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Summary. Inthe article we formalized the concept of the Generalized Full
Addition and Subtraction circuits (GFAs), de ned the structures of calculation
units for the redundant signed digit (RSD) operations, and proved the stability
of the circuits. Generally, 1-bit binary full adder assumes positive weight s to all
of its three binary inputs and two outputs. We obtained four type of 1-bit GFA
to constract the RSD arithmetic logical units that we generalized full adder t o
have both positive and negative weights to inputs and outputs.

MML identi er: GFACIRCversion: 7.6.01 4.50.934

The articles [15], [14], [18], [13], [1], [21], [5], [6], [7], [2], [4], [16], [20], [§12],
[17], [11], [10], [9], [3], and [19] provide the terminology and notation for this
paper.

1. Preliminaries

In this article we present several logical schemes. The schemé\ryBooleEx
deals with a unary functor F yielding an element of Boolean, and states that:
There exists a functionf from Boolean! into Boolean such that

for every elementx of Boolean holds f (hxi) = F(x)
for all values of the parameter.
The schemelAryBooleUniq deals with a unary functor F yielding an element
of Boolean, and states that:
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Let f4, f» be functions from Boolean into Boolean. Suppose for
every elementx of Boolean holds f1(hxi) = F(x) and for every
elementx of Boolean holds fo(hxi) = F(x): Then f, = f,

for all values of the parameter.
The schemelAryBooleDef deals with a unary functor F yielding an element
of Boolean, and states that:
() There exists a function f from Boolean' into Boolean such
that for every element x of Boolean holds f (lxi) = F(x); and
(i) for all functions fi, f» from Boolean® into Boolean such
that for every element x of Boolean holds f 1(hxi) = F (x) and for
every elementx of Boolean holds f2(Ixi) = F(x) holdsf, = f,

for all values of the parameter.
The function invl from Boolean! into Boolean is de ned by:
(Def. 1) For every elementx of Boolean holds (invl)(hxi) = : x:

Next we state the proposition

(1) For every elementx of Boolean holds (inv1)(hxi) = : x and (inv1)(hxi) =
nand,(hx; xi) and (invl)(0i) =1 and (invl)( hli)=0:

The function bufl from Boolean! into Boolean is de ned by:

(Def. 2) For every elementx of Boolean holds (bufl)(hxi) = x:

One can prove the following proposition

(2) For every elementx of Boolean holds (bufl)(hxi) = x and (bufl)(xi) =
andy(hx; xi) and (bufl)(h0i) = 0 and (bufl)( hli) =1:

The function and2c from Boolean? into Boolean is de ned by:

(Def. 3) For all elements x, y of Boolean holds (and2c)(hx;yi) = x": vy:

Next we state the proposition

(3) Let x, y be elements ofBoolean. Then (and2c)(hx;yi) = x*: y and
(and2c)(hx; yi) = (and 23)(hy; xi) and (and2c)(hx;yi) = (nor 23)(hx;yi) and
(and2¢)(h0; 0i) = 0 and (and2c)(h0; 1i) = 0 and (and2c)(hL;0i) = 1 and
(and2c)(nt; 1i) =0

The function xor2c from Boolean? into Boolean is de ned by:
(Def. 4) For all elementsx, y of Boolean holds (xor2c)(hx;yi) = x : y:
We now state several propositions:

(4) Let x, y be elements ofBoolean. Then (xor2c)(hx;yi) = x : y and
(xor2c)(hx;yi) = (xor 25)(hx;yi) and (xor2c)(hx;yi) = or 2(handap)(hx;
yi);andx(hx;yi)i) and (xor2c)(h0;0i) = 1 and (xor2¢)(h0;1i) = 0 and
(xor2c¢)(hL; 0i) = 0 and (xor2c)(ht; i) =1:

(5) For all elementsx, y of Booleanholds: (x y)=:x yand: (x y)=
X P yand:x @ y=Xx Vy:
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(6) For all elementsx, y of Boolean holds (inv1)(hxora(hx; yi)i) = (xor 2a3)(x;
yi) and (invl)(hxora(hx;yi)i) = (xor2c)( hx;yi) and xora(h(invl)( hxi);
(inv1)(hyi)i) = xor 2(hx; yi):

(7) For all elementsx, y, zof Booleanholds: (x : vy 2z)=x : y . z

(8) For all elements x, y, z of Boolean holds (invl)(hxora(h(xor2c)(h;yi);
zZi)i) = (xor2c)( h(xor2c)(hx; yi); zi):

(9) For all elementsx, y, zof Booleanholds: x vy : z=x : vy : z:

(10) For all elementsx, y, z of Boolean holds (xor2c)(h(xor2a)(Ix;yi); zi) =
(xor2c)(h(xor2c)(hx; yi); zi):

(11) For all elementsx, y, z of Booleanholds: (: x : y : z)=x y 2z

(12) For all elementsx, y, z of Boolean holds (inv1)(h(xor2c)(h(xorp)(hx; yi);
zZi)i) = xor a(hxora(hx; yi); zi):

2. Generalized Full Adder (GFA) Circuit (TYPE-0)

Let X, y, z be sets. The functor GFAOCarrylIStr(x;y; z) yields an unsplit
non void strict non empty many sorted signature with arity held in gates and
Boolean denotation held in gates and is de ned by:

(Def. 5) GFAOQOCarrylStr( x;y; z) = 1GateCircStr( hx; yi;andy)+ 1GateCircStr(hy;
Zi;andy)+ 1GateCircStr(he; xi; andy):

Let X, y, z be sets. The functor GFAOCarryICirc(x;y;z) yields a strict
Boolean circuit of GFAOCarrylStr( x;y; z) with denotation held in gates and is
de ned as follows:

(Def. 6) GFAOCarrylCirc( x;y; z) = 1GateCircuit( x;y; andy)+ 1GateCircuit(y; z;
andy)+ 1GateCircuit(z; x; andy):

Let x, y, z be sets. The functor GFAOCarryStr(x;y; z) yields an unsplit
non void strict non empty many sorted signature with arity held in gates and
Boolean denotation held in gates and is de ned as follows:

(Def. 7) GFAOCarryStr( x;y;z) = GFAOCarrylIStr( x;y;z)+ 1GateCircStr(hfinks
yi; andyii ; inly; zi; andsii ; inl; xi; andsii ;ors):

Let x, y, z be sets. The functor GFAOCarryCirc(x;y;z) yields a strict
Boolean circuit of GFAOCarryStr( x;y;z) with denotation held in gates and is
de ned as follows:

(Def. 8) GFAOCarryCirc( x;y;z) = GFAOCarrylICirc( x;y;z)+ 1GateCircuit( tnk;
yi; andqil; inlg; zi; andsii ; inla; xi; andsii ; ors):

Let x, y, z be sets. The functor GFAOCarryOutput( x;y;z) yielding an
element of InnerVertices(GFAOCarryStr(x;y; z)) is de ned as follows:

(Def. 9) GFAOCarryOutput( x;y;z) = hihyi; andyi ; hly; zi; andsil ; ik; xi;
andyii ; orsii:
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One can prove the following propositions:

(13) For all sets x, y, z holds InnerVertices(GFAOCarryIStr( x;y; z)) = fhnhx;
yi; andqii ; inlg; zi; andsii ; ihla; xi; andyig :

(14) For all sets x, y, z holds InnerVertices(GFAOCarryStr(x;y; z)) = finkx;
yi; andyi ; nlg; zi; and,i ; nla; xi; andzig [f GFAOCarryOutput( X;y;z)g:

(15) Forall setsx, vy, z holds InnerVertices(GFAOCarryStr( x;y; z)) is a binary
relation.

(16) For all setsx, y, z such that x 6 Hnly; zi; and>ii and y 6 Hnla; xi; andsil
and z 6 IhRk;yi; andzi holds InputVertices(GFAOCarrylIStr( x;y;z)) =
fxy;zg:

(17) For all setsx, y, z such that x 6 Mlky;zi; and;i andy 6 Hl;xi; andii
and z 6 Mtk;yi; andzi holds InputVertices(GFAOCarryStr( x;y;z)) =
fx;y;zo:

(18) For all non pair sets x, y, z holds InputVertices(GFAOCarryStr( x;y; z))
has no pairs.

(19) Let x, y, z be sets. Thenx 2 the carrier of GFAOCarryStr( x;y;z)
and y 2 the carrier of GFAOCarryStr(x;y;z) and z 2 the
carrier of GFAOCarryStr(x;y;z) and hk;yi; and,i 2 the car-
rier of GFAOCarryStr( x;y;z) and Mtlg;zi;andi 2  the carrier
of GFAOCarryStr(x;y;z) and Inlb;xi; andzii 2 the carrier of
GFAOCarryStr( x;y; z) and inhithyi; and,i ; ihky; zi; and,ii ; tl; xi; andsii ;
orzii2 the carrier of GFAOCarryStr( x;y; z).

