INTRODUCTION

The present text in ludes the des ription of the basi onstru tions in the system
PC Mizar, but the des ription is not omplete. The text onsists of four hapters and
the annex ontaining a number of examples.
Chapter I dis usses terminologi al issues and the symbolism used. Chapter II des ribes the fundamental onstru tions in Mizar, namely arti le and dire tives. Identi ers,
reserved words and symbols, and numerals are dis ussed, too. Chapter III is on erned
with formulas, and Chapter IV, with proofs of theorems.
The text is mainly on erned with the synta ti s of Mizar. Elements of semanti s, indispensable for the explanation of ertain rules of proofs, are dis ussed in III.7
"Semanti orrelates".
The text in ludes a number of examples (mainly from general topology), to be found
both in the annex and in the main text. This should fa ilitate one both to learn Mizar
and independently to write arti les in that language.
The author is indebted to Dr A.Trybule and to G.Ban erek for valuable suggestions
and omments, very helpful in writing of the present text.
PC Mizar system is implemented by A.Trybule and Cz. Bylinski. Andrzej Trybule
is the author of the Mizar language.
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I. CONVENTIONS

Every Mizar arti le is a sequen e onsisting of ASCII symbols (ASCII: a xed ode
of signs arranged in a ertain order) other than ontrol signs, the sign No. 127 and No.
255. Fragments of Mizar arti les presented in this text will, however, in lude signs not
represented in the ASCII ode (su h as F, G, H). Those signs are used in order to in rease
the legibility of the text.
The table below lists the symbols not allowed in a Mizar arti le, whi h will be used
in the present paper, and their analogous in the standard ASCII.
Moreover the text in ludes ins riptions of the form:
list{...
whi h will be termed lists, as well as other ins riptions onsisting of words linked by the
hyphen "{", e.g.,
segment{of{quali ed{variables,
symbol{of{fun tor.

Hyphenation is intended to indi ate that the words thus liked together form a ertain
whole.
Further, ertain words will be written in bold type. They will be words reserved for
Mizar, that is su h whose meanings are rigorously determined by de nition in the Mizar
language. That typographi al distin tion is to draw the Reader's attention to then, and
thus more easily to remember at least some of them. Note that the list of all reserved
words and symbols will be found in the present text.
Symbol in this book Representation in ASCII
F
G
H

F
G
H
=
`
U
[234℄
[237℄
[238℄
[239℄
[243℄
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The following symbolism has been adopted:
{ topologi al spa e,
{ subspa e of a topologi al spa e G,
{ family of subsets of a topologi al spa e G,
A, B, G, P, Q { subsets of a topologi al spa e G,
X, Y, M, N { sets,
p, q
{ points of a topologi al spa e G,
k, l, n
{ natural numbers,
x
{ arbitrary obje ts.
G
H
F
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II. ARTICLE AND DIRECTIVES

A le with a Mizar text is termed a Mizar arti le. The name of the le may onsist
of not more than eight signs: letters, gures, unders orings ( ), and the sign ', and may
be neither a numeral nor a reserved Mizar word. Moreover su h a le must have the
extension .miz.
Here are some examples of names of a le: W1.miz, '' '.miz, x.miz. In view
of the proof larity the use as the name of a le of the ins ription '' ' or any other
equally little legible ins ription is not re ommended. A Mizar arti le onsist of two parts:
environment dire tives and the sequen e of se tions, whi h must be separated from one
another by the word begin. The environment dire tives must be pre eded by the word
environ, whi h opens every Mizar arti le.
Mizar arti le

environ

Environment dire tives
Se tion

begin

Text proper
Se tion

begin

Text proper

..
.

The text proper may in lude, among other things, proofs of theorems, de nitions with
onditions of orre tness, proofs of s hemata. In order to write a orre t non-empty text
proper one needs the environment whi h for the person who writes that arti le an be
organized by environment dire tives. They in lude items of information indispensable
for the orre t reading by Mizar of the text proper, and are the basis for proofs. To put
it more rigorously, environment dire tives refer to a data base and thus indi ate whi h
elements in the existing library are used in a given arti le.
The environment dire tives in lude:
vo abulary ;
signature ;
de nitions ;
theorems Æ ;
s hemes " ;

where
{ the name of a vo abulary le (e.g., TOPCON, ANAL),
{ the name of a signature le (e.g., TOPS 1, PRE TOPC, SUBSET 1),
{ the name of a de nition le (e.g., TARSKI, BOOLE),
Æ { the name of a theorem le (e.g., CONNSP 1, REAL 1),
" { the name of a s hema le (e.g., NAT 1).
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II.1. Vo abulary dire tive

The dire tive

vo abulary

;

is termed vo abulary dire tive, and the remaining ones, data base dire tives. Every Mizar
arti le onsist of a ertain numbers of symbols. Some of then are introdu ed automati ally (hidden symbols), while the remaining ones are introdu ed by referen e to vo abulary dire tives. Hen e vo abularies are needed. A vo abulary onsist of a le with the
extension .vo . That le ontains the list of symbols with their quali ers and indi ates
the biding strength of the symbols of fun tors. For instan e, the le TOPCON.vo , whi h
forms the vo abulary, is as follows:
TOPCON.vo
OCl 128
OFr 128
Oskl 128
U arrier
Utopology
GTopStru t
Ris open
Ris losed
Ris open losed
Rare separated
Ris ontinuous
Rare joined
Ris a omponent of
Ris a over of
MTopSpa e
MPoint
MSubSpa e
Mmap

In its leftmost olumn it ontains quali ers, and beginning with the next olumn to the
right until the spa e it ontains symbols. Quali ers in a sense hara terize symbols. For
instan e the quali er O indi ates that the symbol next to it is a symbol of a fun tor, while
the quali er R indi ates that the symbol next to its is a symbol of a predi ate. Thus the
symbols
Cl, Fr, skl
are symbols of fun tors, while the symbols
is open, is losed, is open losed, are separated, is ontinuous,
are joined, is a omponent of, is a over of
are symbols of predi ates.
The symbols Cl, Fr, skl denote, respe tively the operations of: losure, boundary
of a subset of a topologi al spa e, and omponent of a point of a topologi al spa e.
The symbols is open, is losed, is open losed are used to denote predi ates
de ned for subsets of a topologi al spa e and indi ating, respe tively, that is given set is
open, losed, open- losed. The symbol is ontinuous is used to denote the property of
being a ontinuous mapping of topologi al spa es. The symbol are separated denotes
the relationship between subsets of a topologi al spa e whi h says that they belong to
one and the same omponent. The symbol is a omponent of denotes two predi ates:
one says that a subset of a topologi al spa e is the maximal ompa t set ( omponent) in
4

that topologi al spa e, and the other says that it is a omponent in another subset of a
topologi al spa e. The symbol is a over of denotes the property of being a over of a
topologi al spa e.
Other quali ers o urring in the le TOPCON.vo are:
G { quali er of the symbol of stru ture,
U { quali er of the symbol of sele tor,
M { quali er of the symbol of mode.
The symbol TopStru t is used to denote the stru ture of a topologi al spa e, and
the symbols topology and arrier denote, respe tively, the topology and the arrier of
a topologi al spa e. The symbols of modes, i.e., the ins riptions TopSpa e, SubSpa e,
Point, map, are used to denote, respe tively, topologi al spa e, topologi al subspa e,
point of a topologi al spa e, and a mapping between topologi al spa e.
Quali ers of fun tor bra kets may also o ur:
K { left fun tor bra ket,
L { right fun tor bra ket.
The identi er of s hema is not introdu ed into vo abulary.
Here is the le ANAL.vo whi h ontains the symbols of fun tor bra kets used in
de ning the absolute value:
ANAL.vo
K j.
L .j
Osgn

The ins riptions:

< , > , <:, :>
are other examples of fun tor bra kets. These are used to denote, respe tively, nite
sequen es and fun tions whi h are pairs of fun tions. There is a pair of fun tor bra kets
whose symbols are in the le HIDDEN.vo . That le is joined automati ally to every




arti le.

Moreover, the vo abulary le indi ates the binding strength or priority. This applies
only to the symbols of fun tors. The binding strength of a given fun tor is indi ated by
the number next to its symbol.
Remark: The number hara terizing the priority of a given fun tor must be separated
from the symbol of that fun tor by at least one spa e.
There an be no spa e between the quali er and its orresponding vo abulary symbol.

