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Summary . In this paper, we shoved the linearity of the inde nite integral

abf dx, the form of which was introduced in [11]. In addition, we proved some

theorems about the integral calculus on the subinterval of [a; b]. As a result, we

described the fundamental theorem of calculus, that we developed in [11], by a
more general expression.
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The articles [23], [29], [26], [2], [22, [4], [14], [1], [24], [5], [27], [7], [6], [21],
[9], [3], [17], [1€], [15], [18], [20Q], [8], [10Q], [13], [19], [12], and [11] provide the
notation and terminology for this paper.

1. Preliminaries

We use the following corvention: a, b, ¢, d, e, x are real numbers, A is a
closed-irterval subsetof R, and f , g are partial functions from R to R.
We now state se\eral propositions:
(1) fa bandc danda+ c= b+ d;thena= bandc= d:
(2) Ifa bjthen]x ajx+al Jx bx+0H:
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(3) For ewvery binary relation R and for all setsA, B, C suchthat A B
andA CholdsR B A=R C A:

(4) For all setsA, B, C suc that A B and A C holds g A =
c:.C A:

(5) Ifa b;thenvol(a:b)) =b a:

(6) vol(["min(a;b);max(a;b)9) = jb aj:

2. Integrability and the Integral of Partial Functions

The following propositions are true:
(7) If A domf andf isjntegrable on,A and f is boundedon A, then jf
is integrableon A andj f (x)dxj Jfj(x)dx:

A A
(8) Ifa band[%b domf and f is integrable on [%;b% and f is
Zb Zb
boundedon [%; A, thenj f (x)dxj if j(x)dx:
a a
(9) Letr beareal number. SupposeA domf andf is igtegrable on A

and f is boundedon A. Then r f isintegrableon A and (r f )(x)dx =

Z A
r f (x)dx:
A
(10) If a band [%0] domf and f is integrable on [%;B] and f is
Zb Zb
boundedon [%; 19, then (cf)(x)dx=c  f (x)dx:
a a

(11) SupposeA domf and A domgandf isintegrable on A and f is
bounded on A and g is integrable on A and g is bounged on A. Then

f + gisintegrableon A andf gisintegrableon A and (f + g)(x)dx =

Z Z Z Z AZ
f(x)dx+ g(x)dxand (f g)(x)dx= f(X)dx g(x)dx:
A A A A A
(12) Supposethat a band [%;0] domf and [%;0] domg and f is
integrable on [%; b and g is integrable on [%; b and f is boundedon [%; B
Zb Zb Zb
and gis boundedon [%;B]. Then (f + g)(x)dx = f(x)dx+ g(x)dx

a a a
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Zb Zb Zb
and (f g)(x)dx=  f(x)dx g(x)dx:
a a a
(13) If f isboundedon A and g is boundedon A, then f g is boundedon A.
(14) SupposeA domf and A domg and f is integrable on A and f is
boundedon A and g is integrable on A and g is boundedon A. Thenf g
is integrable on A.
(15) Let n be an elemen of N. Supposen > 0 and vol(A) > 0: Then there
exists an elemen D of divsA sud that lenD = n and for every elemen
i of N such that i 2 domD holds D (i) = inf A + Y2A) :

3. Integrability on a Subinter val

The following propositions are true:
(16) Supposevol(A) > 0: Then there exists a DivSequenceT of A such that
® T is convergent,
@i) lim( 1)=0; and
(i) for every elemen n of N there exists an elemert T; of divsA sud that
T, dividesinto equaln+ 1 and T(n) = Ty:
(17) Supposea bandf is integrable on [%; 0% and f is bounded on [%; 7
and[%;0] domf andc2 [%;H: Then f is integrable on [%;cY and f is
Zb Zc Zb
integrableon [;b} and  f(x)dx= f(X)dx+ f(x)dx:

a a Cc

(18) Supposea candc dandd bandf isintegrable on [%; ] and f
is bounded on [%; 9 and [%;b] domf: Then f is integrable on [%;d9
and f is boundedon [%;d9 and [%;d9y domf:

(19) Supposethat a candc dandd bandf is integrable on [%; ]
and g is integrable on [%; b9 and f is boundedon [%; 9 and g is bounded
on[%&; 0 and [%;0] domf and[%;b] domg: Thenf + gis integrable
on [%;dq and f + g is boundedon [%;d].

