanMorphE(OE%):

5. Fan Morphism for South

Let s be a real number and letq be a point of ETZ. The functor FanS(s; )
yields a point of E2 and is de ned by:
f

% (]| [ 1 1 (quj S)2]' if & - sand G < 0;
J 1 s r ’ ia )
(Def. 8) FanS(s;q) = a1

a
Jal

EJQI ['1+S; 1 (45 )] if L<sandg <0

g; otherwise.
Let c be a real number. The functor c-FanMorphS yielding a function from
the carrier of E2 into the carrier of E2 is de ned by:

(Def. 9) For every point g of E2 holds c-FanMorphS(q) = FanS(c; 9):
One can prove the following propositions:
(120) Let c; be a real number. Then

@ if Jqéj - ¢ and ¢ < 0O; then c;-FanMorphS(g) = [jg 3

a1
o] 1 (82— & )2] and
(i) if - O;then cy-FanMorphS(q) = Qq:
(121) For every real number c; such tr}at Jqéj - ¢ and ¢ < O holds
q ar

o -FanMorphs(q) = [jo Loijd 1 (E)2)

1+c; 1+

(122) Let c; be a real number such that 1<cq andc; < 1: Then

qilcl

(i) if 3 ﬁ - crand g ~ 0and g6 Og:; then c1 -FanMorphS(q) = [ jq Car
a1

jg 1 (%H2); and

a1 c1

@iy if q—l. s candegp -~ 0Oandgé6 OEz then c; -FanMorphS(q) = [ jqj "{‘+Cl ;

1§
qilc:L

A1 (g2
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(123) Let c; be a real number,K 1 be a non empty subset ofE2, and f be a
map from (E2)1K ; into R!. Suppose that
)  1l<cy
(i) c<q
(iiiy  for everyplpoint p of E2 such that p 2 the carrier of (E2)*K holds
f(p) = jp 2 and
(iv) for every point qof E2 such that q 2 the carrier of (E2)*K; holds g = 0
and g6 Ogz:
Then f is continuous.
(124) Let c; be a real number,K 1 be a non empty subset ofE2, and f be a
map from (E2)'K ; into R. Suppose that
(i) 1<cy;
(i) c<1
(i)  for every l|ooint p of E% such that p 2 the carrier of (E%)lKl holds

p
f(p)= o 2 and
(iv) for every point qof E% such that g 2 the carrier of (E12-)1K 1 holdsg = O
and g6 Ogz:
Then f is continuous.
(125) Let c; be a real number,K ; be a non empty subset ofE2, and f be a
map from (E2)1K ; into RY. Suppose that
(i) 1<cy;
(i) c<1i
(i) for every point p of E2 such that p 2 the carrier of (E2)1K 1 holds
p
fM=io 1 (%92 and
(iv) for every point gof EZ such that g 2 the carrier of (E2)*K 1 holdsc = 0
and J%. - anquOE%:
Then f is continuous.
(126) Let c; be a real number,K 1 be a non empty subset ofE2, and f be a
map from (E2)1K ; into RY. Suppose that
(i) 1<cy;
(i) c<1;
(i) for every point p of EZ such that p 2 the carrier of (E2)'K; holds

f(p) = jpi 1 ()% and
(iv) for every point qof E2 such that q 2 the carrier of (E2)*K 1 holds g = 0
and J%. - anquOE%:
Then f is continuous.
(127) Let ¢; be a real number, Ko, Bg be subsets ofE2, and f be a map
from (E2)Ko into (E2)'Bo: Suppose 1 < cjand¢ < 1andf =
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c1 -FanMorphS1K ¢ and Bg = f q; g ranges over points ofETZ: p-0" g6
OE%g andKg = fp: J%lj - N p- 0N p@OE%g: Then f is continuous.
(128) Let c; be a real number,Kg, Bg be subsets ofE%, and f be a map
from (E2)!Kg into (E2)!Bo: Suppose 1 < cy andc < 1landf =
c1 -FanMorphStKy and Bg = f g; g ranges over points ofETZ: p-0" (g6

OE%g andKg= fp: J% -Cc N p2- 0N pSOE%g: Then f is continuous.

(129) For every real numberc; and for every subsetK 3 of E2 such that K 3 =
fp:pr- ¢ jpi » p2 — Og holds K 3 is closed.

(130) For every real numberc; and for every subsetK 3 of E% such that K3 =
fp:pr—-c1 jpi ® p2 - Og holds K3 is closed.

(131) Let c; be a real number, Ko, By be subsets ofETZ, and f be a
map from (E2)*Ko into (E2)!Bo: Suppose 1 < c; and ¢; < 1 and
f = ci-FanMorphSiKg and By = (the carrier of E%) n fOE%g and
Ko=fp:p- 0”2 pSOE%g: Then f is continuous.