Self-evidently, the symbol of a fun tor binds more strongly if its number is greater.
The priority of a given fun tor may be hara terized by any natural number in the
interval <0;255>.
All symbols of fun tors given in the vo abulary Top on have the priority 128. Some
symbols of fun tors have no number hara terizing priority, but this is not say that a
given symbol has no priority. That priority is given and amounts to 64. This is the
standard priority.
For instan e, the binding for e of the symbol of the fun tor sgn to be found in the
vo abulary Anal presented above is not given.
Remark: The binding for e of the symbols of predi ates, whi h always bind more weakly
than do the symbols of fun tors, is not given.
The on ept of binding for e of the symbols of fun tors is linked to the sequen e

in whi h the operations in a given formula are performed. Consider, for instan e, two
formulas:
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Cl P and
G Q.
Sin e the binding for e of the symbol is greater (it amounts to 150) than that of the
symbol Cl (128), the ins ription Cl P is interpreted as the losure of the omplement of
the set P, that is, in the same way as the ins ription Cl (P ). It is likewise in the se ond
ase. The priority of the symbol is 128, and that of them symbol is the standard one,
i.e., 64. Hen e the ins ription G Q is interpreted in the same was as the ins ription
( G)
Q. The a knowledge of the priority of at least some symbols may be used in
arti les in order to avoid super uous bra kets.
\

\

\

\

II.2. Identi ers

Ins ription whi h in lude: ASCII ontrol signs (i.e., signs whi h have ordinal numbers from 0 to 31), spa e (sign with the number 32), and the signs with the numbers 127
and 255, annot be vo abulary symbols.
Mizar arti les in lude ins ription termed identi ers. What sort of an ins ription on
identi er is? Now identi er is any non-empty sequen e of ertain signs. Those signs
may be letters, gures, the symbol of unders oring ( ), and apostrophe ('), but not
reserved words, not reserved symbols of Mizar nor numerals (see II.5.). The length of an
ins ription whi h is an identi er should not ex eed sixteen signs be ause otherwise su h
an ins ription whi h is an identi er may be a vo abulary symbol, but not onversely.
Identi ers are used to denote:
a) private fun tors and predi ates,
b) variables,
) labels.
Hen e we may speak about identi ers of variables, identi ers of private fun tors and
predi ates (if it is not a private fun tor or predi ate then we speak about a symbol), et .
By way of example we shall spe ify the identi ers in the le Z1.lst in luded in the
annex. They are as follows:
identi ers of variables:
T, P,
identi ers of labels:
Z1, Z2.
The identi ers of labels are examples of referen es. Referen es make it possible to
refer to senten es( whi h have been earlier assumed or substantiated.
lo al { identi ers of labels
( number
referen es
library { le symbol :




def number

Examples of lo al referen es have been given above.
Library referen es are exempli ed by the ins riptions:
TOPS 1:28, BOOLE:1, TARSKI:4, REAL 1:5, SUBSET 1:14, PRE TOPC:34.
A library referen e results in the referen e to a de nite theorem to be found in the
Mizar library. For instan e, the library referen e TOPS 1:28 results in the referen es to
the theorem No.28 re orded in the le TOPS 1.abs. On the ontrary, lo al referen es
apply to senten es in a given arti le and unlike library referen es may be freely assigned
to senten es.
Senten es are assigned labels so that one an refer to them in a later part of the
text. As between signature dire tives (see III.1) the phenomenon of overridding may
hold between identi ers of labels.
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DISCRIMINANTS OF IDENTIFIERS OF NAME OF FILES:

. An identi er whi h is a name of a le onsists maximally of eight signs.
. An identi er may be formed of:

letters, gures, the sign of unders oring ( ) and apostrophe (').

. In an identi er apital letters and lower- ase letters are treated as identi al. For

instan e, the ins riptions row, Row, and ROW are one and the same name of a le.
The adopted onvention is that names of les are always in apital letter.
An ins ription whi h is an identi er has a lose onne tion with those vo abulary
les whi h have been used in the environment. The point is that the symbols in those
les annot be identi ers. Should we disregard that errors would be reported as in the
example Z2.lst in the annex. They resulted from the use of the ins ription Fr as an
identi er of a variable. Note that Fr is the symbol of a fun tor in luded in the vo abulary
Top on, and that vo abulary is joined to the environment. Hen e, in a ordan e with
what has been said earlier, it was not allowed to use the ins ription Fr as an identi er
of a variable.

Remark: The person who writes has large freedom in onstru ting identi ers, and this
is why attention is drawn to the fa t that the ins riptions whi h fun tion as identi ers
should be as legible as possible be ause that ontributes to both the larity of that arti le
and its aestheti appearan e.

II.3. Hidden vo abulary
HIDDEN.vo
MAny
MElement
MDOMAIN
MSubset
MSET DOMAIN
MSUBDOMAIN
MReal
MNat
K[:
L:℄
Obool 128
OREAL 255
ONAT 255
O+ 32
O
R<>
R2
R
R
R<
R>

The symbols of fun tors + and are used to de ne, respe tively, the addition and
the multipli ation of terms, whose type is expanded to the type Element of REAL. The
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symbols and are used to denote, respe tively, the relation of membership and the
relation of order. The orre t use of the predi ate symbolized by onsist in that the
type of its left argument must be expandable to the type Any, and that of the right
argument, to the type set. The predi ate symbolized by is de ned to obje ts whose
type is expandable to the type Element of REAL. The ins ription bool is used as the
symbol of the fun tor whi h denotes the family of all subsets of a ertain set. The symbols
of the fun tor bra kets to be found in the Hidden vo abulary are adopted to denote of
Cartesian produ t of sets. The remaining symbols in that vo abulary will be dis ussed
in the se tion dedi ated to types.
2



2



II.4. Data base dire tives

The signature dire tive will be dis ussed rst. The dire tive
signature

;

joins automati ally the les: .sgn, .nfr and .typ. They ontain information about
the way in whi h the symbols introdu ed in the vo abularies may be used. For instan e,
the le .sgn lists the types of arguments of the obje ts de ned and patterns of de nitions. The le .nfr ontains the des riptions of the formats of the obje ts de ned
(fun tors, predi ates, modes). Formats for s hemata are not given. A format o ers information about the number of arguments. One and the same symbol may have several
formats. For instan e, the symbol is used in the arti le BOOLE in the format of 0{0
arguments to denote the empty set (zero left arguments and zero right arguments { see
table in III.1.), while in the arti le PRE TOPC in the format of 0{1 arguments, to denote
the least element of the family of open sets of a given topologi al spa e (zero left arguments and one right arguments { see table in II.1.). In both ases the priority is the same
be ause it pertains to the symbol of a fun tor. The ontent .typ ontains the types of
the result of a fun tor and the type of the expansion of a mode.
For instan e, the joining to the environment of the dire tive
;

signature BOOL;

results in the symbol (to be found in the vo abulary Boole { le BOOLE.vo ) being
orre tly usable for denoting the two-argument operation of interse tion, where the left
and right argument are sets. Moreover, the results of the operation is a set, too.
The ontext in whi h the symbol is interpreted here follows from the de nition of
interse tion, given in the arti le Boole (where X, Y are identi ers of sets).
\

\

\

de nition
let X,Y;
fun X \
x 2 it i
end;

Y
x

{> set means
2

X & x

2

Y;

Let use analyse the part of the de nition X Y {> set. It follows from X Y that
the operation is a two-argument one (the sets X and Y being the arguments). The
symbol set after the symbol {> informs one that the results of the operation is a set.
The dire tive
\

\

\

\

signature BOOL;

makes a essible all de nitions (whi h are not everridden) to be found in the arti le
Boole. This applies, among other things, to the de nition of the operation of interse tion
denoted by the symbol (number of arguments, types of arguments, type of result of
the operation).
But the operation denoted by the symbol may be also interpreted otherwise. The
arti le PRE TOPC in ludes a rede nition of the symbol :
\

\

de nition
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\

fun

P

let G, P, Q;
rede ne
\

Q

{> Subset of G;

end;

where P, Q are variable identi ers of subsets of the topologi al spa e G.
If the dire tive
signature PRE TOPC;

is joined to the environment, then the symbol will be used to denote the two-argument
operation of interse tion where both the left and the right argument is a subset of the
topologi al spa e G. Moreover, the result of the operation is also a subset of the
topologi al spa e G.
The appli ation of a signature dire tive should in that ase be in luded in the environment?
The operations denoted by the symbol , ' , , , for subsets of the topologi al
spa e G have been de ned in the arti le PRE TOPC. In the ase of the rst two symbols we
have to do with de nitions, in the ase of the remaining ones, with rede nitions. Sin e
the identi ers of variables whi h are arguments of the operations denoted by the symbols
indi ated above are, in the exer ise, reserved for subsets of the topologi al spa e G, the
dire tive
\

\

\

[

n

signature PRE TOPC;

should be joined to the environment. There will be also the information about the mode
TopSpa e. The mode with the symbol Subset is to be found in the vo abulary HIDDEN, automati ally joined to every arti le, and hen e annot o ur among environment
dire tives. Moreover, the information about the use of the symbols to be found there are
automati ally used by the pro essor of PC Mizar, that is without the indi ation of the
orresponding signature dire tives
The examples Z4.lst and Z5.lst in the annex illustrate errors due to a la k of the
proper signature dire tive.
Remark: The order in whi h signature dire tives are spe i ed may be importan e. Su h
is the ase in the rede nitions of one and the same symbol. The valid rede nition is
always that of the last signature spe i ed in the environment. If that order is erroneous,
then the obje ts de ned in a given will be everridden.

