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Summary. We continue Mizar formalization of General Topology accord-
ing to the book [20] by Engelking. Niemytzki plane is defined as halfplane y = 0
with topology introduced by a neighborhood system. Niemytzki plane is not
T4. Next, the definition of Tychono[Space is given. The characterization of
Tychono [CSpace by prebasis and the fact that Tychono [Spaces are between Ts
and T4 is proved. The final result is that Niemytzki plane is also a Tychono [
space.
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The notation and terminology used here are introduced in the following papers:
[38], [34], [15], [41], [17], [40], [35], [42], [11], [14], [12], [8], [13], [33], [10], [37],
[4], [21, [1], [3], [5], [32], [39], [22], [25], [23], [29], [27], [26], [28], [43], [18], [31],
[30], [36], [19], [24], [9], [16], [21], [7], and [6].

1. PRELIMINARIES

In this paper X, y are elements of R.
One can prove the following propositions:
(1) For all functions f, g such that f = g and for every set A holds
(f+0)~H(A) = F1(A) CgTH(A).
(2) For all functions f, g such that domf misses domg and for every set A
holds (F+-g)"1(A) = F~1(A) CgTi(A).
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Let X be a set and let Y be a non empty real-membered set. Note that
every relation between X and Y is real-yielding.
Next we state several propositions:

(3) For all sets x, a and for every function f such that a [_domf holds
(commute(xB- f))(a) = xB- f(a).

(4) Letbbeasetand f beafunction. Thenb Cdbmcommute(f) if and only
if there exists a set a and there exists a function g such that a Cdbmf
and g = f(a) and b Cdbmg.

(5) Let a, b be sets and f be a function. Then a Cdbm(commute(T))(b) if
and only if there exists a function g such that a [Cdbmf and g = f(a)
and b [Cdbmg.

(6) For all sets a, b and for all functions f, g such that a [Cdomf and
g =f(a) and b Cdbmg holds (commute(f))(b)(a) = g(b).

(7) For every set a and for all functions ¥, g, h such that h = f [glholds
(commute(h))(a) = (commute(f))(a) [(dommute(g))(a).

Let us note that every finite subset of R is bounded.
The following propositions are true:

(8) For all real numbers a, b, c, d such that a < b and ¢ < d holds ]Ja, c[ n

[b,d] = [b, c[.
(9) For all real numbers a, b, ¢, d such that a = b and ¢ > d holds ]Ja, c[ n
[b,d] =]a,d].

(10) For all real numbers a, b, ¢, d such thata<bh and b < c and ¢ < d holds
[a, c[ Old] = [a,d].

(11) For all real numbers a, b, ¢, d such thata<bh and b < c and ¢ < d holds
[a,c[n]b,d] = ]b, c[.

(12) Forall sets X, Y holds J[JIX,Y (Z=[X,Y Jand [[X,Y = X - Y.

In this article we present several logical schemes. The scheme SCH1 deals
with non empty sets A, B, C, two unary functors F and G yielding sets, and a
unary predicate P, and states that:

There exists a function f from C into B such that for every element
a of A holds
(i) if P[a], then f(a) = F(a), and
(i) if not P[a], then f(a) = G(a)
provided the parameters meet the following conditions:

e C Al and

e For every element a of A such that a [Q holds if P[a], then
F(a) [(Bland if not P[a], then G(a) [Bl

The scheme SCH2 deals with non empty sets A, B, C, three unary functors
F, G, and H yielding sets, and two unary predicates P, Q, and states that:
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There exists a function T from C into B such that for every element
a of A holds
(i) if P[a], then f(a) = F(a),
(i) if not P[a] and QJa], then f(a) = G(a), and
(iii) if not P[a] and not Q[a], then f(a) = H(a)
provided the parameters meet the following conditions:

e C Al and

e For every element a of A such that a [d holds if P[a], then
F(a) [Bland if not P[a] and Q[a], then G(a) [Bland if not P[a]
and not Q[a], then H(a) Bl

The following four propositions are true:

(13) For all real numbers a, b holds |[a, b]|]? = a2 + b2.

(14) Let X be a topological space, Y be a non empty topological space, A,
B be closed subsets of X, f be a continuous function from X[A into Y,
and g be a continuous function from X[B into Y. If f =g, then f+.g is
a continuous function from X[(A Bl into Y.

(15) Let X be a topological space, Y be a non empty topological space, and
A, B be closed subsets of X. Suppose A misses B. Let T be a continuous
function from X[A into Y and g be a continuous function from X[B into
Y. Then f+-g is a continuous function from X [[(A [BI) into Y.

(16) Let X be a topological space, Y be a non empty topological space, A
be an open closed subset of X, ¥ be a continuous function from X [A into
Y, and g be a continuous function from X[A® into Y. Then f+.g is a
continuous function from X into Y.