(20) Forall setsx, y, z holdsthk;yi; andi 2 InnerVertices(GFAOCarryStr( X;
y;z)) and tnlg; zi; andyi 2 InnerVertices(GFAOCarryStr( x;y; z)) and ll;
xi; and.ii2 InnerVertices(GFAOCarryStr( x;y; z)) and GFAOCarryOutput
(X;y;z) 2 InnerVertices(GFAOCarryStr( x;y; z)):

(21) For all setsx, y, z such that x 6 tly;zi; and>i and y 6 Hl; xi; andyil
and z 6 Inkk;yi; andyi holds x 2 InputVertices(GFAOCarryStr( x;y; z))
and y 2 InputVertices(GFAOCarryStr( x;y;z)) and
Z 2 InputVertices(GFAOCarryStr( X;y;z)):

(22) For all non pair setsx, y, z holds InputVertices(GFAOCarryStr( x;y; z)) =
fx;y;zg:

(23) Let x,y, z be sets,s be a state of GFAOCarryCirc(x; y; z), and a1, az, as
be elements ofBoolean. Supposea; = s(x) and a; = s(y) and az = s(2):
Then (Following(s))(k;yi; andyii) = a; * a, and (Following(s))(tl; zi;
andyii) = ax * ag and (Following(s))(tnk; xi; andi) = az " a;:

(24) Let x, y, z be sets, s be a state of GFAOCarryCirc(x;y;z),
and a;, ap, az be elements of Boolean. If ap = s(ihk;yi;
andiil) and ap, = s(hnly;zi; andi) and az3 = s(lnb;xi; and,ii); then
(Following( s))(GFAOCarryOutput( X;y;z)) = a1 _a» _ as:
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(25) Let x,y, z be sets. Suppos 6 thlg;zi; andyi and y 6 Hh;xi; andsii
and z 6 WR;yi; andii: Let s be a state of GFAOCarryCirc(x;y;z) and
ai, az, az be elements ofBoolean. Supposea; = s(x) and a; = s(y)
and az = s(z): Then (Following(s;2))(GFAOCarryOutput( x;y;z)) = ap ®
a, ax” az_ asz” a; and (Following(s;2))(k; yi; andzi) = a; * a, and
(Following(s; 2))(Inlg; zi; andii) = ap ™ az and (Following(s;2))(lnla; xi;
and,ii) = ag ™ a:

(26) For all sets x, y, z such that x 6 Hnly; zi; and>ii and y 6 Hnl; xi; andsil
and z 6 tR;yi; and;ii and for every state s of GFAOCarryCirc( X;Yy; z)
holds Following(s;2) is stable.

Let x, y, z be sets. The functor GFAOAdderStr(x;y; z) yielding an unsplit
non void strict non empty many sorted signature with arity held in gates and
Boolean denotation held in gates is de ned as follows:

(Def. 10) GFAOAdderStr(x;y;z) = 2GatesCircStr( x;y; z; Xory):

Let x, y, z be sets. The functor GFAOAdderCirc(x;y; z) yielding a strict
Boolean circuit of GFAOAdderStr( x;y; z) with denotation held in gates is de ned
by:

(Def. 11) GFAOAdderCirc(x;y; z) = 2GatesCircuit( x;y; z; xorp):

Let x, y, z be sets. The functor GFAOAdderOQutput(x;y;z) yielding an
element of InnerVertices(GFAOAdderStr(x;y; z)) is de ned by:

(Def. 12) GFAOAdderOutput( x;y; z) = 2GatesCircOutput( x;y; z; Xory):

Next we state a number of propositions:

(27) For all sets x, y, z holds InnerVertices(GFAOAdderStr(x;y; z)) = fhnkx;
yi; xorpig [f GFAOAdderOutput( x;y;2)g:

(28) For all setsx, y, z holds InnerVertices(GFAOAdderStr(x; y; z)) is a binary
relation.

(29) For all sets x, y, z such that z 6 HR;yi; xorzi holds
InputVertices(GFAOAdderStr( x;y;z)) = fXx;y;zg:

(30) For all non pair sets x, y, z holds InputVertices(GFAOAdderStr( x; y; z))
has no pairs.

(31) Let x,Vy, z be sets. Then

(i) x 2 the carrier of GFAOAdderStr(x;y; z),

(i) y 2 the carrier of GFAOAdderStr( x;y; z),

(i)  z 2 the carrier of GFAOAdderStr( x;y; z),

(iv) Wk;yi; xorzi2 the carrier of GFAOAdderStr(x;y; z), and

(v) Whihyi; xor,ii; zi; xorpi2 the carrier of GFAOAdderStr(x;y; z).

(32) Forallsetsx,y, zholdshk; yi; xor,i2 InnerVertices(GFAOAdderStr( x;y;
z)) and GFAOAdderOutput( x;y;z) 2 InnerVertices(GFAOAdderStr( x;y; z)):

(33) For all sets x, y, z such that z 6 HR;yi; xorzi holds x 2
InputVertices(GFAOAdderStr( x;y; z)) and
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y 2 InputVertices(GFAOAdderStr( x;y; z)) and
z 2 InputVertices(GFAOAdderStr( x;y; z)):

(34) Forall non pair setsx, y, z holds InputVertices(GFAOAdderStr( x;y; z)) =
fx;y;zo:

(35) Let x, y, z be sets. Suppose 6 k;yi; xor,i: Let s be a state of
GFAOAdderCirc(x;y;z) and a1, ap, az be elements ofBoolean. Suppose
a; = s(x) and a; = s(y) and az = s(z): Then (Following(s))(tR;yi;
Xorpii) = a; az and (Following(s))(x) = a; and (Following(s))(y) = a2
and (Following(s))(z) = as:

(36) Let X, y, z be sets. Suppose 6 R;yi; xorqi: Let s be a state of
GFAOAdderCirc(x;y;z) and a4, a1, a2, az be elements ofBoolean. If
a4 = s(hk;yi; xorsii) and a; = s(x) and a, = s(y) and az = s(z); then
(Following(s))(GFAOAdderOutput( x;y;z)) = a4 as:

(837) Let x, y, z be sets. Supposez 6 Ik;yi; xorpi: Let s be
a state of GFAOAdderCirc(x;y;z) and a;, a2, az be elements of
Boolean. Supposea; = s(x) and a, = s(y) and a3 = s(2):
Then (Following(s; 2))(GFAOAdderOutput( x;y;z)) = a3 a az and
(Following(s; 2))(nk; yi; xorzii) = a3 ap and (Following(s;2))(x) = ai
and (Following(s; 2))(y) = a2 and (Following(s; 2))(z) = as:

(38) For all setsx, vy, z such that z 6 tR;yi; xor,i and for every state s of
GFAOAdderCirc( x;Yy; z) holds Following(s; 2) is stable.

Let X, y, z be sets. The functor BitGFAOStr(x;y;z) yielding an unsplit
non void strict non empty many sorted signature with arity held in gates and
Boolean denotation held in gates is de ned as follows:

(Def. 13) BitGFAOStr( x;y;z) = GFAOAdderStr( x;y;z)+ GFAOCarryStr( x;y;z):

Let x, y, z be sets. The functor BitGFAOCirc(x;y;z) yielding a strict
Boolean circuit of BitGFAOStr( x;y; z) with denotation held in gates is de ned
by:

(Def. 14) BIitGFAOCIirc( x;y; z) = GFAOAdderCirc( x;y;z)+ GFAOCarryCirc( X;y; z):

We now state several propositions:

(39) For all sets x, y, z holds InnerVertices(BitGFAOStr( x;y;z)) = fth¢ yi;
xor,ig[f GFAOAdderOutput( x;y; z)g[fthhx;yi; and.ii ; tl; zi; andyii ; inia;
xi; andyig [f GFAOCarryOutput( x;y;z)g:

(40) For all sets x, y, z holds InnerVertices(BitGFAQOStr( x;y; z)) is a binary
relation.

(41) For all sets x, y, z such that z 6 HkR;yi; xorzi and x 6 Ihig;
zi;and;i and y 6 Inhk;xi;and;i and z 6 HR;yi; andyi holds
InputVertices(BitGFAOStr( x;y;z)) = fx;y;zg:

(42) For all non pair sets x, y, z holds InputVertices(BitGFAOStr( x;y;z)) =
fxy;zg:
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(43) For all non pair setsx, y, z holds InputVertices(BitGFAOStr( x;y;z)) has
no pairs.