The example below shows the overridding of the operation of interse tion de ned in

signature PRE TOPC; . Pla es where the error No. 103 is reported are indi ated.
environ
vo abulary SUB OP;
vo abulary BOOLE;
vo abulary TOPCON;
signature PRE TOPC;
signature BOOLE;
theorems BOOLE;
theorems TOPS 1;
begin
reserve G for TopSpa e,P,Q for Subset of G;
(P

\

Q) = P
*103

proof
(P

\

[

Q

Q) = G
*103

n

(P

\

Q)

9

by TOPS 1:5

hen e
end;

.= ( G n P) [ ( G n Q) by BOOLE:86
.= P [ ( G n Q) by TOPS 1:5
.= P [ Q by TOPS 1:5;
thesis;

(Consider the example Z6 in the annex.)
Sin e the last signature dire tive is the dire tive signature BOOLE;, the operation
denoted by the symbol has been used in the sense de ned in the arti le BOOLE (the
subset of a topologi al spa e are sets, too). In a ordan e with that de nition the results
of the operation of interse tion is a set.
Hen e the interse tion P Q is a set. But the losure operation is de ned only for
subsets of a xed set. That is why the expression (P Q) is followed by the indi ation
of an error.
The overridding of the dire tive signature PRE TOPC; an be avoided if the order
of the signatures o urring in the example under onsideration is hanges (as has been
done in the example Z7.lst).
Proofs are sometimes arried out by the method of de nitional expansion. In su h
a ase the dire tive.
\

\

\

de nitions

;

should be joined to the environment.
Proving by de nitional expansion will be illustrated by an example. The proof of
the theorem is given below:
For any sets X,Y we have: X Y Y.
The proof (not in the Mizar notation) is as follows:
Let a be an arbitrary but xed and su h that a X Y.
1) a X Y
(assumption of the proof);
2) a X a Y (1, de nition of the interse tion of sets);
3) a Y
(2, the law of the omission of onjun tion).
It follows from the arbitrariness of the hoi e of a and the de nitional expansion
that X Y.
X Y
a (a X a Y) { de nitional expansion of in lusion.
When proving in Mizar the above theorem by referen e to de nitional expansion one
should join to the environment the dire tive
\



2

2

\

2

^

\

2

2
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)

2

de nitions TARSKI;

be ause in the arti le TARSKI there is the de nition of in lusion whi h is as follows:
pred X



Y

means x

X

2

implies x

2

Y;

And here is the rede nition of the quality of sets, to be found in the arti le BOOLE:
pred X

= Y

means X



Y & Y



X;

In example one in the le art.lst the theorem has been proved in two ways. In both
ases use has been made of the de nitional expansion of in lusion and the de nitional
expansion of the equality of sets. That is why the environment dire tives in lude two
de nition dire tives:
de nitions TARSKI; and de nitions BOOLE;.
The de nition dire tive
de nitions

;

automati ally joins the le .def, whi h in ludes the de nitienses of the obje ts de ned
(de niens { the expression whi h o urs in a de nition of a fun tor, a predi ate, a mode,
a attribute after the word means).
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The theorem dire tive:

theorems Æ ;

allows one to make use of the theorems in le Æ.miz. The writing of that dire tive results
in the automati joining of the le Æ.the, whi h in ludes the ontents of the theorems
in a given arti le.
The dire tive
s hemes " ;

allows one, through the automati joining of the le ".s h, ontaining ontents of the
s hemata in the le ".miz, to use the s hemata in that le.
For instan e, the indu tion s hema is to be found in the arti le NAT 1. Hen e, in
order to use it one has to join to the environment the dire tive s hemes NAT 1;, that
is, to insert it between the word environ and the word begin.
If the text requires several vo abularies one has to repeat the dire tive
vo abulary name{of{ le ;

with the orresponding names of vo abulary les. In the ase of the remaining dire tives
one has to pro eed analogi ally.
Remark: The repetition of a dire tive with the same name of the le yields an error.
But it is not so if a dire tive super uous for a given arti le is added, as in the example
Z7.lst, where the dire tive signature BOOLE; is super uous.

BRIEF DESCRIPTION OF THE ORGANIZATION OF THE MIZAR DATA BASE
In the main mizar dire tory MIZAR there are two subdire tories:
{ intended for vo abulary les ( les with the extension .vo ),
{ intended for library les formed by the program alled LIBRARIAN. Those
les are formed automati ally and have the extensions :
.sgn, .nfr, .typ, .def, .the, .s h.
They form the Data Base.
The presen e of those subdire tories in the dis memory of the omputer is ne essary
be ause it is from them that the Mizar pro essor draws information whi h make it possible
to write Mizar arti les. The subdire tory ABSTR is often formed additionally.
ABSTR { intended for library les whi h are obtained from mizar arti les after their
spe ial pro essing. Files in that subdire tory are termed abstra ts and have the
extension .abs. The abstra ts ontain in their main part ontents of theorem
and de nitions, and s hemata. They do not ontain proofs. The theorem in
the le #.abs (where # stands for the name of a given arti le) are numbered.
Every theorem in the le #.abs is pre eded by a headline in the form:
n

DICT
nPREL

n

n

n

:: # : number{of{theorem

The subdire tory ABSTR plays only an auxiliary role for the user. When perusing the les
in that subdire tory one an learn what has already been proved in Mizar. Moreover, if
one wants, in the proof of a ertain senten e, to refer to a theorem from a le in the Main
Mizar Library, then one an read the name of that le and the number of the theorem
and refer to them in the proper pla e. But it is not ne essary for the subdire tory ABSTR
to be re orded in the omputer memory. The Mizar pro essor uses only the information
given in the les from the subdire tories DICT and PREL.
n

n

n

n
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II.5. Words reserved for Mizar. Reserved symbols. Numerals

The words reserved for Mizar are drawn from the English language. They are ins riptions whose meanings are de ned by the de nition of the Mizar language. For instan e,
environ is a word reserved for Mizar. It opens every Mizar arti le. That word may
o ur in arti le only on e and only at the beginning. The use of environ in another
ontext yields an error. Other reserved words also have their pre isely de ned meanings.
It words adding here there are also symbols reserved for Mizar, whose meanings,
too, are xed in advan e. They in lude:
=
.=
$1

&

<>
$2

,
(#
$3

;
#)
$4

:

(

)

[

℄

$5

$5

$6

$7

$8

f

g

->

The numerals in lude zero (0) and any nite sequen e of gures not beginning with
zero. The Mizar pro essor makes it possible to use numerals in the interval <0;255>.
For instan e, the ins riptions 00, 0103 are not numerals.
aggregate
as
attr
being
ase
oheren e
onsisten y
def
de nitions
ex
for
given
holds
implies
it
mode
now
otherwise
pred
provided
rede ne
s heme
set
stru t
synonym
the
theorems
uniqueness

The list of words reserved for Mizar:
and
asso iativity
be
by
ases
ompatibility
ontradi tion
de ne
end
exa tly
from
hen e
if
irre exivity
let
non
of
over
pre x
qua
re exivity
s hemes
signature
su h
take
then
thesis
vo abulary

antonym
assume
begin
an eled
luster
onsider
orre tness
de nition
environ
existen e
fun
hereby
i
is
means
not
or
per
proof
re onsider
reserve
sele tor
st
symmetry
that
theorem
thus
where
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III. TERMS AND FORMULAS

