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Summary . |In this article we de ne the Discrete Fourier Transforma-
tion for univariate polynomials and show that multiplication of polynomials can
be carried out by two Fourier Transformations with a vector multiplication in-
between. Our proof follows the standard one found in the literature and uses
Vandermonde matrices, seee.g. [27].
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The articles [20], [2€], [28], [5], [6], [19], [12], [3], [18], [13], [25], [2], [4], [23], [8],
[24), [14], [10, [11, [1€], [7], [29], [22], [1], [25], [9], [21], and [17] provide the
notation and terminology for this paper.

1. Preliminaries

The following proposition is true

(1) Let n be an elemen of N, L be a unital integral domain-like non de-
generatednon empty double loop structure, and x be an elemert of L. If
X6 0 ;then x" 6 O_:
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Onecanverify that every assaiative right unital add-assaiative right zerced
right complemenable left distributiv e non empty double loop structure which
is eld-lik e is also integral domain-like.

The following four propositions are true:

(2) Let L be an add-assmiative right zeroed right complemernable asso-
ciative commutativ e left unital eld-lik e distributiv e non empty double
loop structure and x, y be elemeris of L. If x 6 0. andy 6 O_; then
(xy) t=x*tyHh

(3) Let L beanassaiative commutativ e left unital distributiv e eld-lik e non
empty double loop structure and z, z; be elemens of L. If z 6 O_; then
Z1 = T:

(4) Let L bealeft zeroedright zeroed add-asseiative right complemertable
non empty double loop structure, m be an elemer of N, and s be a nite
sequenceof elements of L. Supposelens = m and Tgr every elemen k of
Nsuchthat 1 kandk mholdssy=1:Then s=m 1.:

(5) Let L bean add-asseiative right zeroed right complemenable assaia-
tive commutativ e left unital distributiv e eld-lik e non empty double loop
structure, s be a nite sequenceof elemernts of L, and g be an elemen of
L. Supposeq & 1. and for everypnatural number i such that 1 i and
i lensholdss(i)= g *: Then s= 1L1que(r;s:

Let L be a unital non empty double loop structure and let m be an elemen
of N. The functor m_ vyielding an elemen of L is de ned as follows:

(Def.1) mp=m 1_:

Next we state seweral propositions:

(6) LetL bea eld andm, n, k beelemerts of N. Supposem > Oandn > O:
Let M1 be a matrix over L of dimensionm n and M> be a matrix over
L of dimensionn k. Then (mg Mj;) Ma=m_ (M1 My):

(7) Let L be anonempty zero structure, p be an algebraic sequenceof L,
and i bean elemen of N. If p(i) 6 O_; thenlenp i+ 1:

(8) For every non empty zero structure L and for every algebraic sequence
s of L such that lens > 0 holdss(lens 1)6 O :

(9) Let L bean add-asseiative right zerced right complemenable distribu-
tive commutativ e assaiative left unital integral domain-like non empty
double loop structure and p, q be polynomials of L. If lenp > 0 and
leng> O; thenlen(p g) lenp+ leng:

(10) Let L beanassaiative non empty doubleloop structure, k, | be elemerts
of L, and s; bea sequenceof L. Thenk (I s1) = (k 1) s1:
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2. Mul tiplica tion of Algebraic Sequences

Let L be a non empty double loop structure and let m1, m, be sequence®f

L. The functor m; my yields a sequenceof L and is de ned as follows:
(Def. 2) For every elemen i of N holds (m1 m2)(i) = ma(i) my(i):

Let L be an add-asseiative right zerced right complemenable left distribu-
tive non empty double loop structure and let m1, m, be algebraic sequence®f
L. Obsenethat m; my is nite-Supp ort.

We now state two propositions:

(11) Let L bean add-assaiative right zeroed right complemenable distribu-
tive non empty double loop structure and m,, m, be algebraic sequences
of L. Thenlen(m; mjy) min(lenmg;lenmy):

(12) Let L be an add-assaiative right zeroed right complemerable distribu-
tive integral domain-like non empty double loop structure and mq, m, be
algebraic sequence®f L. If lenmq = lenmy; then len(my m») = lenmy:

3. Powers in Double Loop Str uctures

Let L be an assaiative commutativ e left unital distributiv e eld-lik e non
empty double loop structure, let a be an elemer of L, and let i be an integer.
The functor a' yielding an elemer of L is de ned as follows:
power (a;i); if 0 i
power, (a; jij) 1; otherwise.