(44) Let X, y, z be sets. Thenx 2 the carrier of BitGFAOStr( x;y;z)
and y 2 the carrier of BitGFAOStr( x;y;z) and z 2 the carrier of
BitGFAOStr( x;y; z) and tk;yi; xor,i 2 the carrier of BitGFAOStr( x;y; z)
and Mnhirhyi; xor,ii; zi; xor,ii 2 the carrier of BitGFAOStr( x;y;z) and
Ihix; yi; andyii 2 the carrier of BitGFAOStr( x;y;z) and Inl; zi; andyii 2
the carrier of BitGFAOStr( x;y;z) and Mthhk;xi; and,i 2 the carrier
of BitGFAOStr( x;y; z) and Inhirhyi; andyi ; inl; zi; andyii ; inla; xi; andyii ;
orzii2 the carrier of BitGFAOStr( x;y; z).

(45) Letx,y,zbesets. Thenlhk;yi; xor2i2 InnerVertices(BitGFAOStr( x;y;
z)) and GFAOAdderOutput( x;y;z) 2 InnerVertices(BitGFAOStr( x;y; z))
and Mk;yi; andi 2 InnerVertices(BitGFAOStr( x;y;z)) and Mk;zi;
and;i 2 InnerVertices(BitGFAOStr( x;y;z)) and Hh;xi; andzi 2
InnerVertices(BitGFAOStr( x;y;z)) and GFAOCarryOutput( x;y;z) 2
InnerVertices(BitGFAOStr( x;y; z)):

(46) Let x, y, z be sets. Supposez 6 i, yi; xorzi  and
X 6 ;zi;and,i and y 6 thhk;xi;andyi and z 6 hhk;
yi;andyi: Then x 2 InputVertices(BitGFAOStr( x;y;z)) and y 2
InputVertices(BitGFAOStr( x;y;z)) and z 2 InputVertices(BitGFAOStr( x;

y;2)):
Let X, y, z be sets. The functor BitGFAOCarryOutput( X;y; z) yielding an
element of InnerVertices(BitGFAOStr( x; y; z)) is de ned as follows:

(Def. 15) BitGFAOCarryOutput( x;y;z) = Mhhtihyi; and.ii ; ly; zi; and,i ; thia; xi;
andyii ; orsii:
Let X, y, z be sets. The functor BitGFAOAdderOutput( x;y; z) yielding an
element of InnerVertices(BitGFAOStr(x;y; z)) is de ned as follows:

(Def. 16) BitGFAOAdderOutput( x;y;z) = 2GatesCircOutput( X;y; z; Xory):
One can prove the following two propositions:

(47) Let x, y, z be sets. Supposez 6 HR;yi; xorzi and x 6 Iiy;
Zi;and;i and y 6 Ihk;xi;andyi and z 6 IR;yi; andyi: Let s
be a state of BitGFAOCirc(x;y;z) and a;, az, az be elements of
Boolean. Supposea; = s(x) and a, = s(y) and a3 = s(2):
Then (Following(s;2))(GFAOAdderOutput( x;y;z)) = a; a» asz and
(Following(s; 2))(GFAOCarryOutput( x;y;z)) = a1 ax_ax”™ az_az”™ ag:

(48) Let x, y, z be sets. Supposez 6 MR;yi; xor;i and x 6 Mly;zi;
and;ii and y 6 thi;xi; andzi and z 6 tk;yi; andii: Let s be a state
of BitGFAOCirc( x;y; z). Then Following(s;2) is stable.
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3. Generalized Full Adder (GFA) Circuit (TYPE-1)

Let x, vy, z be sets. The functor GFA1CarrylStr(x;y; z) yielding an unsplit
non void strict non empty many sorted signature with arity held in gates and
Boolean denotation held in gates is de ned by:

(Def. 17) GFAL1CarrylIStr( x;y; z) = 1GateCircStr( hx;yi;and2c)+ 1GateCircStr(hy;
Zi;andyy)+ 1GateCircStr(he; xi; andy):
Let X, y, z be sets. The functor GFAlCarryICirc(x;y;z) yields a strict

Boolean circuit of GFAL1CarrylStr( x;y; z) with denotation held in gates and is
de ned as follows:

(Def. 18) GFA1CarryICirc( x;y; z) = 1GateCircuit( x;y; and2c)+ 1GateCircuit(y;
Z;andyy)+ 1GateCircuit( z; x; andy):

Let x, y, z be sets. The functor GFA1CarryStr(x;y; z) yielding an unsplit
non void strict non empty many sorted signature with arity held in gates and
Boolean denotation held in gates is de ned by:

(Def. 19) GFAlCarryStr(x;y;z) = GFALlCarrylStr( x;y;z)+ 1GateCircStr(hHnky
yi; and2di; tly; zi; ando,ii ; nla; xi; andqit ; ors):

Let X, y, z be sets. The functor GFA1CarryCirc(x;y; z) yielding a strict
Boolean circuit of GFAL1CarryStr( x; y; z) with denotation held in gates is de ned
by:

(Def. 20) GFAlCarryCirc(x;y;z) = GFAL1CarrylICirc( x;y;z)+ 1GateCircuit( nk;
yi; and2di ; ily; zi; andy,il ; l; xi; andyii ; ors):

Let x, y, z be sets. The functor GFA1CarryOutput(x;y;z) yielding an
element of InnerVertices(GFAL1CarryStr(x;y; z)) is de ned as follows:

(Def. 21) GFAlCarryOutput( x;y;z) = Inhhirhyi; and2ai;inl; zi; and,ii; ia; xi;
andyii ; orsii:

We now state a number of propositions:

(49) For all setsx, y, z holds InnerVertices(GFA1CarrylStr( x;y; z)) = finlx;
yi; and2di ; hig; zi; andy,ii ; il xi; and.ig :

(50) For all sets x, y, z holds InnerVertices(GFAL1CarryStr(x;y;z)) = fhnhx;
yi; and2di ; hlg; zi; andy,ii ; ;i ; and.ig[f GFAL1CarryOutput( X;y;z)g:

(51) Forallsetsx,y, z holds InnerVertices(GFAL1CarryStr(x;y; z)) is a binary
relation.

(52) For all setsx, y, z such that x 6 tnly; zi; and,,ii and y 6 Hnla; xi; andsil
and z 6 tk;yi; and2d holds InputVertices(GFALlCarrylIStr( x;y;z)) =
fxy;zg:

(53) For all setsx, y, z such that x 6 tnly; zi; andy,ii and y 6 tnla; xi; andsil
and z 6 HR;yi; and2di holds InputVertices(GFAL1CarryStr( x;y;z)) =
fxy;zg:
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(54) For all non pair sets x, y, z holds InputVertices(GFA1CarryStr( X;y; z))
has no pairs.

(55) Let x, y, z be sets. Thenx 2 the carrier of GFA1CarryStr( x;y;z)
and y 2 the carrier of GFAlCarryStr(x;y;z) and z 2 the
carrier of GFAlCarryStr(x;y;z) and Ihk;yi; and2ci 2 the car-
rier of GFALlCarryStr( x;y;z) and Ihlg;zi; andyi 2 the carrier
of GFAlCarryStr(x;y;z) and th;xi; andzi 2 the carrier of
GFAl1CarryStr( x;y; z) and Inhiwbhyi; and2di ; inly; zi; andy,il ; ik; xi; and,ii
orzi2 the carrier of GFALCarryStr( x;y; z).

(56) Forallsetsx,y, zholdstk;yi; and2ci2 InnerVertices(GFAL1CarryStr( Xx;
y;z)) and ly; zi; andyzi2 InnerVertices(GFALCarryStr( x;y; z)) and th;
xi; and.ii2 InnerVertices(GFA1CarryStr( x;y; z)) and GFA1CarryOutput
(X;y;z) 2 InnerVertices(GFALCarryStr( x;y; z)):

(57) For all setsx, y, z such that x 6 tly; zi; and,,ii and y 6 thi; xi; andsii
and z 6 k;yi; and2di holds x 2 InputVertices(GFAL1CarryStr( x;y;z))
and y 2 InputVertices(GFAL1CarryStr( x;y;z)) and
Z 2 InputVertices(GFALCarryStr( x;y;z)):

(58) For all non pair setsx, y, z holds InputVertices(GFA1CarryStr( x;y; z)) =
fxy;zg:

(59) Letx,y, z be sets,s be a state of GFA1CarryCirc(x;y; z), and a1, az, as
be elements ofBoolean. Supposea; = s(x) and a; = s(y) and az = s(2):
Then (Following(s))(thk;yi; and2ci) = a; : a, and (Following(s))( nl;
Zi; andyyii) = @ ax ™ az and (Following(s))(nk; xi; andii) = az " a;:

(60) Let x, y, z be sets, s be a state of GFAlCarryCirc(x;y;z),
and a;, ap, az be elements of Boolean. If ag = s(hR;yi;
and2di) and a, = s(hly;zi; andy,ii) and az = s(ihk; xi; andii); then
(Following(s))(GFA1CarryOutput( X;y;z)) = a1 _a» _ as:

(61) Let x,y, z be sets. Suppose 6 Ihnly; zi; andy,ii and y 6 Hnla; xi; andsil
and z 6 R;yi; and2di: Let s be a state of GFA1CarryCirc(x;y;z) and
ai, ay, az be elements ofBoolean. Supposea; = s(x) and a, = s(y) and
az = s(z): Then (Following(s; 2))(GFA1CarryOutput( X;y;z)) = a1 az_
s ax”™ az_ az” a; and (Following(s;2))(lnk;yi; and2di) = a; *: ap and
(Following(s; 2))(tnly; zi; andy,ii) = : ax ™ az and (Following(s; 2))(fnk; xi;
andyii) = az ™ ay:

(62) For all setsx, y, z such that x 6 tly; zi; andx,ii and y 6 thiz; xi; andsii
and z 6 thk;yi; and2ci and for every state s of GFAL1CarryCirc( X;y; z)
holds Following(s; 2) is stable.