The skill of onstru ting senten es in Mizar is a ne essary ondition if one is to write
orre tly a Mizar arti le. This is why in the present hapter we shall dis uss the basi
elements onne ted with the Mizar senten e. We mean terms and formulas. Let us begin
with terms.
III.1. Terms
The set of terms is the least set whi h satis es the following onditions:
a) variables and onstants are terms;
b) if t1 , ..., tp are terms and F is a symbol of a fun tor of p arguments, then F(t1 ,...,tp )
is a term.
But in the Mizar language the on ept of term is interpreted more broadly. Terms
in Mizar are ins riptions whi h are listed below under given ategories.
(1). IDENTIFIERS OF VARIABLES ARE TERMS
For instan e, they may be su h ins riptions as:
P, TS, q.
(2). NUMERALS ARE TERMS
For instan e:
2, 178, 77.
(3). THE EXPRESSION IN THE FORM:
list{of{leftside{arguments

symbol{of{fun tor

list{of{rightside arguments

is a term.
The fun tor symbol must be in the vo abulary. The ins riptions in the vo abulary are
alled symbols, and this is why, when speaking about symbols of fun tors, predi ates,
et ., we shall mean symbols of those fun tors predi ates, et ., whi h are to be found in
a ertain vo abulary.
The number of arguments in the list of arguments (both leftside and rightside ones)
may equal zero. Su h is the ase of the fun tor . Moreover there may be ases in whi h
the list of the leftside arguments equals zero, or that of the rightside arguments equals
zero. Examples will be given below.
Consider the following symbols of fun tors whi h are used in arti les pertaining to
topologi al spa es:
, , , `, Cl, Int, Fr
and other symbols not o urring here. The table below shows the number of arguments
of those terms
Fun tor
Term
Number of left- Number of rightsymbol
side arguments side arguments
0
0
G
0
1
P
Q
1
1
P
Q
1
1
P
1
0
Int
Int P
0
1
Cl
Cl P
0
1
Fr
Fr Q
0
1
FinUnion
FinUnion(B,f)
0
2
PLANE
PLANE(A,B,C)
0
3
All
All(x,y,z,H)
0
4
.
o.(a,b)
1
2
*
D*
1
0
;

;

;

[

\

;

;

;

[

[

\

\
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If the list of (both leftside and rightside) arguments onsists of at least two arguments,
then su h a list of arguments must be pla ed in bra kets ( and ), as has been done in
the orresponding terms in the table above.
(4). EXPRESSION IN THE FORM:
leftside{fun tor{bra ket

non{zero{list{of{terms

rightside{fun tor{bra ket

are terms. A list{of{terms is a nite sequen e of terms separated by ommas.




Examples:
Cartesian produ t of sets:
[:M1,M2:℄ , [:M1,M2,M3:℄ , [:M1,M2,M3,M4:℄
absolute value of numbers a and a - b:
.a. , .a - b.
nite sequen es of the length one and two, respe tively:
< k > , < k,l >
fun tion whi h is a pair of fun tions f and g:
j



j

j

j

 







<:f,g:>

These are not all fun tor bra kets, be ause the author of an arti le may introdu e
in the vo abulary ever new symbols for them.
Remark: Fun tor bra kets must be used in pairs. In every pair bra kets of the same
kind should o ur.
For instan e, if in an expression the ins ription [ is used as a leftside fun tor bra ket,
then the ins ription ℄ must be the rightside fun tor bra ket in that expression.

A pair of fun tor bra kets between whi h there is no term is not a term.
Moreover there are bra kets of two types whi h may be treated as fun tor of spe ial
kinds. They are:
[, ℄
and
,
They an be used to onstru t terms of the following forms:
[ list{of terms ℄, or
list{of{terms .
Examples:
ordered pairs, triples, and quadruples
[x,y℄, [x,y,z℄, [x,y,z,v℄
singleton x , pair x,y and further nite sets up to those of eight elements:
x1,x2,x3 ,
x1,x2,x3,x4 ,
x1,x2,x3,x4,x5 ,
x1,x2,x3,x4,x5,x6 ,
x1,x2,x3,x4,x5,x6,x7 ,
x1,x2,x3,x4,x5,x6,x7,x8 .
(5). AN INSCRIPTION IN THE FORM
f

g

f

g





f g

f

f

g

g

f

g

f

g

f

g

f

g

f

f

g

term : formula

g

is a term. Su h terms are alled Frnkel's operators. As an example we may quote the
following expression:
x : x
8 ,
where x is an identi er of a variable, reserved for the type Real.
Formulas will be dis ussed later (see the next se tion).
The types of the free variables o urring in the term now under onsideration must
expand to the type expanding to the type of the form Element of DOMAIN . The
ins ription DOMAIN denotes any obje t of the type expanding to the type DOMAIN.
f



g

d

d

e
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e

In the ase of a Frnkel operator the types of the variables whi h o ur in it may
be given by writing out their type after the term. In su h a ase the Frnkel operator
has the form:
f

term where identi ers{of{variables is type : formula

g

If in a Frnkel operator there o ur variables of more than one type, then the expression
between where and : may be repeated the orresponding number of times separated by
olon. The types given in su h a formula refer to that formula only. For instan e, if in
the onstru tion reservation-of-variables the identi er x were reserved for the type Real
while in a Frnkel operator its type were hanged into Nat, then in the further part of
the arti le, in the formulas ontaining the identi er x but su h in whi h its type would
not be indi ated, it would have the type assigned to it in the reservation of variables,
that is Real.
As an example illustrating the Frnkel operator we may use Theorem 64 from the
abstra t TREES 1:
p

2

T

implies dT,p,T1 = ft1 where t1 is Element of
not p is a proper prefix of t1g
[fp^s where s is Element of T1:
s=sg

T:

The identi er p has the type Finsequen e, while the identi ers T and T1 have the
type Tree.
The symbols , [ ℄ are homonymous, whi h is to say that their meaning varies
a ording to the ontext in whi h they are used. For instan e, the bra kets , under (4)
above were used to denote sets of n-tuples where n 8, and under (5) the same bra kets
are used to denote a Frnkel operator. The symbols [, ℄ are used to denote ordered
pairs (triples, quadruples) as under (4) and as bra kets in private predi ates, e.g., P[x℄.
The word set is homonymous, too. On the one hand, it is a type in Mizar (see
II.4.), on the other, it o urs in the onstru tions set ... = ... and set of ..., in whi h
it plays an entirely di erent role.
(6). AN EXPRESSION IN THE FORM
f g

f g



identi er{of{fun tor ( list{of{terms )

is a term. Terms of this kinds are to be found, among other things, in de nitions of lo al
fun tors.
Here are two de nitions of lo al fun tors, in whi h the identi ers x, y, z have the
type Element of RATIONAL. The terms under onsideration are:
MULT(set,set) and UZUP(set)
.

.

fun

MULT (set,set) =
x y: x 2 $1 & y 2 $2 & 0  x & 0
fun UZUP (set) = f-x: not x 2 $1g
f 



yg

z: z

[ f

<0g

(7). PARAMETERS OF A LOCAL DEFINITION
that is the symbols:
$1, $2, $3, $4, $5, $6, $7, $8
are terms.
Parameters of a lo al de nition may be used in lo al de nitions only.
(8). it IS A TERM
it may be used only in the de nienses of fun tors, where it stands for the value of
the fun tor, and in the de nienses of modes, where it stands for that element of the mode
whi h is given as an example.
The de niens of a fun tor is an expression whi h in the de nition of that fun tor
follows the word means. It is the same, mutatis mutandis, in the ase of the de niens of
a mode.
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The term it o urs, for instan e, in the de nition of the fun tor whi h has the
symbol Int, as given below.
de nition
let P, G;
fun Int P {> Subset of G means it =
end;

(Cl (P )) ;

(9). AN EXPRESSION IN THE FORM
the symbol{of{sele tor of term

is a term.
The term in su h a form is alled sele tor term.
The type of the term whi h follows of must expand to a stru ture in the de nition
of whi h there o urs the symbol of sele tor used in the expression
the symbol{of{sele tor of term