Next we state a number of propositions:

(13) Let L beanassaiative comnutativ e left unital distributiv e eld-lik e non
empty double loop structure and x be an elemen of L. Then x%= 1, :

(14) Let L beanassaiative commutativ e left unital distributiv e eld-lik e non
empty double loop structure and x be an elemen of L. Then x! = x:

(15) Let L beanassaiative comnutativ e left unital distributiv e eld-lik e non
empty double loop structure and x be an elemert of L. Thenx 1= x %

(16) Let L beanassaiative commutativ e left unital distributiv e eld-lik e non
degeneratednon empty double loop structure and i be an integer. Then
(L)' = 1

(17) Let L beanassaiative commutativ e left unital distributiv e eld-lik e non
empty double loop structure, x be an elemen of L, and n be an elemen
of N. Then x"*! = x" x and x"** = x x":

(18) Let L be an add-asseiative right zeroed right complemenable assaia-
tive commutativ e left unital distributiv e eld-lik e non degeneratednon
empty double loop structure, i be an integer, and x be an elemen of L.
If x6 O_;then (x') 1= x "

(Def. 3) a =
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(19) For ewery eld L and for every integerj and for every elemen x of L
such that x 6 O, holdsxI*1 = xI x1:

(20) For every eld L and for ewery integerj and for every elemen x of L
such that x 6 O, holdsxi 1= x x 1L

(21) For every eld L and for all integersi, j and for every elemen x of L
such that x 6 0, holdsx' xI = xi*i:

(22) Let L bea eld-lik e assaiative unital add-assiative right zeroed right
complemernable left distributiv e commutativ e non degeneratednon empty
double loop structure, k be an elemen of N, and x be an elemen of L. If
X 6 O_; then (x Hk=x k:

(23) Let L bea eld and x be an elemen of L. Supposex 6 O, : Let i, j, k
be natural numbers. Then x(t D&k 1)y G Dk 1) = x@ )k 1),

(24) Let L beanassaiative comnutativ e left unital distributiv e eld-lik e non
empty double loop structure, x be an elemen of L, and n, m be elemeris
of N. Then x"™M = (x")™M:

(25) For ewvery eld L and for every elemen x of L suc that x 6 0. and for
ewvery integeri holds (x )" = (x') ™

(26) For every eld L and for every elemen x of L suc that x 6 0. and for
all integersi, j holdsx'l = (x')I:

(27) Let L beanassaiative comnutativ e left unital distributiv e eld-lik e non

empty double loop structure, x be an elemen of L, and i, k be elemerts
of N. If 1 k;thenx' (kK D = (xi)k 1.

4. Conversion between Algebraic Sequences and Matrices

Let m be a natural number, let L be a hon empty zero structure, and let p
be an algebraic sequenceof L. The functor mConv(p;m) yielding a matrix over
L of dimensionm 1 is de ned asfollows:

(Def. 4) For ewery natural number i sud that 1 i and i m holds
(mConv(p;m))i;1 = p(i 1)
We now state two propositions:

(28) Let m bea natural number. Supposem > 0: Let L be a non empty zero
structure and p be an algebraicsequenceof L. Then lenmConv(p;m) = m
and width mConv(p;m) = 1 and for ewvery natural number i suc that
i < m holds (mConv(p;m))i+1:1 = p(i):

(29) Let m be a natural number. Supposem > 0. Let L be a non empty
zero structure, a be an algebraic sequenceof L, and M be a matrix over
L of dimensionm 1. Supposethat for every natural number i sud that
i < m holds Mj;1.1 = a(i): Then mConv(a;m) = M:
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Let L be a non empty zero structure and let M be a matrix over L. The
functor aCornv M yielding an algebraicsequenceof L is de ned by the conditions
(Def. 5).

(Def. 5)(i) For every natural numberi such that i < lenM holds (aConv M )(i) =
Mi+1;1; and
(i)  for every natural numberi such that i lenM holds (aConv M )(i) =
O:

5. Primitive Roots, DFT and Vandermonde Matrix

Let L be a unital non empty double loop structure, let x be an elemen of
L, and let n be an elemen of N. We say that x is primitiv e root of degreen if
and only if:

(Def. 6) n 6 0and x" = 1, and for every elemer i of N such that 0 < i and
i<nholdsx' 6 1, :

We now state three propositions:

(30) LetL beaunital add-assiative right zercedright complemenable right
distributiv e non degeneratednon empty double loop structure and n be
an elemen of N. Then O is !'not primitiv e root of degreen.

(31) Let L be an add-asseiative right zeroed right complemenable assaia-
tive commutativ e unital distributiv e eld-lik e non degeneratednon empty
double loop structure, m be an elemen of N, and x be an elemen of L.
If x is primitiv e root of degreem, then x 1 is primitiv e root of degreem.