Let x, y, z be sets. The functor GFA1AdderStr(x;y;z) yields an unsplit
non void strict non empty many sorted signature with arity held in gates and
Boolean denotation held in gates and is de ned as follows:
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(Def. 22) GFA1AdderStr(x;y;z) = 2GatesCircStr( x;y; z; xor2c):

Let x, y, z be sets. The functor GFA1AdderCirc(x; y; z) yielding a strict
Boolean circuit of GFA1AdderStr( x; y; z) with denotation held in gates is de ned
by:

(Def. 23) GFAl1AdderCirc(x;y;z) = 2GatesCircuit( x;y; z; Xxor2c):

Let x, Yy, z be sets. The functor GFA1AdderOutput(x;y; z) yields an element

of InnerVertices(GFA1AdderStr(x;y; z)) and is de ned as follows:
(Def. 24) GFA1AdderOutput( x;y;z) = 2GatesCircOutput( X; y; z; Xor2c):
We now state a number of propositions:
(63) For all sets x, y, z holds InnerVertices(GFAL1AdderStr(x;y; z)) = fhnkx;
yi; xor2cig [f GFAlAdderOutput( x;y;z)g:
(64) Forall setsx, Yy, z holds InnerVertices(GFA1AdderStr(x; y; z)) is a binary
relation.
(65) For all sets x, y, z such that z 6 Ik;yi; xor2ci holds
InputVertices(GFAL1AdderStr( x;y;z)) = fX;y;zg:
(66) For all non pair sets x, y, z holds InputVertices(GFA1AdderStr( x;y; z))
has no pairs.
(67) Let x,Vy, z be sets. Then
() x 2 the carrier of GFA1AdderStr(x;y; z),
(i) y 2 the carrier of GFA1AdderStr(x;y; z),
(i)  z 2 the carrier of GFA1AdderStr(x;y; z),
(iv) Mk yi; xor2ci2 the carrier of GFA1AdderStr(x;y;z), and
(v) Mhirbhyi; xor2cii; zi; xor2ci2 the carrier of GFA1AdderStr(x;y; z).
(68) Forallsetsx,y, zholdshk;yi; xor2ci2 InnerVertices(GFA1AdderStr( x;
y; z)) and GFA1AdderOutput( x;y;z) 2 InnerVertices(GFA1AdderStr( x;y;
2)):
(69) For all sets x, y, z such that z 6 Ihk;yi; xor2ci holds x 2
InputVertices(GFA1AdderStr( x;y; z)) and
y 2 InputVertices(GFA1AdderStr( x;y;z)) and
Z 2 InputVertices(GFAL1AdderStr( x;y; z)):
(70) For all non pair setsx, y, z holds InputVertices(GFA1AdderStr( x;y; z)) =
fx;y;zg:
(71) Let x, y, z be sets. Suppose 6 Ink;yi; xor2ci: Let s be a state of
GFA1AdderCirc(x;y;z) and a;, a2, ag be elements ofBoolean. Suppose
a; = s(x) and a; = s(y) and az = s(z): Then (Following(s))(k;yi;
Xor2ci) = a; . az and (Following(s))(x) = a; and (Following(s))(y) = a;
and (Following(s))(z) = as:
(72) Let x, vy, z be sets. Suppose 6 Ink;yi; xor2ci: Let s be a state of
GFA1AdderCirc(x;y;z) and a4, a1, a2, az be elements ofBoolean. If
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as = s(tk;yi; xor2cii) and a; = s(x) and a; = s(y) and az = s(z); then
(Following(s))(GFA1AdderOutput( Xx;y;z)) = a4 : asa:

(73) Let x, y, z be sets. Supposez 6 IhKk;yi; xor2ci: Let s be
a state of GFAlAdderCirc(x;y;z) and a;, ap, az be elements of
Boolean. Supposea; = s(x) and a = s(y) and az = s(z): Then
(Following(s; 2))(GFA1AdderOutput( x;y;z)) = a : a : az and
(Following(s; 2))(nk; yi; xor2ci) = a; : ap and (Following(s;2))(x) = az
and (Following(s;2))(y) = a2 and (Following(s;2))(z) = as:

(74) Let x, y, z be sets. Supposez 6 Ihk;yi; xor2ci: Let s be
a state of GFAlAdderCirc(x;y;z) and a;, ap, asz be elements of
Boolean. If a3 = s(x) and a, = s(y) and a3 = s(z); then
(Following(s; 2))(GFA1AdderOutput( X;y;z)) = : (a1 : a ag):

(75) For all setsx, y, z such that z 6 thk;yi; xor2ci and for every states of
GFA1AdderCirc( x;y; z) holds Following(s;2) is stable.

Let X, vy, z be sets. The functor BitGFA1Str(x;y;z) yields an unsplit non
void strict non empty many sorted signature with arity held in gates and Boolean
denotation held in gates and is de ned as follows:

(Def. 25) BIitGFA1Str( x;y;z) = GFA1AdderStr( x;y;z)+ GFA1CarryStr( x;y;z):

Let x, y, z be sets. The functor BitGFA1Circ(x;y;z) yielding a strict
Boolean circuit of BitGFA1Str( x;y; z) with denotation held in gates is de ned
by:

(Def. 26) BIitGFAL1Circ( x;y;z) = GFA1AdderCirc( x;y;z)+ GFAlCarryCirc( x;y;z):

We now state several propositions:

(76) For all sets x, y, z holds InnerVertices(BitGFALStr( x;y;z)) =
finhx; yi; xor2cig[f GFAL1AdderOutput( x;y;z)g[finhx;yi; and2di; inl; zi;
and,ii ; lz; xi; andzig [f GFA1CarryOutput( X;y;z)g:

(77) For all sets x, y, z holds InnerVertices(BitGFA1Str( x;y; z)) is a binary
relation.

(78) For all sets x, y, z such that z 6 HhR;yi; xor2ci and x 6 Ii;
Zi;andyii and y 6 Ihbk;xi; and,i and z 6 Ik yi; and2di holds
InputVertices(BitGFALStr( x;y;z)) = fx;y;zg:

(79) For all non pair sets x, y, z holds InputVertices(BitGFAL1Str( x;y;z)) =
fx;y;zo:

(80) For all non pair setsx, y, z holds InputVertices(BitGFALStr( x;y;z)) has
no pairs.

(81) Let x, y, z be sets. Thenx 2 the carrier of BitGFALStr( x;y;z)
and y 2 the carrier of BIitGFAL1Str( x;y;z) and z 2 the
carrier of BItGFALStr( x;y;z) and HR;yi; xor2ci 2 the car-
rier of BIitGFAL1Str( x;y;z) and Hhirhyi; xor2cii;zi; xor2ci 2 the
carrier of BIitGFAL1Str( x;y;z) and tR;yi; and2d 2 the car-
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rier of BIitGFALStr( x;y;z) and Mlg;zi; andxyi 2 the carrier of
BitGFAL1Str( x;y;z) and thk; xi; and,i2 the carrier of BitGFAL1Str( x;y; z)
and thhtrhyi; and2di ; hly; zi; andy,ii ; la; xi; andyii ; orsi 2 the carrier
of BitGFALStr( x;V; z).