In the stru tures of topologi al spa e, introdu ed in the arti le PRE TOPC, there o ur
the following symbols of sele tors:
Examples of terms:

arrier
topology

the topology of G,

the

of G

arrier

(10). AN EXPRESSION IN THE FORM
the symbol{of{sele tor

is a term.
Terms of this kind may o ur only in patterns of stru tures, and that only if the
symbol of sele tor has been introdu ed earlier just in that pattern. As an example we
may take the term
the

arrier

o urring in the pattern of the stru ture of topologi al spa e TopStru t, presented below.
arrier {> DOMAIN, topology {> Subset Family of the arrier
(11). AN INSCRIPTION IN THE FORM




symbol{of{stru ture



list{of{terms



is a term.
Terms in that form are alled aggregates of stru tures. Sin e the symbols ,
have no representation of their own in the standard ASCII the symbols (#, #) have been
introdu ed and may be used alternately. Instead of and one may use, respe tively,
(# and #), but not
and #) or (# and .
As an example one an give a de nite stru ture (but not a pattern of a stru ture)
su h as that below:






TopStru t









REAL, RealTop



In the above stru ture it is REAL whi h is the arrier. The onstant REAL expands to
the type DOMAIN, whi h is ne essary in view of the de nition of the stru ture TopStru t.
RealTop (topology) has the type Subset Family of REAL, whi h is required by the definition of the stru ture TopStru t.
(12). AN INSCRIPTION IN THE FORM
term qua type

is a term.
It is a alled a quali ed term.
For instan e, P qua Subset of the arrier of G.
The identi er P in the reservation is reserved for the type Subset of G, but in the term
above its type has been as it were expanded to the type Subset of the arrier of G.
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Remark: The word qua only expands a type, it annot narrow it down.

(13). A TERM
whi h is in the bra kets ( and ) is also a term.
Here are some examples with terms in bra kets:
Cl (P
Q), Fr (P
Q), (P Q) ,
(k + l), (n + l).
Other examples will be given, among other things, when formulas are dis ussed.
[

[

n

III.2. Types

An identi er of a variable must have a type assigned to it.
In a Mizar arti le it is not allowed to use identi ers of variables whose types are
unknown. The type of a given identi er may be xed lo ally, that is given in the pla e
where it o urs, or xed globally by reservation (see below). Some modes are hidden in
the Mizar language. The remaining ones must be identi ed. In order to onstru t a type
we must de ne the appropriate mode. The symbol of a mode must be in luded in the
vo abulary. Below we present types whi h use symbols of modes from the vo abulary
HIDDEN (whi h is automati ally joined to every Mizar arti le). Here they are:
Any, set, Element of X, DOMAIN,
Subset of D, SUBDOMAIN of D,
Real, Nat.
(where X has the type set).
The use of these types does not require from the author of a Mizar arti le the
in lusion in the environment of any vo abulary or signature be ause the signature and
the vo abulary required are joined automati ally.
Remark: When one writes the types the important point is that their symbols be written
pre isely in the form in whi h they are to be found in the vo abulary. For instan e, if
one wants to reserve the identi er K for the type DOMAIN, then the reservation should be
in the form:
and not, for instan e:

reserve K for DOMAIN;

reserve K for domain;

Two examples more:
One should write:
Element

and likewise

of REAL and not

Element

of real,

Element of NAT and not Element of nat.
The type Any is the widest type in Mizar, any other is expanded to it. The type set
in its extension is equal to the type Any. The type DOMAIN ranges over non-empty sets,
that is so- alled domains; the type SUBDOMAIN of D, over subdomains, that is non-empty
subsets; Real, over real numbers; Nat, over natural numbers.
Now it will be said in general terms what is a type in Mizar.
(1). AN EXPRESSION IN THE FORM:

is a type.
Examples:
Subset

symbol{of{mode of list{of{terms

of G , Subset of the

arrier
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of G , Point of G ,

Subset-Family of G , Relation of X , Relation of X,Y
If the list of terms is a zero list, then only the symbol of mode will be a type. For
instan e:
Any, Real, TopSpa e, FinSequen e, Ordinal, Set-Family,
Relation, Fun tion.
(2). A SYMBOL OF A STRUCTURE, e.g.:
TopStru t, LattStr, In Stru t,
is a type.
(3). A TYPE IN BRACKETS IS A TYPE, TOO.
In the following examples the types in question are in bra kets.

reserve P for (Subset of G), P for (Point of G), x for Any;
reserve J for (Subset Family of G), r for Real;
reserve J for (Subset Family of G), P for Subset of G;
let H be (SubSpa e of G), P,Q be (Subset of G), x,y be Any;

The omission of the bra kets in the examples given above does not result in an error.
But, for instan e, the ins ription:
reserve R for Relation of X,

x

for Any;

is in orre t. The error onsists in the fa t that the ins ription Relation of X is not in
bra kets. One might pose the question why the type Relation of X must be in bra kets.
Now the mode
Relation of list-of-terms

is de ned for the lists whi h ontain zero terms (Relation), for lists whi h ontain one
term Relation of X and for lists whi h ontain two terms Relation of X,Y . Here
are the orresponding de nitions:
de nition
mode Relation {> set means x
end;

2

it implies ex y,

z

st x

= [y,z℄;

(x,y,z have the type Any)

de nition
let X,Y;
mode Relation of X,Y {> Relation means it 
end;

[:X,Y:℄;

(X,Y have the type set)

de nition
let X;
mode Relation of X is Relation of X,X;
end;

If the ins ription Relation of list-of-terms is not bra kets, then the
list{of{terms onsists of the maximal number of terms, that is two. Hen e the ins ription:
reserve R for Relation of X,

is interpreted in the same way as the ins ription:

x

reserve (R for Relation of X,

for Any;

x)

for Any;

but the latter expression is ill{formed be ause its synta ti stru ture is in orre t: the
last for is not pre eded by the list of terms.
On the other hand, the modes:
Subset of list-of-terms
SubSpa e of list-of-terms
Subset Family of list-of-terms
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are de ned only for lists whi h in lude one and only one term, whi h is shown by their
de nitions:
de nition
let G;
mode Subset of G is set of Point of G
end;

;

de nition
let G;
mode SubSpa e of G {> TopSpa e means
(it) = (G) &
for P being Subset of it holds P 2 the topology of it i
ex Q being Subset of G st Q 2 the topology of G & P =
end;
de nition
let G;
mode Subset Family of G is Subset Family of the
end;

Q

arrier

\

of G

(it);

;

Hen e in the ase of these mode bra kets are super uous.
(4). AN EXPRESSION IN THE FORM:
set

of type

is a type.
Types of those kind are often used in de nitions of modes, e.g.,:
de nition
let G;
mode Subset of G is set of Point of G
end;

;

Types in Mizar have the stru ture of trees. X expands to the type set, but neither
to DOMAIN nor to SUBDOMAIN of DOMAIN ,
D expands to DOMAIN,
D1 expands to DOMAIN,
S expands to SUBDOMAIN of D.
Real is adopted as an abbreviation for the type Element of REAL (Real is DOMAIN),
while Nat is adopted as an abbreviation for the type Element of NAT (NAT is SUBDOMAIN
of Real).
Sin e the type Element of S expands to the type Element of D, the type Nat
expands to the type Real.
d

e

III.3. Reservation of variables

It has been said earlier that in a Mizar arti le it is not allowed to use identi ers of
variables for whi h their type is not given. The type of a given identi er an, for instan e,
be given in the pla e of its o urren e, as in the examples:
- for A being Subset of G holds A Cl A;
- let x be Any, A be set;
- re onsider x as Real;


19

The words being and be may be used alternately, whi h is to say that is indi erent
from the point of view of Mizar. But in order to be in agreement with the grammar of
English ertain onventions pertaining to the use of those words have been adopted. For
instan e, in the Mizar onstru tion let ... be is used, while being is used in quanti ed
formulas.
In order to avoid indi ating the type of a given identi er whenever a variable with
su h an identi er is introdu ed it is possible to x that type globally by means of the
Mizar onstru tion alled the reservation of variables. The reservation of variables has
the following form:
reserve list{of{identi ers for type ;

The examples given below show the appli ation of the said onstru tion:
i. If the identi er G is to be a variable ranging over topologi al spa es, then the identi er
G is to be reserved for the type TopSpa e. Su h a reservation has the form:
reserve G for TopSpa

e;

If a su h a reservation is not made and the identi er G is used in the indi ated
meaning, then the type of that identi er must be given whenever a variable with su h
an identi er is introdu ed.
ii. If we want the identi ers P, Q range over subsets of a topologi al spa e G, then the
reservation should be as follows:
reserve P,

Q

for Subset of G;