(132) Let c; be a real number, Ko, By be subsets ofETz, and f be a
map from (E2)*K,o into (E2)!Bo: Suppose 1 < c; and ¢; < 1 and
f = ci-FanMorphStKg and By = (the carrier of E%) n fOE%g and
Ko=fp:ip2- 07 pSOE%g: Then f is continuous.

(133) Letc; be areal number,Bg be a subset ofE2, K ¢ be a subset of E2)Bo;
and f be a map from (E2)!Bo'K into (E2)'Bgo: Suppose 1 < c¢; and
¢t < landf = ¢ -FanMorphS*Ky and Bg = (the carrier of E%) n fOEgg
andKog=fp:p2=- 0" pé OE% g: Then f is continuous.

(134) Letc; be areal number,Bg be a subset ofE2, K ¢ be a subset of E2)Bo;
and f be a map from (E2)'Bo'K into (E2)'Bo: Suppose 1 < c¢; and
¢t < landf = ¢ -FanMorphS*Ky and Bg = (the carrier of E%) n fOEgg
andKg=fp:p2- 0" pé6 OE% g: Then f is continuous.

(135) For every real number c; and for every point p of ET2 holds
jc1 -FanMorphS(p)j = jpi:

(136) For every real number c; and for all sets x, Ko such that 1 < cj
andc; < 1landx 2 Kpand Kg = fp:p - 0 7 pSOE%ghoIds
c1 -FanMorphS(x) 2 Ko:

(137) For every real number c; and for all sets x, Ko such that 1 < c
andc; < land x 2 Kpand Kg = fp:p2 - 0 7 pGOE%ghoIds
c1 -FanMorphS(x) 2 Ko:

(138) Let c; be a real number andD be a non empty subset ofE2. Suppose

l1<cpandc; < 1land D¢ = fOE$ g: Then there exists a maph from
(E2)!D into (E2)!D such that h = ¢; -FanMorphStD and h is continuous.

(139) Letc; be areal number. Suppose 1< ciandc; < 1: Then there exists a
map h from E2 into E2 such that h = ¢; -FanMorphS and h is continuous.
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(140) For every real number ¢; such that 1 < c¢; and ¢ < 1 holds
¢1 -FanMorphS is one-to-one.

(141) For every real number ¢; such that 1 < c¢; and ¢ < 1 holds
c; -FanMorphS is a map from ET2 into E% and rng(c; -FanMorphS) = the
carrier of E2.

(142) Let c; be a real number andp, be a point of E2. Suppose 1 < c;
and ¢; < 1. Then there exists a hon empty compact subseK of E% such
that K = c;-FanMorphS K and there exists a subset/, of E% such that
p2 2 Vo and V, is open andV, K and c¢; -FanMorphS(p;) 2 V.:

(143) Let ¢; be a real number. Suppose 1 < c; and ¢; < 1. Then there
exists a mapf from E2 into E2 such that f = ¢, -FanMorphS and f is a
homeomorphism.

(144) Letc; be areal number andqg be a point of E2. Suppose 1<cjandc; <
land g < Oand % - ¢1: Let pbe a point of E2. If p= ¢, -FanMorphS(q);
thenp, < Oandp; - O:

(145) Letc; be areal number andg be a point of E%. Suppose 1<cjandcg <
land g < Oand J% <c1: Let pbe a point of E2. If p= ¢, -FanMorphS(q);
thenp, < Oandp; < O:

(146) Let c; be a real number andg, ¢ be points of E2 Suppose 1<c;

and ¢; < 1and (qn)2 < 0and (& - ¢, and ()2 < 0 and &L - ¢; and

Jou ] Jop]
% < (?52)11 Let p1, p2 be points of E2. If p; = ¢; -FanMorphS(cy) and

= - (P11 o (P2)1.
p2 = ¢ -FanMorphS(op); then o < it

(147) Let ¢; be a real number andg;, ¢ be points of E2. Suppose 1< c;

and c; < 1and (qr)2 < 0and (& < ¢, and (), < 0 and &L < ¢, and

Ju] 1%
(fél)f < (ﬂjz)]l Let p1, p2 be points of E2. If p; = ¢; -FanMorphS(cy) and

(P1)1 (p2)1 .
p2 = ¢1-FanMorphS(@p); then o < it

(148) Let ¢, be a real number andg, g be points of ET Suppose 1<y

and ¢ < 1and ()2 < 0 and ()2 < 0 and (ﬁél)f < (ﬁgz)f Let p1, po

be points of E2. If p; = ¢; -FanMorphS(cy) and p; = c¢1 -FanMorphS(ap);

(P11 o (P2)1
then ipaj ip2j *

(149) Letc; be areal number andg be a point of E2. Suppose 1<cjandc; <
landgp < Oand J% = ¢;: Let p be a point of E%. If p= c1-FanMorphS(Q);
thenpp < Qandp; =0

(150) For every real numberc; holds OE% =C -FanMorphS(OE%):
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