(82) Letx,y, zbe sets. Thenthlk;yi; xor2ci2 InnerVertices(BitGFALStr( x;
y; z)) and GFA1AdderOutput( x;y;z) 2 InnerVertices(BitGFAL1Str( x;y; z))
and Ik;yi; and2di 2 InnerVertices(BitGFALStr( x;y;z)) and Inlg;zi;
andyii 2 InnerVertices(BitGFALStr( x;y;z)) and Mh;xi; andyi 2
InnerVertices(BitGFAL1Str( x;y;z)) and GFA1CarryOutput( x;y;z) 2
InnerVertices(BitGFALStr( x;y; z)):

(83) Let x, y, z be sets. Supposez 6 k;yi; xor2ci and
X 6 Hig;zi;andypi and y 6  Hk;xi;andzi and z 6 Hik;
yi; and2di: Then x 2 InputVertices(BitGFAL1Str( x;y;z)) and y 2
InputVertices(BitGFA1Str( X;y;z)) and z 2 InputVertices(BitGFALStr( x;
y;2)):
Let x, y, z be sets. The functor BitGFA1CarryOutput( x;Yy; z) yielding an
element of InnerVertices(BitGFA1Str(x;y; z)) is de ned as follows:
(Def. 27) BitGFALlCarryOutput( X;y;z) = Hhiwhyi; and2di;tl; zi; andy,ii; ihb;
Xi; andqii ; orzii:
Let X, y, z be sets. The functor BitGFA1AdderOutput( x;y; z) yielding an
element of InnerVertices(BitGFALStr( x;y; z)) is de ned as follows:
(Def. 28) BitGFA1AdderOutput( X;y;z) = 2GatesCircOutput( Xx;Yy; z; Xor2c):
The following two propositions are true:

(84) Let x, y, z be sets. Supposez 6 Ink;yi;xor2ci and x 6 Ihig;
Zi;andyii and y 6 Ihhk;xi; and;i and z 6 HR;yi; and2di: Let s
be a state of BitGFA1Circ(x;y;z) and a;, ap, asz be elements of
Boolean. Supposea; = s(x) and a = s(y) and az = s(z): Then
(Following(s; 2))(GFA1AdderOutput( x;y;z)) = : (a1 : a» az) and
(Following(s; 2))(GFAlCarryOutput( x;y;z)) = a1 ap_: ap”™as_asz"ap:

(85) Let x, y, z be sets. Supposez 6 Mk;yi;xor2ci and x 6 Inlg;zi;
andx,ii and y 6 Inh; xi; andyi and z 6 Ihk;yi; and2di: Let s be a state
of BitGFAL1Circ( x;y;z). Then Following(s;?2) is stable.

4. Generalized Full Adder (GFA) Circuit (TYPE-2)

Let x, y, z be sets. The functor GFA2CarrylStr(x;y; z) yields an unsplit
non void strict non empty many sorted signature with arity held in gates and
Boolean denotation held in gates and is de ned by:

(Def. 29) GFA2CarrylIStr( x;y; z) = 1GateCircStr( hx;yi;andyy)+ 1GateCircStr(hy;
Zi;and2c)+ 1GateCircStr(hz; xi; andyp):



generalized full adder circuits (gfas). ... 561

Let x, y, z be sets. The functor GFA2CarryICirc(x;y; z) yielding a strict
Boolean circuit of GFA2CarrylIStr( x;y; z) with denotation held in gates is de-
ned as follows:

(Def. 30) GFA2CarrylCirc( x;y; z) = 1GateCircuit( x;y; andzy)+ 1GateCircuit(y;
z;and2c)+ 1GateCircuit(z; x; andyp):

Let X, y, z be sets. The functor GFA2CarryStr(x;y; z) yielding an unsplit
non void strict non empty many sorted signature with arity held in gates and
Boolean denotation held in gates is de ned as follows:

(Def. 31) GFA2CarryStr(x;y;z) = GFA2CarrylIStr( x;y;z)+ 1GateCircStr(hlnk
yi; andyii ; lg; zi; and2di; hl; xi; andypii ; nors):

Let X, y, z be sets. The functor GFA2CarryCirc(x;y;z) yields a strict
Boolean circuit of GFA2CarryStr( x;y; z) with denotation held in gates and is
de ned as follows:

(Def. 32) GFA2CarryCirc( x;y;z) = GFA2CarryICirc( X;y;z)+ 1GateCircuit( k;
yi; andy,ii ; ly; zi; and2di ; il; xi; andyyil ; nors):

Let x, y, z be sets. The functor GFA2CarryOutput( x; y; z) yields an element
of InnerVertices(GFA2CarryStr( x;y; z)) and is de ned by:

(Def. 33) GFA2CarryOutput( x;y;z) = thhihyi; andy,ii ; il; zi; and2di; hi; xi;
andyyii ; norsii :

We now state a number of propositions:

(86) For all setsx, y, z holds InnerVertices(GFA2CarrylIStr( x;y; z)) = finkx;
yi; andy,ii ; ily; zi; and2adi ; ihb; xi ; andoypig :

(87) For all sets x, y, z holds InnerVertices(GFA2CarryStr(x;y; z)) = finkx;
yi; andyii ; l; zi; and2di ; hl; xi; andypig[f GFA2CarryOutput( X;y; z)g:

(88) Forall setsx, y, z holds InnerVertices(GFA2CarryStr( x;y; z)) is a binary
relation.

(89) For all setsx, y, z such that x 6 Inlg; zi; and2di andy 6 Hnl; Xi; andoyil
and z 6 Ik;yi; andyii holds InputVertices(GFA2CarrylStr( x;y;z)) =
fxy;zg:

(90) For all setsx, y, z such that x 6 Inlg; zi; and2di andy 6 fnk; Xi; andoypil
and z 6 Mk;yi; andy,ii holds InputVertices(GFA2CarryStr( x;y;z)) =
fxy;zg:

(91) For all non pair sets x, y, z holds InputVertices(GFA2CarryStr( x;y; z))
has no pairs.

(92) Let X, y, z be sets. Thenx 2 the carrier of GFA2CarryStr( X;y;z)
and y 2 the carrier of GFA2CarryStr(x;y;z) and z 2 the
carrier of GFA2CarryStr(x;y;z) and HR;yi; andxi 2 the car-
rier of GFA2CarryStr( x;y;z) and t;zi; and2dai 2 the car-
rier of GFA2CarryStr( x;y;z) and Mh;Xi; andopi 2 the carrier
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of GFA2CarryStr(x;y;z) and thhihyi; andy,ii ; hly; zi; and2di ; thi; xi;
andypii ; norzii2 the carrier of GFA2CarryStr( x;y; z).

(93) Forallsetsx,y, zholdsthk; yi; andy;ii2 InnerVertices(GFA2CarryStr( X;
y; z)) and thlg; zi; and2di2 InnerVertices(GFA2CarryStr( x;y; z)) and ni;
Xi; andyi 2 InnerVertices(GFA2CarryStr( x;y; z)) and GFA2CarryOutput
(X;y;z) 2 InnerVertices(GFA2CarryStr( x;y; z)):

(94) For all setsx, y, z such that x 6 tlg; zi; and2di andy 6 Hhk;xi; andyii
and z 6 Ihk;yi; andy,ii holds x 2 InputVertices(GFA2CarryStr( x;y; z))
and y 2 InputVertices(GFA2CarryStr( x;y;z)) and
z 2 InputVertices(GFA2CarryStr( x;y;z)):

(95) For all non pair setsx, y, z holds InputVertices(GFA2CarryStr( x;y; z)) =
fxy;zg:

(96) Let x,y, z be sets,s be a state of GFA2CarryCirc(X;y; z), and a1, az, as
be elements ofBoolean. Supposea; = s(x) and a; = s(y) and az = s(2):
Then (Following(s))(tnk; yi; andaii) = : a3 * ap and (Following(s))( finky;
zi; and2dci) = a;: asz and (Following(s))(nl; xi; andypii) = : az™: as:

(97) Let x, y, z be sets, s be a state of GFA2CarryCirc(x;y;z), and
a;, a», asz be elements of Boolean. If ap = s(ihk;yi; andaii)
and a, = s(hlg;zi;and2di) and a3 = s(hl;xi; andyii); then
(Following( s))(GFA2CarryOutput( X;y;z)) = : (a1 _ay _ a3):

(98) Let x,y, z be sets. Suppose& 6 Inly; zi; and2ci andy 6 fnl; xi; andyii
and z 6 Ihi;yi; and,ii: Let s be a state of GFA2CarryCirc(x;y; z) and
a1, az, az be elements ofBoolean. Supposea; = s(x) and a; = s(y) and
az = s(z): Then (Following(s;2))(GFA2CarryOutput( x;y;z)) = : . aga ®
a;_ax”™: az_: ag”: ap) and (Following(s;2))(Ihk;yi; andygi) = : a3 ap
and (Following(s; 2))(tnly; zi; and2di) = ax”™:. asz and (Following(s; 2))(ink;
Xi;andyii) = : az”: a:

(99) For all setsx, y, z such that x 8 Ihlg; zi; and2di andy 6 Hnl; Xi; andoypil
and z 6 HR;yi; andy,ii and for every state s of GFA2CarryCirc( X;Vy; z)
holds Following(s; 2) is stable.