If we want to reserve identi ers of variables whi h have various types, then the
expression:
list{of{identi ers for type

in the reservation of variables should be repeated the orresponding number of times and
the expression in question must be separated from one another by ommas.
This will be illustrated by the following reservations:
reserve P,

Q

for Subset of G,

x

for Any,

p

for Point of G;

The reservation of the identi ers P, Q, x, p for the orresponding types may also be as
follows:
reserve P, Q for Subset of G;
reserve x for Any;
reserve p for Point of G;

whi h is to say that for the various quanti ers one may apply separately the onstru tion

reservation of variables. That, however, is not the best solution in view of the unne essary

expansion of the text.
Other reservations given by way of example:
reservation of the identi er X for a variable standing for a set:






reserve X for set;

reservation of the identi er x for a variable standing for a real number:
reserve x for Real;

reservation of the identi ers Z and Y for variables standing for subsets of the set
X, where the identi er X has been earlier reserved or xed for the type set:
reserve Z,



Y

for Subset of X;

reservation of the identi er x for an element of the set of real numbers:
reserve x for Element of Real;

Other examples of the onstru tion now under onsideration will be given in the
hapter dedi ated to proofs of theorems.
It must be borne in mind that the reservation of a given identi er for a de nite type
is made prior to the rst o urren e of that identi er. Should we made the reservation
later, that is after several o urren es of that identi er, where a variable having that
identi er is introdu ed, the type of that identi er should be given.
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The reservation of variables must be made in the text proper. Often the reservation
is made at the beginning of the text proper, that is immediately after the word begin.
For one and the same identi er the onstru tion reservation of variables may be
applied several times, a ording to the need of the author of the arti le. If, for instan e,
we rst make the reservation:
reserve x for Any;

and in the later part of the Mizar arti le we hange the type of the identi er x into Real
in a ordan e with the reservation:
reserve x for Real;

then in all o urren e of the identi er x between these reservations where the type of the
identi er x is not given, it will have the type assigned to it in the rst reservation, that
is Any, and in all the o urren es of the identi er x after the se ond reservation, where
its type is not given, the identi er x will have the type Real.
We now pro eed to dis uss Mizar formulas.
In Mizar there is the following lassi ation of formulas:
atomi formulas,
formulas formed of atomi formulas by sentential onne tives,
quanti ed formulas.






III.4. Atomi formulas

There are several kinds of atomi formulas.
(1). A PREDICATIVE FORMULA,
that is an expression in the form:
list{of{terms

symbol{of{predi ate

list{of{terms

is an atomi formula.
Here are some symbols of predi ates used in arti les pertaining to topologi al spa e:
is open, is losed, is open losed, is dense, is boundary, is nowheredense,
, are separated.
The number of arguments (both left-side and right-side ones) in the ase of ea h of
those predi ates is shown in the following table:


symbol of
predi ate

atomi
formula

is open
is losed
is open losed
is dense
is boundary
is nowheredense

P is open
Q is losed
Q is open losed
A is dense
B is boundary
P is nowheredense
P  Q
A,B are separated
D,f j= H



are separated

=

j

number of left
side arguments
1
1
1
1
1
1
1
2
2

number of right
side arguments.
0
0
0
0
0
0
1
0
1

The identi er D denotes a family of sets, f denotes the valuation of variables by
elements of that family, H denotes any formula of the language of the ZF set theory. The
last formula in the table indi ates that in the family D the formula H is satis ed by the
valuation f.
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Examples of atomi formulas o urred in the table above. Here are other examples:
Cl P n Cl Q  Cl (P n Q)
Int P is open
skl p is onne ted
B is a omponent of G
F is a over of G
p,q are joined
p 2 skl p

In parti ular, be ause the sign = is the symbol of the predi ate, the expression in
the form:
term = term

alled an equality formula is an atomi formula.
Examples of equality formulas:

Fr(Fr(Fr P )) = Fr(Fr P)
Cl(Int P) = Cl(Int(Cl(Int P)))
P = G n P
P = (P qua Subset of the arrier
P n Q = P \ Q
Cl (Cl P) = Cl P

of G)

Likewise, an expression in the form:

term <> term

where the sign <> is the symbol of predi ate, is an atomi formula.
Examples: P Cl Q <> , Int (Cl Q) Int (Cl P) <> .
(2). An expression in the form:
\

;

\

;

identi er{of{predi ate [ list{of{terms ℄

is an atomi formula.
Terms of this kind o ur only in the ase of private predi ates.The identi er of su h
a predi ate is not listed in any vo abulary.
(3). An expression in the form:
term is typ

is an atomi formula.
A formula in su h a form is alled qualifying formula.
Examples of qualifying formulas:
x
x

is Point of G
is set

Here is a theorem NAT 1:1 :
x

is Nat implies x

+ 1

is Nat

where the identi er x has the type Real.
The ante edent and the onsequent of the above impli ation are atomi formulas of the
kind under onsideration.
III.5. Formulas formed of atomi formulas by propositional onne tives

In Mizar the following symbols are used to denote sentential onne tives:
not , & , or , implies , i , ontradi tion
whi h denote respe tively:
negation, onjun tion, disjun tion, impli ation, equivalen e, ontradi tion.
ontradi tion is a sentential onne tive of zero arguments.
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Remark:

ontradi tion is treated in Mizar as a formula in the same way as thesis is.

Now not has the greatest binding for e, followed in that respe t by &, next by or,
next by implies and i in the same degree. But the binding for e of implies and i is
greater than that of quanti ers.
Sin e in Mizar the binding for e of implies and i is the same their simultaneous
o urren e in a formula requires the use of the bra kets ( and ) in order to indi ate the
arguments of the onne tives implies and i .
Let 1 , 2 , 3 be atomi formulas.
The formula
1 implies 2 i 3
is ill-formed in view of the fa t that it is not known whi h arguments the onne tives
implies and i have. Moreover, the bra kets ( and ) perform in Mizar a role similar
to that in arithmeti , whi h is to say that they indi ate the order of the performan e of
operations.
Examples of formulas formed by sentential onne tives:
P is losed & Q is losed implies Cl(P
Q) = Cl P
Cl Q ,
P is open i Fr P = Cl P P ,
p
P i not p
P ,
P
G = & G P = ,
\

\

n

2

\ ;

2

;

;

\

;

(A is losed & B is losed)

or (A

is open & B is open)
implies A n B, B

x 2 P implies x is Point of G,
A is onne ted & A  B [ C & B,C are separated
implies A  B or A  C .

n

A are separated

,

III.6. Quanti ed formulas

Before we pro eed to dis uss quanti ed formulas referen e will be made to quali ed
variables.
In Mizar arti les there are often ins riptions whi h are alled list of quali ed variables. Here are some examples of su h lists:
x,
A,K,n ,
P,Q being Subset of G ,
G being TopSpa e, H being SubSpa e of G ,
F being Subset-Family of G, p being Point of G, x, y .
Generally speaking, a list of quali ed variables onsists of expressions in one of the
three forms spe i ed below:


variables{quali ed{impli itly

This name denotes a list of identi ers of variables, that is a nite sequen e of identi ers
of variables, separated from one another by ommas. Examples:
x, y, p

A, B

In su h ases, as an be seen, the types of the identi ers are not identi ated. This means
that they are drawn from the list of identi ers whi h o urs in the reservation of variables.


variables{quali ed{expli itly

At rst we explain what a

segment{of{quali ed{variables

is. It is an ins ription in the form
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list{of{identi ers{of{variable being (or be ) quali ation
Quali ation is the type of the identi ers of variables o urring in a segment of

quali ed variables.
Of ourse, the type indi ated in su h an expression is the same for all the quanti ers
whi h o ur in it.
Examples of segments of quali ed variables:
a being Any
a,b, ,d be Any
m,n be Point of G
P, Q being Subset

of G
variables{quali ed{expli itly are a nite sequen e of segments of quali ed variables sep-

arated from one another by ommas. In the simplest ase it is only one segment.
Examples of variables quali ed expli itly:
x1, y1

be Any

(it is a single segment of quali ed variables)
x

being Real,

X

being set

(in this ase there are two segments of quali ed variables)
G being TopSpa e, H being SubSpa e of G, p being Point of G
(in this ase there are three segments of quali ed variables).


variables{quali ed expli itly , variables{quali ed{impli itly

Examples:

P, Q

being (Subset of G),

x, p

||||||||||||| ||{
variables quali ed
variables quali ed
expli itly (one segment
impli itly
of quali ed variables)
j

P

being (Subset of G),

j

p

being (Point of G),

x, y, z

||||||||||||||||||||||| |||{
variables quali ed
variables
expli itly (two segments
quali ed
of quali ed variables)
impli itly
j

j

Obviously, the identi ers of those variables for whi h types are not given in the
examples above must be drawn from the list of quanti ers to be found in the reservation
of variables.
Remark: A hange of order (variables quali ed impli itly pre eding those quali ed expli itly) is impossible be ause all variables would be ome variables quali ed expli itly.