(32) Let L be an add-asseiative right zeroed right complemenable assaia-
tive commutativ e left unital distributiv e eld-lik e non degeneratednon
empty double loop structure, m be an elemen of N, and x be an elemen
of L. Supposex is primitiv e root of degreem. Let i, j benatural numbers.
If1 iandi mandl jandj mandi6 | thenx' | 6 1 :

Let m be a natural number, let L be a unital non empty double loop struc-
ture, let p be a polynomial of L, and let x be an elemen of L. The functor
DFT( p;x; m) yielding an algebraic sequenceof L is de ned by the conditions
(Def. 7).

(Def. 7)i)  For every elemert i of N suc that i < m holds (DFT (p;x; m))(i) =
eval(p:x'); and
(i)  for every elemert i of N suchthat i m holds (DFT( p;x; m))(i) = O_:

The following propositions are true:

(33) Let m be a natural humber, L be a unital non empty double loop struc-
ture, and x be an elemen of L. Then DFT(0:L; x; m) = O:L:

(34) Let m beanatural number, L bea eld, p, qbepolynomials of L, and x
bean elemen of L. Then DFT(p;x; m) DFT (g;x; m) = DFT(p q;x; m):
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Let L be an assaiative commutativ e left unital distributiv e eld-lik e non
empty double loop structure, let m be a natural number, and let x be an element
of L. The functor Vandermonddx; m) yielding a matrix over L of dimensionm
is de ned asfollows:

(Def. 8) For all natural numbersi, j sudhthat 1 iandi mandl | and
j m holds (Vandermondef; m));; = x( DU D:

Let L be an assaiative commutativ e left unital distributiv e eld-lik e non
empty double loop structure, let m be a natural number, and let x be an elemen
of L. Weintroduce VM( x; m) as a synorym of Vandermondef; m).

One can prove the following propositions:

(35) LetL bea eld andm, n benatural numb%rs. SupposeT: (.;)n Let M be
1

a matrix over L of dimensionm n. Then %) E M = M:
0 1

(36) Let L bea eld and m be an element of N. Suppose0 < m: Let u,
v, U; be matrices over L of dimension m. Supposethat for all natural
numbersi, j such that 1 i and i mand1l | and ] m holds
(u V)ij = mg (upij: Thenu v=mg ug:

(837) LetL bea eld, x beanelemen of L, s bea nite sequenceof elemerns
of L, and i, j, m be elemens of N. Supposethat x is primitiv e root of
degreemandl iandi mandl jandj mandlens= m and for
ewvery natural number k sud1 that 1 Jandk m holdssy = x( 1) (k1)
Then (VM (x;m) VM(x Lm))ij = s

(38) LetL bea eld, m, i, j beelemens of N, and x be an elemen of L.
Supposei 6 j and1l i andi mandl | and] m and x is
primitiv e root of degreem. Then (VM (x; m) VM(Xx l;m))i;j =0:

(39) Let L bea eld and m be an elemern of N. Supposem > O: Let x
be an elemert of L.Olf X is primitlv e root of degreem, then VM (x; m)

1 0 m m
VM(x kmy=m. & .. K
0 1

(40) Let L bea eld, m be an elemen of N, and x be an elemen of L. If
m > 0and x is primitiv e root of degreem, then VM(x; m) VM (x 1;m) =
VM (x 1;m) VM(x;m):
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We now state four propositions:

(41) LetL bea eld, pbeapolynomial of L, and m be an elemen of N. Sup-
posem > Oandlenp m: Let x bean elemen of L and i be an elemen
of N. If i < m; then (DFT( p;x; m))(i) = (VM (x; m) mConv(p;m))i+1:1:

(42) Let L bea eld, pbea polynomial of L, and m be a natural number. If
O0< mandlenp m; then for every elemen x of L holds DFT (p;x; m) =
aCorv(VM (x; m) mConv(p;m)):

(43) Let L bea eld, p, gbe polynomials of L, and m be an elemen of N.
Supposem > Qandlenp mandleng m: Letx beanelemen ofL. If X
is primitiv e root of degree2 m; then DFT(DFT (p q;x;2 m);x 1:2 m) =
2 mc (p 9:

(44) Let L bea eld, p, g be polynomials of L, and m be an elemer of N.
Supposem > Oandlenp m andleng m: Let x be an elemen of
L. Supposex is primitiv e root of degree2 m: If (2 m)_. 6 O_; then
(2 m)L) ¥ DFT(DFT(p;x;2 m) DFT(g;x;2 m);x ;2 m)=p q
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