Let X, y, z be sets. The functor GFA2AdderStr(x;y; z) yields an unsplit
non void strict non empty many sorted signature with arity held in gates and
Boolean denotation held in gates and is de ned as follows:

(Def. 34) GFA2AdderStr(x;y;z) = 2GatesCircStr( x;y; z; xor2c):

Let X, y, z be sets. The functor GFA2AdderCirc(x;y; z) yielding a strict
Boolean circuit of GFA2AdderStr( x; y; z) with denotation held in gates is de ned
as follows:

(Def. 35) GFA2AdderCirc(x;y; z) = 2GatesCircuit( x;Y; z; xor2c):

Let x, Yy, z be sets. The functor GFA2AdderOutput(x;y; z) yields an element

of InnerVertices(GFA2AdderStr(x;y; z)) and is de ned by:
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(Def. 36) GFA2AdderOutput( x;y; z) = 2GatesCircOutput( x;y; z; xor2c):
One can prove the following propositions:
(100) For all setsx, y, z holds InnerVertices(GFA2AdderStr(x;y; z)) = fintx;
yi; xor2cig [f GFA2AdderOutput( x;y;z)g:

(101) Forall setsx, y, z holds InnerVertices(GFA2AdderStr(x;y; z)) is a binary
relation.

(102) For all sets x, y, z such that z 6 HR;yi;xor2ci holds
InputVertices(GFA2AdderStr( x;y;z)) = fXx;y;zg:
(203) For all non pair setsx, y, z holds InputVertices(GFA2AdderStr( x;y; z))
has no pairs.
(104) Let x,y, z be sets. Then
() x 2 the carrier of GFA2AdderStr(x;y; z),
(i) y 2 the carrier of GFA2AdderStr(x;y; z),
(i)  z 2 the carrier of GFA2AdderStr(x;y; z),
(iv)  Wk;yi; xor2ci2 the carrier of GFA2AdderStr(x;y; z), and
(v) HhHrhyi; xor2cii; zi; xor2ci2 the carrier of GFA2AdderStr(x;y; z).
(105) For all setsx, y, z holdsthk; yi; xor2ci2 InnerVertices(GFA2AdderStr( x;
y; z)) and GFA2AdderOutput( x;y;z) 2 InnerVertices(GFA2AdderStr( x;y;
2)):
(106) For all sets x, y, z such that z 6 HR;yi; xor2ci holds x 2
InputVertices(GFA2AdderStr( x;y; z)) and
y 2 InputVertices(GFA2AdderStr( x;y;z)) and
Z 2 InputVertices(GFA2AdderStr( x;y; z)):

(107) For all non pair setsx, vy, z holds InputVertices(GFA2AdderStr( x;y; z)) =
fx;y;zo:

(108) Let x, y, z be sets. Suppose 6 Hi;yi; xor2cii: Let s be a state of
GFA2AdderCirc(x;y;z) and a1, az, az be elements ofBoolean. Suppose
a; = s(x) and a; = s(y) and az = s(z): Then (Following(s))(hR;yi;
Xor2ci) = a; . ap and (Following(s))(x) = a; and (Following(s))(y) = ap
and (Following(s))(z) = as:

(109) Let x, y, z be sets. Suppose 6 HR;yi; xor2cii: Let s be a state of
GFA2AdderCirc(x;y;z) and a4, a1, az, az be elements ofBoolean. If
as = s(tk;yi; xor2cii) and a; = s(x) and a; = s(y) and az = s(z); then
(Following(s))(GFA2AdderOutput( X;y;z)) = a4 : asa:

(110) Let x, y, z be sets. Supposez 6 Ihk;yi; xor2ci: Let s be
a state of GFA2AdderCirc(x;y;z) and a;, az, asz be elements of
Boolean. Supposea; = s(x) and a; = s(y) and ag = s(z): Then
(Following(s; 2))(GFA2AdderOutput( x;y;z)) = a : a . az and
(Following(s; 2))(Ink; yi; xor2ci) = a; : ap and (Following(s;2))(x) = az
and (Following(s;2))(y) = a2 and (Following(s;2))(z) = as:
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(111) Let x, y, z be sets. Supposez 6 Ik;yi; xor2ci: Let s be
a state of GFA2AdderCirc(x;y;z) and a;, a;, asz be elements of
Boolean. If a7 = s(xX) and a, = s(y) and a3 = s(z); then
(Following(s; 2))(GFA2AdderOutput( x;y;z))= : a1 ap : as:

(112) For all setsx, y, z such that z 6 tk;yi; xor2ci and for every states of
GFA2AdderCirc( x;y; z) holds Following(s; 2) is stable.

Let x, y, z be sets. The functor BitGFA2Str(x;y; z) yielding an unsplit
non void strict non empty many sorted signature with arity held in gates and
Boolean denotation held in gates is de ned as follows:

(Def. 37) BIitGFA2Str( x;y; z) = GFA2AdderStr( x;y;z)+ GFA2CarryStr( x;y;z):

Let X, y, z be sets. The functor BitGFA2Circ(x;y; z) yields a strict Boolean
circuit of BtGFA2Str( x;y;z) with denotation held in gates and is de ned by:

(Def. 38) BIitGFA2Circ( x;y;z) = GFA2AdderCirc( x;y;z)+ GFA2CarryCirc( X;V; z):
Next we state several propositions:

(113) For all sets x, y, z holds InnerVertices(BitGFA2Str( x;y;z)) =
finhx; yi; xor2cig[f GFA2AdderOutput( x;y; z)g[fthhx;yi; andy,ii ; hly; zi ;
and2di ; h; xi; andypig [f GFA2CarryOutput( X;y; z)g:

(114) For all setsx, y, z holds InnerVertices(BitGFA2Str( x;y; z)) is a binary
relation.

(115) For all sets x, y, z such that z 6 Ik;yi; xor2ci and x 6 Hly;
Zi;and2di and y 6 Inb;xi; andyi and z 6 HR;yi; andy,ii  holds
InputVertices(BitGFA2Str( x;y;z)) = fXx;y;zg:

(116) For all non pair setsx, y, z holds InputVertices(BitGFA2Str( x;y; z)) =
fx;y;zo:

(117) For all non pair setsx, y, z holds InputVertices(BitGFA2Str( x;y; z)) has
no pairs.

(118) Let x, y, z be sets. Thenx 2 the carrier of BitGFA2Str( x;y;z)
and y 2 the carrier of BIitGFA2Str( x;y;z) and z 2 the
carrier of BIitGFA2Str( x;y;z) and tkR;yi; xor2ci 2 the car-
rier of BitGFA2Str( x;y;z) and Hhirhyi; xor2cii;zi; xor2ci 2 the
carrier of BIitGFA2Str( x;y;z) and Mk;yi; andygi 2 the car-
rier of BIitGFA2Str( x;y;z) and Mtlg;zi; and2ci 2 the carrier of
BitGFA2Str( x;y; z) and th; xi; andypii2 the carrier of BitGFA2Str( x;y; z)
and thtrhyi; anda,ii ; ily; zi; and2di ; iiz; xi; andypii ; norsii2 the carrier
of BitGFA2Str( x;V; z).

(119) Letx,y, z be sets. Thenhk;yi; xor2ci2 InnerVertices(BitGFA2Str( x;
y; z)) and GFA2AdderOutput( X;y;z) 2 InnerVertices(BitGFA2Str( x;y; z))
and Ihk;yi; andxaii 2 InnerVertices(BitGFA2Str( x;y;z)) and Inlg;zi;
and2di 2 InnerVertices(BitGFA2Str( x;y;z)) and th;xi; andypii 2
InnerVertices(BitGFA2Str( x;y;z)) and GFA2CarryOutput( x;y;z) 2
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InnerVertices(BitGFA2Str( x;y; z)):

(120) Let x, y, z be sets. Supposez 6 k;yi; xor2ci and
X 6 Il;zi;and2d and y 6 Wb xi; andyi and z 6 Hik;
yi; andyii: Then x 2 InputVertices(BitGFA2Str( x;y;z)) and y 2
InputVertices(BitGFA2Str( x;y;z)) and z 2 InputVertices(BitGFA2Str( x;
y;2)):
Let x, y, z be sets. The functor BitGFA2CarryOutput( X;y;z) yields an
element of InnerVertices(BitGFA2Str( x;y; z)) and is de ned by:
(Def. 39) BIitGFA2CarryOutput( x;y;z) =
Xi; andyii ; norsii :
Let X, y, z be sets. The functor BitGFA2AdderOutput( x;y; z) yielding an
element of InnerVertices(BitGFA2Str(x;y; z)) is de ned by:
(Def. 40) BitGFA2AdderOutput( Xx;y;z) = 2GatesCircOutput( x;Yy; z; Xor2c):
Next we state two propositions:

(121) Let x, y, z be sets.
zi; and2di

ihhirhyi; andy,ii ; nly; zi; and2di ; ink;

Supposez 6 Hk;yi; xor2ci and x 6 Ii;

and y 6 Hh;xi;andyi and z 6 HR;yi; andy,ii: Let s

be a state of BitGFA2Circ(x;y;z) and a;, az, asz be elements of
Boolean. Supposea; = s(x) and a; = s(y) and az = s(z): Then
(Following(s; 2))(GFA2AdderOutput( x;y;z)) = :a; a : ag and
(Following(s; 2))(GFA2CarryOutput( X;y;z)) = : (apax _ax”": az _
cazoa):

(122) Letx, vy, z be sets. Suppose 6 hk;yi; xor2ci and x 6 thlg; zi; and2di
and y 6 Mnk;xi; andyi and z 6 thk;yi; andy,ii: Let s be a state of
BitGFA2Circ( x;y; z). Then Following(s;2) is stable.