In order to explain the above warning we shall onsider, by way of example, the
following formula:
( ) for A being (Subset of G), x st x A holds x is Point of G
In that formula the variable A is quali ed expli itly while the variable x is quali ed
impli itly. The type of the identi ed x must be given in the reservation. In this ase it


2
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should be the type Any. Should we hange the order of the o urren e of the variables
A and x in the formula under onsideration, whi h is to say, should we rst give the
variable quali ed impli itly and next the variable quali ed expli itly, we would obtain
the formula:
for x,

A

being Subset of G st x

2

A

holds x

is Point

of G

But in that formula the variables x and A have be ome variables quali ed expli itly; in
the pro ess the type of the identi er of x has been hanged into Subset of G whereas
it should be Any.
In some ase the ex hange of variables may be arried out. This will be illustrated
by the example of the formula marked ( ) above. In its ase the formula
for A being (Subset of G),



st x

2

A

holds x

is Point

of G

for A being Subset of G for x st x

2

A

holds x

is Point

of G

x

may be repla ed by a formula whi h has the same meaning in Mizar. Here is that formula:
Now we an pass to quanti ed formulas.
A quanti ed formula (also alled a universal senten e) is a formula in whi h the
quanti er o urs openly and is the main senten e-forming fun tor.
In Mizar the following symbolism was adopted for quanti ers:
for ... holds ...
{ for the universal quanti er,
for ... st ... holds
{ for the puri ed universal quanti er
(i.e., universal quanti er with a limited s ope),
ex ... st ...
{ for the existential quanti er.
In view of the various forms of the list of quali ed variables, a universal senten e,
this is a formula in whi h a universal quanti er o urs, may the following forms:
(A). for identi ers{of{variables holds formula
Examples of quanti ed formulas:
for P holds P



Cl P

(For every subset P of a topologi al spa e G P  Cl P holds

or else

Every subset of a topologi al spa e G is in luded in its losure).

for P,

Q

holds Cl

(P

[

Q) = Cl P

[

Cl Q

(For every two subsets P, Q of a topologi al spa e G Cl(P [ Q) = Cl P [ Cl Q holds).

It an be seen that in ea h ase above the types of the identi ers of the variables are
not given openly. When using su h formulas in a Mizar arti le one should bear it in mind
that one should previously reserve the identi ers of those variables for the reservation of
variables.
But one may also abstain from making earlier the reservation of the variables whi h
o ur in a quanti ed formula. In su h a ase the types of the identi ers of the variables
must be given when the formula is being written. In su h a ase the form of a quanti ed
formula is as follows:
(B). for segment{of{quali ed{variables holds formula
A quanti ed formula has su h a form, among other things, if the identi ers of the
variables for whi h no reservation has been made have one and the same type. Otherwise
the expression standing between for and holds must be repeated the orresponding
number of times and separated by ommas.
Let us onsider one ase more. Now it may be so that the identi ers of the variables
o urring in a quanti ed formula have being earlier reserved for the orresponding types
but when writing the formula we want to apply the same quali ers of variables to other
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types. Then su h a formula will have the form of the expression shown under (B) above.
Let that be illustrated by an example.
Let the following reservation be given:
reserve A being SubSpa

e

of G

In this formula we want to use the identi er A whi h denotes a subset of a topologi al
spa e G. Hen e the new type o the identi er of A must be given in the formula as below:
for A being Subset of G holds A

is losed

i

Cl A = A

Examples illustrating the stru ture of quanti ed formulas:
1) for P being Subset of G holds P Cl P
(For every subset P of a topologi al spa e G P Cl P holds),
2) for P, Q being Subset of G holds Cl (P Q) = Cl P Cl Q
(For any subsets P, Q of a topologi al spa e G Cl(P Q) = Cl P Cl Q)
3) for A being (Subset of G), x being Any st x A holds x is Point of G
(For any subset A of a topologi al spa e Gand for any obje ts x whi h is an element of
the subset A there holds: x is a point of the topologi al spa e G).
The theorem given in example 3) may also be re orded thus:




[

[

[

[

2

for A being (Subset of G) for x being Any st x

2

A

holds x

is point

of G

EXAMPLES:






for A being (Subset of G), p being Point of G holds p 2 Cl A i
for C being Subset of G st C is losed holds (A  C implies p 2 C)
for H being (SubSpa e of G), P, Q being (Subset of G), P1, Q1
being Subset of H st P = P1 & Q = Q1 & P [ Q  G holds P, Q
are separated implies P1, Q1 are separated
for H being (SubSpa e of G), P being (Subset of G), Q being
of H st P 6= ;G & P = Q holds A is onne ted i B is onne ted

Subset

Further, a quanti ed formula may have the form:
(C).

for variables{quali ed{expli itly , variables{quali ed{impli itly holds formula

There may also be quanti ed formulas with a puri ed quanti er. Su h formulas are
in the form:
for list{of{quali ed{variables st formula holds formula

The stru ture of the formulas with puri ed quanti ers (quanti ers with a limited
s ope) will be illustrated by examples but before their presentation we shall spe ify
several modes and predi ates whi h are introdu ed in arti les pertaining to topologi al
spa es.
They are the modes:
SubSpa e of G ,
and predi ates:

Subset-Family

of G

P, Q are separated ,
G is onne ted ,
p, q are joined
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The above formats of modes have been adopted for denoting, respe tively, a subspa e of
a topologi al spa e G and the family of the subsets of a topologi al spa e. The predi ates
presented above have been dis ussed earlier.
We an now pass to the examples.
(i) for P,

Q

st P



Q

holds Cl

P



Cl Q

(For any subsets P, Q of a topologi al spa e G su h that P  Q there holds P  Q)

(ii)

P is boundary

i

(for Q

st Q



P & Q is open

holds Q

= ;)

(P is a boundary set if and only if for any open set Q in luded in P there holds
Q = ;)

Had the reservation for the identi ers P and Q not been made the above formula
would be as follows:
for P being Subset of G holds P is boundary i
(for Q being Subset of Gst Q  P & Q is open holds Q = ;)

(iii) for H being

(SubSpa e of G), P1 , Q1 being (Subset of G), P, Q being
P = P1 & Q = Q1 holds P, Q are separated implies P1 ,
Q1 are separated

Subset of H st

(For any subspa e H of a topologi al spa e G and for subsets P1 , Q1 of the topologi al
spa e G and subsets P, Q of the subspa e H, su h that P = P1 & Q = Q1 there holds: if
P, Q are separated, then P1 , Q1 are separated, too.)

(iv) for H being (SubSpa e of G), A being (Subset of G), B being Subset
of H st A = G & A = B holds A is onne ted i B is onne ted
(For any subspa e H of a topologi al spa e G and a subset A of the topologi al spa e G
and for a subset B of the subspa e H there holds: if A = G and A = B, then A is
onne ted if and only if B is onne ted.)
6

;

6

;

A formula whi h ontains the existential quanti er may have one of the three forms
listed below:




ex variables{quali ed{impli itly st formula
ex variables{quali ed{expli itly st formula
ex variables{quali ed{impli itly , variables{quali ed{impli itly st formula

The examples given below ontain formulas with the existential quanti er:
x

2

Int P

i ex Q st Q

is open & Q

(ex x being Point of G
i (for x, y being Point



P & x

2

Q

,

st for y being Point of G holds
of G holds x, y are joined) .

x, y are joined)

Other examples of formulas with the existential quanti er will be found later in the
text.
We shall now give four topologi al theorems re orded in English rst and next
re orded in the Mizar notation.
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1) P is boundary set if and only if it is ontained in this own boundary.
2) For any subsets P, Q of a topologi al spa e G su h that P Q
there holds Cl P Cl Q.
3) Any subset A of a topologi al spa e G is losed if and only if Cl A = A.
4) A point p is in the boundary of a set P if and only if for any open set Q su h that p
Q there holds: the interse tion of P and Q is non-empty and the interse tion of the
omplement of P and Q is non-empty.
Here are the above theorems re orded in the Mizar notation:
1) P is boundary i P Fr P
2) for P, Q being Subset of G st P Q holds Cl P Cl Q
3) for A being Subset of G holds A is losed i Cl A = A
4) p Fr P i
(for Q st Q is open & p
Q holds P
Q = & P
Q = )