2. NIEMYTZKI PLANE

One can prove the following proposition

(17) For every natural number n and for every point a of E{ and for every
positive real number r holds a [Bhll(a, r).

The subset (y = 0)-line of E2 is defined by:
(Def. 1) (y = 0)-line = {[x, 0]}.
The subset (y = 0)-plane of E% is defined as follows:
(Def. 2) (y =0)-plane = {[x,y] : y = 0}.
We now state several propositions:
(18) For all sets a, b holds [@ b[CI_ (¢ = 0)-line i A and b = 0.
(19) For all real numbers a, b holds [a,b] (3 = 0)-line i [Chl= 0.

(20) (y = 0)-line =c.



518 GRZEGORZ BANCEREK

(21) For all sets a, b holds [@ bCIT_(y = 0)-plane i[Ca [CRIand there exists y
such thatb =y and y = 0.

(22) For all real numbers a, b holds [a,b] (3 = 0)-plane i Chl= 0.
Let us note that (y = 0)-line is non empty and (y = 0)-plane is non empty.
We now state several propositions:
(23) (y = 0)-line (= 0)-plane.
(24) For all real numbers a, b, r such that r > 0 holds Ball([a,b],r) (M =
0)-plane iCrl< b.
(25) For all real numbers a, b, r such that r > 0 and b = 0 holds Ball([a, b], r)
misses (y = 0)-line i< b.
(26) Let n be a natural number, a, b be elements of EX, and ry, r, be positive
real numbers. If [a—b| < r; —ry, then Ball(b, r;) [CBall(a, ry).
(27) For every real number a and for all positive real numbers rq, r, such
that r1 < r, holds Ball([a, r1], r1) CBall([a, r2], r2).
(28) Let Ty, T2 be non empty topological spaces, B; be a neighborhood system
of Ty, and B, be a neighborhood system of T,. Suppose B; = B,. Then
the topological structure of T; = the topological structure of T».
In the sequel r is an element of R.
Niemytzki plane is a strict non empty topological space and is defined by
the conditions (Def. 3).
(Def. 3)(i) The carrier of Niemytzki plane = (y = 0)-plane, and
(i)  there exists a neighborhood system B of Niemytzki plane such that for
every x holds B([x, 0]) = {Ball([x, r],r) X, 0]} : r > 0} and for all x, y
such that y > 0 holds B([x,y]) = {Ball([x,y],r) n (y = 0)-plane : r > 0}.
The following propositions are true:
(29) (y = 0)-plane\ (y = 0)-line is an open subset of Niemytzki plane.
(30) (y = 0)-line is a closed subset of Niemytzki plane.

(31) Let x be a real number and r be a positive real number. Then Ball([Xx,
r],r) [, O]} is an open subset of Niemytzki plane.

(32) Let x be a real number and y, r be positive real numbers. Then Ball([X,
y], r) n (y = 0)-plane is an open subset of Niemytzki plane.

(33) Let %,y be real numbers and r be a positive real number. If r <y, then
Ball([x, y], r) is an open subset of Niemytzki plane.

(34) Let p be a point of Niemytzki plane and r be a positive real number.
Then there exists a point a of E2 and there exists an open subset U of
Niemytzki plane such that p and a and for every point b of E2
such that b [l holds [b—a| <'r.

(35) Let x, y be real numbers and r be a positive real number. Then there
exist rational numbers w, v such that [w, v] CBRII([X, Y], r) and [w, V] & [X,
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yl.

(36) Let A be a subset of Niemytzki plane. If A = ((y = 0)-plane\ (y =
0)-line) n [[[Q, QLdthen for every set x holds A\ {X} = Qniemytzki plane-

(37) Let A be a subset of Niemytzki plane. If A = (y = 0)-plane\(y = 0)-line,
then for every set x holds A\ {X} = Qniemytzki plane-

(38) For every subset A of Niemytzki plane such that A = (y = 0)-plane\(y =
0)-Iine holds A= QNiemytzki plane-

(39) For every subset A of Niemytzki plane such that A = (y = 0)-line holds
A=Aand IntA =[]

(40) ((y = 0)-plane \ (y = 0)-line) n [[[Q, QLds a dense subset of Niemytzki
plane.

(41) ((y = 0)-plane \ (y = 0)-line) n [[[@Q, Qs a dense-in-itself subset of
Niemytzki plane.

(42) (y = 0)-plane\ (y = 0)-line is a dense subset of Niemytzki plane.
(43) (y = 0)-plane\(y = 0)-line is a dense-in-itself subset of Niemytzki plane.
(44) (y = 0)-line is a nowhere dense subset of Niemytzki plane.

(45) For every subset A of Niemytzki plane such that A = (y = 0)-line holds
Der A is empty.