5. Generalized Full Adder (GFA) Circuit (TYPE-3)

Let X, y, z be sets. The functor GFA3CarrylIStr(x;y; z) yielding an unsplit
non void strict non empty many sorted signature with arity held in gates and
Boolean denotation held in gates is de ned by:

(Def. 41) GFAS3CarrylIStr( x;y; z) = 1GateCircStr( hx;yi;andyp)+ 1GateCircStr(hy;
Zi;andyp)+ 1GateCircStr(hz; xi; andoyp):
Let x, y, z be sets. The functor GFA3CarrylCirc(x;y; z) yielding a strict
Boolean circuit of GFA3CarrylStr( x;y; z) with denotation held in gates is de-
ned by:

(Def. 42) GFA3CarrylCirc( x;Yy; z) = 1GateCircuit( x;y; and,p)+ 1GateCircuit(y;
z;andyp)+ 1GateCircuit( z; x; andyy):
Let X, y, z be sets. The functor GFA3CarryStr(x; y; z) yielding an unsplit

non void strict non empty many sorted signature with arity held in gates and
Boolean denotation held in gates is de ned by:
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(Def. 43) GFA3CarryStr(x;y;z) = GFA3CarrylStr( x;y;z)+ 1GateCircStr(hHnky
yi; andyii ; tly; zi; andoyii ; Ila; Xi; andyyii ; nors):

Let X, y, z be sets. The functor GFA3CarryCirc(x;y; z) yielding a strict
Boolean circuit of GFA3CarryStr( x; y; z) with denotation held in gates is de ned
by:

(Def. 44) GFA3CarryCirc( x;y;z) = GFA3CarrylCirc( x;y;z)+ 1GateCircuit( ink;
yi; andyii ; Inly; zi; andyyii ; inl; Xi; andoyii ; nors):

Let x, y, z be sets. The functor GFA3CarryOutput( x;y; z) yields an element
of InnerVertices(GFA3CarryStr( x;y; z)) and is de ned as follows:

(Def. 45) GFA3CarryOutput( x;y;z) = thirhyi; andyii; inlg; zi; andyyi ; ;i ;
andypii ; norsii :

The following propositions are true:

(123) For all setsx, y, z holds InnerVertices(GFA3CarrylIStr( x;y; z)) = fintx;
yi; andoyii ; tly; zi; andoyii ; Inl; i ; andyyig :

(124) For all setsx, y, z holds InnerVertices(GFA3CarryStr(x;y;z)) = flinkx;
yi; andyypii ; inly; zi; andypii ; inl; xi; andypig[f GFA3CarryOutput( X;y;z)g:

(125) For all setsx, y, z holds InnerVertices(GFA3CarryStr( x; y; z)) is a binary
relation.

(126) For all setsx, y, z such that x 6 tlg; zi; andypii and y 6 Hnl; xi; andypi
and z 6 tk;yi; andyi holds InputVertices(GFA3CarrylStr( x;y;z)) =
fx;y;zg:

(127) For all setsx, y, z such that x 6 thlg; zi; andypii and y 6 tnla; xi; andyyii
and z 6 HR;yi; andyii holds InputVertices(GFA3CarryStr( x;y;z)) =
fxy;zg:

(128) For all non pair setsx, y, z holds InputVertices(GFA3CarryStr( X;y; z))
has no pairs.

(129) Let X, y, z be sets. Thenx 2 the carrier of GFA3CarryStr( x;y; z)
and y 2 the carrier of GFA3CarryStr(x;y;z) and z 2 the
carrier of GFA3CarryStr(x;y;z) and Mk;yi; andpi 2  the car-
rier of GFA3CarryStr( x;y;z) and Mtlg;zi; andypi 2  the carrier
of GFA3CarryStr(x;y;z) and Hbl;xi; andyii 2 the carrier of
GFA3CarryStr( x;y; z) and tnhirbhyi; andoii ; ly; zi; andyyi ; inl; Xi; andoypii ;
norzii2 the carrier of GFA3CarryStr( x;y; z).

(130) For all setsx, y, z holdsthk; yi; andypii2 InnerVertices(GFA3CarryStr( x;
y; z)) and thlg; zi; andyii2 InnerVertices(GFA3CarryStr( x;y; z)) and nk;
Xi; andyi 2 InnerVertices(GFA3CarryStr( x;y; z)) and GFA3CarryOutput
(x;¥;2) 2 InnerVertices(GFA3CarryStr( x;y; z)):

(131) For all setsx, y, z such that x 6 thlg; zi; andypii and y 6 tnla; xi; andyyii
and z 6 R;yi; andyii holds x 2 InputVertices(GFA3CarryStr( x;y; z))
and y 2 InputVertices(GFA3CarryStr( x;y;z)) and
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z 2 InputVertices(GFA3CarryStr( x;y;z)):

(132) For all non pair setsx, y, z holds InputVertices(GFA3CarryStr( x;y; z)) =
fx;y;zg:

(133) Letx,y, z be sets,s be a state of GFA3CarryCirc(x;y; z), and az, a, a3
be elements ofBoolean. Supposea; = s(x) and a, = s(y) and azg = s(2):
Then (Following(s))(tk; yi; andyi) = : a3 ™: az and (Following(s))( fnly;
zi; andypi) = : ax™: ag and (Following(s))(ink; xi; andypii) = : az”: ag:

(134) Let x, y, z be sets, s be a state of GFA3CarryCirc(x;y;z), and
ai, az, agz be elements of Boolean. If a; = s(lnk;yi; andyypi)
and a, = s(hly;zi;andypi) and az = s(ihl;xi; andyii); then
(Following( s))(GFA3CarryOutput( x;y;z))= : (a1 _ ax _ az):

(135) Letx,y, z be sets. Suppose 6 ly; zi; andypi and y 6 Hnl; xi; andyyi
and z 6 tk;yi; andyi: Let s be a state of GFA3CarryCirc(x;y;z) and
ai, a, az be elements ofBoolean. Supposea; = s(x) and a; = s(y)
and az = s(z): Then (Following(s;2))(GFA3CarryOutput( Xx;y;z)) =
cGCap N ay _rax”™:az_:az”: a;) and (Following(s;2))(k;yi;
andyii) = :a; N ap and (Following(s; 2))(Ihlg; zi; andyii) = : ax ™ : as
and (Following(s;2))(k; xi; andypii) = : ag™: aj:

(136) For all setsx, y, z such that x 6 thlg; zi; andypii and y 6 tnla; xi; andyyii
and z 6 Ik;yi; andyyi and for every state s of GFA3CarryCirc( X;Vy; z)
holds Following(s;2) is stable.

Let X, y, z be sets. The functor GFA3AdderStr(x;y; z) yields an unsplit
non void strict non empty many sorted signature with arity held in gates and
Boolean denotation held in gates and is de ned by:

(Def. 46) GFA3AdderStr(x;y;z) = 2GatesCircStr( X;y; z; Xor»):

Let X, y, z be sets. The functor GFA3AdderCirc(x;y; z) yielding a strict
Boolean circuit of GFA3AdderStr( x;y; z) with denotation held in gates is de ned
by:

(Def. 47) GFA3AdderCirc(x;y; z) = 2GatesCircuit( X;y; z; Xory):

Let X, y, z be sets. The functor GFA3AdderOutput(x;y;z) yielding an
element of InnerVertices(GFA3AdderStr(x;y; z)) is de ned by:

(Def. 48) GFA3AdderOutput( x;y; z) = 2GatesCircOutput( X;y; z; Xory):

One can prove the following propositions:

(137) For all setsx, y, z holds InnerVertices(GFA3AdderStr(x;y; z)) = fintx;
yi; xorpig [f GFA3AdderOutput( x;y;2)g:

(138) Forall setsx, y, z holds InnerVertices(GFA3AdderStr(x; y; z)) is a binary
relation.