(20) Supposea bandf is integrable on [%; % and f is bounded on [%; 7

Zd
and [%;0] domf and ¢ 2 [%;b] and d 2 [%;B]: Then f(X)dx =

Zc zZd
f(x)dx+ f(x)dx:
a C
(21) Suppose a b and f is integrable on [%;b] and f is bounded
on [%&;B and [%:H domf and ¢ 2 [%0] and d 2 [%;17:
Then [%min(c;d); max(c;d)9 domjfj and jfj is integrable on
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[%min(c;d); max(c;d)9 and jfj is bounded on [dmin(c;d); max(c;d)J and
Zd max (c;d)

i Fx)dxj if j(x)dx:

c min (c;d)

(22) Supposea bandc dandf isintegrable on[%;b] and f is bounded
on[%&; B and [%; 0] domf andc2 [%; ] and d 2 [%;9: Then [%;d9
domjf j and jf j is integrable on [%;d9 and jf j is bounded on [%;d and
zd zd Zc Zd
o fF(x)dxj jfix)dx andj f(x)dxj Jfj(x)dx:

C Cc d C

(23) Supposethat a bandc dandf is integrable on [%; 0] and f is
bounded on [%;% and [%;0] domf and ¢ 2 [%;B] and d 2 [%;B]
and for every real number x sud that x 2 [%;dq holds jf (x)j] e: Then
Zd Zc
i f()dxj e (d ¢ andj f(x)dxj e (d o):

c d

(24) Supposethat a b and f is integrable on [%;B] and g is integrable
on [%;b and f is bounded on [%;b] and g is bounded on [%; % and
;0]  domf and [%a;B] domgandc 2 [%;B] and d 2 [%;B]: Then
Zd Zd Zd Zd Zd

(f +g(x)dx = f(x)dx+ g(x)dxand (f g(x)dx= f(x)dx
Cc C C C Cc
Zd
g(x)dx:
Cc
(25) Supposea bandf is integrable on [%; ] and f is bounded on [%;
Zd
and [%;0] domf and c2 [%; 0] and d 2 [%;9: Then (ef )(x)dx =

Zd
e fXx)dx
Cc
(26) Supposea band[%;b] domf and for every real number x such
that x 2 [%; b9 holds f (x) = e: Then f is integrable on [%; b and f is
Zb
boundedon [%;b and f(x)dx=e (b a):
a
(27) Supposea b and for every real number x sud that x 2 [%;b holds
f(x) = eand [%a;B] domf and ¢ 2 [%; 0] and d 2 [%;B7: Then
7d

f(x)dx=e (d o©):
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4. Fund ament al Theorem of Calculus

Next we state two propositions:

(28) Let xg be a real number and F be a partial function from R to R.
Supposethat a b and f is integrable on [%; % and f is bounded on
[%; 09 and [%; 0] domf and]a;bf domF and for every real number

P2

x such that x 2 ]Ja;b holds F(x) = f(x)dx and xo 2 Ja;bf and f is

a
cortinuousin xo. Then F is di erentiable in xo and Fqxq) = f (Xo):

(29) Let xg be a real number. Supposea band f is integrable on [%; ]
and f is bounded on [%; ] and [%;0] domf and xo 2 Ja;b and f is
cortinuousin xg. Then there exists a partial function F from R to R such
that ]a;l:ZJ[X domF and for every real number x suc that x 2 ]a; [ holds

F(x)= f(x)dx and F is di erentiable in xo and F{xg) = f (Xo):
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