(46) Every subset of (y = 0)-line is a closed subset of Niemytzki plane.
(47) Q is a dense subset of Sorgenfrey line.

(48) Sorgenfrey line is separable.

(49) Niemytzki plane is separable.

(50) Niemytzki plane is a Ty space.

(51) Niemytzki plane is not Tg.

3. TYCHONOFF SPACES

Let T be a topological space. We say that T is Tychono il and only if the
conditions (Def. 4) are satisfied.
(Def. 4)(i) T isa Ty space, and
(i) for every closed subset A of T and for every point a of T such thata CAF
there exists a continuous function f from T into | such that f(a) =0 and
f°A {1}
Let us observe that every topological space which is Tychono [id also T; and
T3 and every non empty topological space which is T and T4 is also Tychono []
We now state the proposition

(52) Let X be a T, topological space. Suppose X is Tychono[_Let B be a
prebasis of X, x be a point of X, and V be a subset of X. Suppose x [VI
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and V [B. Then there exists a continuous function ¥ from X into | such
that f(x) =0 and f°V°¢ C{1}.

Let X be aset and let Y be a non empty real-membered set. Observe that
every relation between X and Y is real-yielding.

The following propositions are true:

(53) Let X be a topological space, R be a non empty subspace of RY, f, g
be continuous functions from X into R, and A be a subset of X. Suppose
that for every point x of X holds x [CA i CFl(x) < g(x). Then A is closed.

(54) Let X be a topological space, R be a non empty subspace of R%, and f,
g be continuous functions from X into R. Then there exists a continuous
function h from X into R such that for every point x of X holds h(x) =
max(f(x), g(x)).

(55) Let X be a non empty topological space, R be a non empty subspace
of R, A be a finite non empty set, and F be a many sorted function
indexed by A. Suppose that for every set a such that a [CA holds F(a)
is a continuous function from X into R. Then there exists a continuous
function ¥ from X into R such that for every point x of X and for every
finite non empty subset S of R if S = rng(commute(F))(x), then f(x) =
max S.

(56) Let X be a T; non empty topological space and B be a prebasis of X.
Suppose that for every point x of X and for every subset V of X such
that x [[Vland V there exists a continuous function f from X into |
such that f(x) =0 and f°V°¢ C{d}. Then X is Tychono ]

(57) Sorgenfrey line is a T, space.

(58) For every real number x holds ]—oo, X[ is a closed subset of Sorgenfrey
line.

(59) For every real number x holds J—oo, X] is a closed subset of Sorgenfrey
line.

(60) For every real number x holds [x, +oof is a closed subset of Sorgenfrey
line.

(61) For all real numbers X, y holds [x, y[ is a closed subset of Sorgenfrey line.

(62) Let x be a real number and w be a rational number. Suppose X < w.
Then there exists a continuous function f from Sorgenfrey line into I such
that for every point a of Sorgenfrey line holds

() ifa A, w[, then f(a) =0, and
(i) ifa T4, w[, then f(a) = 1.
(63) Sorgenfrey line is Tychono L]
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4. NIEMYTZKI PLANE 1S TYCHONOFF SPACE

Let x be a real number and let r be a positive real number. The func-
tor +(x, r) yielding a function from Niemytzki plane into | is defined by the
conditions (Def. 5).

(Def. 5)(i)  (+(x,r)(x,0]) =0, and
(i)  for every real number a and for every non negative real number b holds
ifaB xorb&0and if [a,b] LBRII([X, r], r), then (+(x,))([a,b]) =1 and
if [, b] CBAII(X, r], r), then (+(x, r))([a, b]) = [XO-{abl®

One can prove the following propositions:

(64) Let p be a point of E2. Suppose p2 = 0. Let x be a real number and r
be a positive real number. If (+(x,r))(p) =0, then p =[x, 0].

(65) For all real numbers x, y and for every positive real number r such that
x By holds (+(x,r)([y,0]) = 1.

(66) Let p be a point of E%, X be a real number, and a, r be positive real
numbers. Ifa < land |p—[Xx,r-a]] =r-aandp; B 0, then (+(x, r))(p) = a.

(67) Let p be a point of E%, X, a be real numbers, and r be a positive real
number. If0=aanda<1and|p—[x,r-a]] <r-a, then (+(x,r))(p) < a.

(68) Let p be a point of E%. Suppose p2 = 0. Let x, a be real numbers and r
be a positive real number. If0<aanda<1land|p—[x,r-aj]>r-a,
then (+(x, N)(p) > a.

(69) Let p be a point of E%. Suppose p2 = 0. Let X, a, b be real numbers and
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r be a positive real number. Suppose 0 <=aand b<1 and (+(x,r))(p) [

]a,b[. Then there exists a positive real number ry such that r; < p, and
Ball(p, r1) [C(3(x,r))~*(a, bD).