(139) For all sets x, y, z such that z 6 IR;yi; xorzi holds
InputVertices(GFA3AdderStr( x;y;z)) = fx;y;zg:
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(140) For all non pair setsx, y, z holds InputVertices(GFA3AdderStr( x;y; z))
has no pairs.
(141) Letx,y, z be sets. Then
() x 2 the carrier of GFA3AdderStr(x;y; z),
(i) y 2 the carrier of GFA3AdderStr(x;y; z),
(i)  z 2 the carrier of GFA3AdderStr(x;y; z),
(iv) Hk;yi; xorzi2 the carrier of GFA3AdderStr(x;y;z), and
(v) thirhyi; xorqii; zi; xorpi2 the carrier of GFA3AdderStr(x;y; z).
(142) For all setsx, y, z holdsthk; yi; xor,i2 InnerVertices(GFA3AdderStr( x;
y; z)) and GFA3AdderOutput( x;y;z) 2 InnerVertices(GFA3AdderStr( x;y;
2)):
(143) For all sets x, y, z such that z 6 HkK;yi; xor;i holds x 2
InputVertices(GFA3AdderStr( x;y; z)) and
y 2 InputVertices(GFA3AdderStr( x;y;z)) and
z 2 InputVertices(GFA3AdderStr( x;y; z)):

(144) For all non pair setsx, y, z holds InputVertices(GFA3AdderStr( x; y; z)) =
fx;y;zg:

(145) Let x, y, z be sets. Suppose 6 tk;yi; xor,ii: Let s be a state of
GFA3AdderCirc( x;y;z) and a;, az, ag be elements ofBoolean. Suppose
a; = s(x) and a; = s(y) and az = s(z): Then (Following(s))(k;yi;
Xorqi) = a; ap and (Following(s))(x) = a; and (Following(s))(y) = a;
and (Following(s))(z) = as:

(146) Let x, y, z be sets. Suppose 6 HR;yi; xorsi: Let s be a state of
GFA3AdderCirc(x;y;z) and a4, a1, a2, az be elements ofBoolean. If
a4 = s(hk;yi; xorsii) and a; = s(x) and a; = s(y) and az = s(z); then
(Following( s))(GFA3AdderOutput( X;y;z)) = a4 as:

(147) Let x, y, z be sets. Supposez 6 Ihk;yi; xorpi: Let s be
a state of GFA3AdderCirc(x;y;z) and a;, ap, asz be elements of
Boolean. Supposea; = s(x) and a, = s(y) and a3 = s(2):
Then (Following(s; 2))(GFA3AdderOutput( x;y;z)) = a; a ag and
(Following(s; 2))(tnk;yi; xorzii) = a; ap and (Following(s; 2))(x) = a1
and (Following(s;2))(y) = a2 and (Following(s; 2))(z) = as:

(148) Let x, y, z be sets. Supposez 6 IkK;yi; xorqi: Let s be
a state of GFA3AdderCirc(x;y;z) and a;, az, asz be elements of
Boolean. If a7 = s(xX) and a, = s(y) and a3 = s(z); then
(Following(s; 2))(GFA3AdderOutput( x;y;z))= : (a1 : az : agz):

(149) For all setsx, y, z such that z 6 Ihk;yi; xor,i and for every state s of
GFA3AdderCirc( x;y; z) holds Following(s;2) is stable.

Let x, y, z be sets. The functor BitGFA3Str(x;y;z) yielding an unsplit
non void strict non empty many sorted signature with arity held in gates and
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Boolean denotation held in gates is de ned by:
(Def. 49) BIitGFA3Str( x;y;z) = GFA3AdderStr( x;y;z)+ GFA3CarryStr( x;y; z):
Let X, y, z be sets. The functor BitGFA3Circ(x;y; z) yields a strict Boolean
circuit of BitGFA3Str( x;y;z) with denotation held in gates and is de ned as
follows:
(Def. 50) BIitGFA3Circ( x;Yy; z) = GFA3AdderCirc( x;y;z)+ GFA3CarryCirc( X;y;z):
One can prove the following propositions:

(150) For all sets x, y, z holds InnerVertices(BitGFA3Str( x;y;z)) =
finh; yi; xoroig [f GFA3AdderOutput( x;y; z)g [ fiinhx;yi; andyyii ; tly; zi ;
andapil ; inla; xi; andypig [f GFA3CarryOutput( X;Y; z)g:

(151) For all setsx, y, z holds InnerVertices(BitGFA3Str( x;y; z)) is a binary
relation.

(152) For all sets x, y, z such that z 6 MkK;yi; xor;i and x 6 Hly;
Zi;andyi and y 6 Mhl;xi; andyi and z 6 Ik yi; andyii holds
InputVertices(BitGFA3Str( x;y;z)) = fx;y;zg:

(153) For all non pair setsx, y, z holds InputVertices(BitGFA3Str( x;y;z)) =
fx;y;zg:

(154) For all non pair setsx, y, z holds InputVertices(BitGFA3Str( x;y; z)) has
no pairs.

(155) Let x, y, z be sets. Thenx 2 the carrier of BitGFA3Str( x;y;z)
and y 2 the carrier of BitGFA3Str( x;y;z) and z 2 the carrier of
BitGFA3Str( x;y;z) and hk; yi; xor;ii2 the carrier of BitGFA3Str( x;y; z)
and thhtrhyi; xor»ii ; zi; xorzii 2 the carrier of BitGFA3Str( x;y;z) and
hik; yi; andypii 2 the carrier of BitGFA3Str( x;y;z) and ig; zi; andyyii 2
the carrier of BitGFA3Str( x;y;z) and th; xi; andyii 2 the carrier of
BitGFA3Str( x;y;z) and thirhyi; andyyii ; ikx; zi; andyyil ; Ila; xi; andoyii ;
norsii2 the carrier of BitGFA3Str( x;y; z).

(156) Letx,y, zbe sets. Thenlhk;yi; xor,i2 InnerVertices(BitGFA3Str( X;y;
z)) and GFA3AdderOutput( x;y;z) 2 InnerVertices(BitGFA3Str( x;y; z))
and Mk;yi; andypi 2 InnerVertices(BitGFA3Str( x;y;z)) and ;zi;
andypi 2 InnerVertices(BitGFA3Str( x;y;z)) and Mh;xi; andoyii 2
InnerVertices(BitGFA3Str( x;y;z)) and GFA3CarryOutput( x;y;z) 2
InnerVertices(BitGFA3Str( x;y; z)):

(157) Let x, vy, z be sets. Supposez 6 R yi; xorpi and
X 6 Wlg;zi;andyi and y 6 Wbk xi; andyi and z 6 Hik;
yi; andyii: Then x 2 InputVertices(BitGFA3Str( x;y;z)) and y 2
InputVertices(BitGFA3Str( x;y;z)) and z 2 InputVertices(BitGFA3Str( X;
y;2)):

Let x, y, z be sets. The functor BitGFA3CarryOutput( x;y;z) yields an
element of InnerVertices(BitGFA3Str( x;y; z)) and is de ned by:
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(Def. 51) BitGFA3CarryOutput( X;y;z) = hirhyi; andyyii; hlg; zi; andyyii ; hi;

Xi; andyii ; norsii :
Let X, y, z be sets. The functor BitGFA3AdderOutput( x;y; z) yielding an
element of InnerVertices(BitGFA3Str(x;y; z)) is de ned by:

(Def. 52) BitGFA3AdderOutput( x;y;z) = 2GatesCircOutput( X;y; z; Xory):

Next we state two propositions:

(158) Let x, y, z be sets. Supposez 6 Ihk;yi; xorzi and x 6 Hly;
Zi;andypi and y 6 Inbk;xi; andyi and z 6 WR;yi; andyii: Let s
be a state of BitGFA3Circ(x;y;z) and a;, az, az be elements of
Boolean. Supposea; = s(x) and a = s(y) and az = s(z): Then
(Following(s; 2))(GFA3AdderOutput( x;y;z)) = : (a1 : ap : asz) and
(Following(s; 2))(GFA3CarryOutput( x;y;z)) = : (: a1”: ax_: ax”: az_
caz: oa):

(159) Let x, Yy, z be sets. Suppose 6 tk;yi; xoryi and x 6 Ihlg; zi; andypi
and y 6 Mnb;xi; andyii and z 6 Mk;yi; andypii: Let s be a state of
BitGFA3Circ( x;y; z). Then Following(s;2) is stable.
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