(70) For every real number x and for all positive real numbers a, r holds
Ball([x, r - a],r -a) [(3(x,r))"*(q0,a[).

(71) For every real number x and for all positive real numbers a, r holds
Ball([x, r - a], r - a) [, 0]} C(FH(x,r))~*([0, a).

(72) Let p be a point of E2. Suppose p2 = 0. Let x, a be real numbers and
r be a positive real number. If 0 < (+(x,r))(p) and (+(X,r))(p) < a and
a<1, then p CBRAII(x,r-a],r-a).

(73) Let p be a point of E2. Suppose pz > 0. Let X, a be real numbers and
r be a positive real number. Suppose 0 < a and a < (+(x,r))(p). Then

there exists a positive real number ry such that r; < p, and Ball(p, r1) 1

(+(x, ) (a, 1]).

(74) Let p be a point of E%. Suppose p2 = 0. Let x be a real number and r
be a positive real number. Suppose (+(x, r))(p) = 1. Then there exists a
positive real number ry such that Ball([ps, r1], r1) a} CE#(X, 1) 1({1}).
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(75) Let T be a non empty topological space, S be a subspace of T, and B
be a basis of T. Then {A n Qs; A ranges over subsets of T: A A
meets Qs} is a basis of S.

(76) {]a,b[;a ranges over real numbers, b ranges over real numbers: a < b} is
a basis of R®.

(77) Let T be a topological space, U, V be subsets of T, and B be a set. If
u and V and B [W [V} is a basis of T, then B is a basis of T.

(78) {0, a[;a ranges over real numbers: 0 <a [d < 1} [{a, 1];a ranges
over real numbers: 0 <a [d< 1} [{k, b[; a ranges over real numbers, b
ranges over real numbers: 0 <a [Cd<b [CH< 1} is a basis of I.

(79) Let T be a non empty topological space and f be a function from T
into 1. Then F is continuous if and only if for all real numbers a, b such
that 0 <aanda<1and 0<bandb=<1 holds £~1([0,b]) is open and
f~1(a, 1]) is open.

Let x be a real number and let r be a positive real number. Note that +(X, )
is continuous.
We now state the proposition

(80) Let U be a subset of Niemytzki plane and given X, r. Suppose U =
Ball([x, r],r) [x,0]}. Then there exists a continuous function f from
Niemytzki plane into | such that

(i) f(x,0])=0,and

(i)  for all real numbers a, b holds if [a,b] U, then f([a,b]) =1 and if [a,

b] CUIN\{[x, 0]}, then f([a, b]) = Ix-Tasbl®

Let x, y be real numbers and let r be a positive real number. The functor
+(X,y, r) yields a function from Niemytzki plane into | and is defined by the
condition (Def. 6).

(Def. 6) Let a be a real number and b be a non negative real number. Then

() if[a,b] IBREII(X,Y],r), then (+(X,y,r))([a,b]) =1, and

(i) if [a,b] CBRI(X,Y],r), then (+(x,y,r))([a,b]) = LYkl

The following propositions are true:

(81) Let p be a point of E2. Suppose p, = 0. Let x be a real number, y
be a non negative real number, and r be a positive real number. Then
(+(x,y,nN)(p) = 0if and only if p =[x, y].

(82) Let x be a real number, y be a non negative real number, and r, a
be positive real numbers. If a < 1, then (+(x,y,r))"%([0,a]) = Ball([x,
yl,r-a) n (y = 0)-plane.

(83) Let p be a point of E2. Suppose p2 > 0. Let x be a real number,
a be a non negative real number, and y, r be positive real numbers. If
(+(x,y,n)(p) > a, then |[x,y]—p| > r-aand Ball(p, |[x,y]—p|—r-a)n(y =
0)-plane [ (3(x,y,r))"*(la, 1]).
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(84) Let p be a point of E%. Suppose p2 = 0. Let x be a real number, a be

a non negative real number, and y, r be positive real numbers. Suppose
(+(x,y,N)(p) > a. Then |[x,y] —p| > r - a and there exists a positive
real number ry such that ry = w and Ball([py, r1],r1) Cp} 1
(+(x,y,n)~*(a, 1.

Let x be a real number and let y, r be positive real numbers. One can verify

that +(x,y, r) is continuous.
We now state three propositions:

(85) Let U be a subset of Niemytzki plane and given X, y, r. Suppose y >0
and U = Ball([x,y],r) n (y = 0)-plane. Then there exists a continuous
function T from Niemytzki plane into | such that f([x,y]) = 0 and for all
real numbers a, b holds if [a,b] [O°, then f([a,b]) = 1 and if [a,b] [,
then f([a, b]) = Ix¥I—[adl

(86) Niemytzki plane is a T1 space.

(87) Niemytzki plane is Tychono L]
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