2







2

2

\

6

;

\

6

;

The examples given so far in most ases pertained to formulas with a single quanti er,
whether universal or existential. But in a formula more than one quanti er may o ur,
whi h an be seen in the examples given below.
for A being (Subset of G), p being Point of G holds p 2 Cl
being Subset of G st G is open holds p 2 G implies A \ G 6= ;G

A

i

for

G

(A point p of a topologi al spa e G is in the losure of a subset A of the topologi al spa e
G if and only if for any open subset G of the topologi al spa e G whi h ontains the point
p the interse tion of G and A is non-empty),
P is open

i

(for x

holds x

2

P

i ex Q st Q

(P is an open set if and only if for any x, x
su h that Q  P and x 2 Q),

2

is open & Q

P is losed implies (P is boundary i
for Q
 Q & G 6= ; & G is open & P \ G = ;)

st G



P & x

2

Q)

P if and only if there is an open set Q
st

Q

=
6

;

& Q is open

ex

G

(If a set P is losed, then P is boundary set if and only if for any Q su h that Q 6= ; and
Q is open there is a set G su h that G  C and G 6= ; and G is open and P \ G = ;),

for J being Subset-Family of G st J 6=
A 2 J holds A is losed holds meet J is

; & for A
losed

being

Subset

of G st

(The interse tion of any J whi h is a non-empty family of losed subsets of a topologi al
spa e G is a losed set),

for J being Subset-Family of G st (for A being Subset of G st
A 2 J holds A is onne ted) & (ex A being Subset of G st A 6= ;(G)
& A 2 J & (for B being Subset of G st B 2 J & B 6= A holds not A, B
are separated)) holds union J is onne ted

(Let J be any family of onne ted subsets of a topologi al spa e G one of whi h is non-empty and not separated from any other element of that family. Then the union of
elements of that family is a onne ted set).

meet and union are symbols of fun tors of one arguments ea h (the re ording of
the last formula shows that the right-side argument is the only one) whi h denote, respe tively, the interse tion and the union of the family of the subsets of a topologi al
spa e.
The examples given so far have been drawn from the arti les PRE TOPC, TOPS 1 and
CONNSP 1, whi h self{evidently pertain to problems onne ted with topologi al spa es.
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Let us revert on e more to general senten es with a puri ed quanti er. Su h a
senten e an be re orded, of ourse, in a di erent manner without an hange in its
meaning. We mean the elimination of the limited range of the quanti er in a general
senten e and the repla ement of the ondition by impli ation.
Let 1 , 2 be any formulas. A general senten e (a senten e in whi h a universal
quanti er o urs):
for list{of{quali ed{variables st 1 holds 2
is equivalent to the senten e:
for list{of{quali ed{variables holds 1 implies 2
Now the formula
1 implies 2
is not bra keted be ause the binding for e of implies (like that of i ) is greater than
that of quanti ers.
EXAMPLES:

The formula

for P,

st P

Q



holds Cl

Q

has for Mizar the same meaning as the formula
for P,

Q

holds P



Q

P



implies Cl

P

Cl Q
Cl Q



be ause both formulas have one and the same semanti orrelate (see III.7).
Likewise formula:
P is boundary

i

(for Q

st Q



P & Q is open

holds Q

holds Q



P & Q is open

implies Q

has for Mizar the same meaning as the formula
P is boundary

i

(for Q

= ;)
= ;).

The theorems in whi h the universal quanti er o urs openly an be re orded as
non-quanti ed formulas. For instan e, the theorem:
for P being Subset of G holds Int

an be re orded thus:

Int P = P

n

P = P

n

Fr P

Fr P

be ause both senten es have the same meaning for Mizar (see semanti orrelates).
Likewise the senten es:
for G, P holds Int P = (Cl (P )) ,
for P holds Int P = (Cl (P )) ,
Int P = (Cl (P ))

will all be read in the same way by the system (if G and P have not been xed earlier).
The formula:
Int P = (Cl (P ))

will be read by the system as the formula:
for G,

P

holds Int

P = (Cl (P ))

The various forms in whi h formulas are re orded have signi an e only for the
author of a given arti le. Some of them may be more legible, but the pro essor of PC
Mizar transforms the formulas it reads and brings them to a ertain xed for (see III.7).
Here are other examples illustrating the di erent forms of re ordings of Mizar formulas:
1) for P, Q st P Q holds Cl P Cl Q
an be re orded thus:
P Q implies Cl P Cl Q
2) for P, Q st P is dense & Q is dense &
(if P, Q have not been xed earlier)
an be re orded thus:
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Q is open

holds P

\

Q is dense

P is dense & Q is dense & Q is open

implies P

\

Q is dense

The ante edent of the impli ation is not bra keted be ause onjun tion has a greater
binding for e than impli ation has.
3) for P st P is open holds Cl(Int(Cl P)) = Cl P
an be re orded thus:
P is open

implies Cl(Int(Cl

P)) = Cl P

In all the examples re orded in the new version the quanti er is understood.
The formulas given in the above examples, if not re orded with the use of the
quanti er, will be pro essed by the system into quanti ed ones (see III.7). The identi ers
of variables will follow the word for in the formula P Q implies Cl P Cl Q the
identi er of P will ome rst, followed by the identi er of Q (if the spa e G has not been
xed earlier, then the identi er of G will additionally pro essed in to su h a quanti ed
formula in whi h the word for is rst followed by the identi er of P (or the identi ers of
G and P), and next by the identi er of Q as under (1) above. But sometimes it is so that
the required sequen e of the identi ers di ers from that arranged automati ally. In su h
a ase a given formula should be written in the desired quanti ed quanti ed version.
The word holds before the word ex or before the word for may be omitted. Hen e
the formula:
for ...... holds ex ......
may be re orded as below, by repla ing the expression holds ex by the word ex :
for ...... ex ......
Examples:
The formulas:
1) for A being Subset of G st A = G holds ex x being Point


2) P

of G st x

2

6

A



;

is losed implies (P is boundary i for Q st Q 6= ; & Q
holds ex G st G  Q & G 6= ; & G is open & P \ G = ;)

is open

may be re orded, in a ordan e with what has been said, in the following manner:
1) for A being Subset of G st A = G ex x being Point of G st x A
2) P is losed implies (P is boundary i for Q st Q = & Q is open
ex G st G Q & G = & G is open & P G = )
Likewise a formula in the form:
for ...... holds for ......
may be re orded:
for ...... for ......
where the expression holds for has been repla ed by for .
6

;

2

6



6

\

;

;

;

For instan e, the formula:
for H being SubSpa e of G holds for A being Subset of H
holds A is Subset of G

may be repla ed by the formula:
for H being SubSpa e of G for A being Subset of H
holds A is Subset of G

The examples given so far show that theorems may be re orded in several ways.
The hoi e of the form of the re ording depends on the author of the arti le. It is
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re ommended to use su h a re ording of the ontent of a given theorem whi h would be
the most legible and pra ti al. For instan e, the use in a general senten e of a puri ed
quanti er (trough the use of the word st) sometimes in reases its legibility. The same
applies to the ase in whi h we indi ate the types of identi ers of variables when writing
a formula. The reservation of variables is made at the beginning of a given arti le or
later in the text. If the arti le is long, then when reading a theorem ( ontained in it) in
whi h the types of the variables are not indi ated we have to look for the reservations in
the text, and that means an unne essary loss of time.
III.7. Semanti

orrelates

The PC Mizar pro essor transforms the formulas (terms, types) it reads into ertain
standard forms. The form of a formula obtained by su h a transformation is alled
the semanti orrelate (semanti form) of that formula. To make the transformation
of formulas (terms, types) possible a ertain relation of equivalen e has been de ned
on formulas. It states that two formulas between whi h that relation holds will be
transformed in the same way. The lasses of abstra tion of that relation of equivalen e
are alled semanti orrelates. If two formulas are in one and the same lass of abstra tion
then this means that they have the same semanti orrelate. From among the formulas
whi h form a given lass of abstra tion one an hoose formula whi h is the standard
representation of that lass of abstra tion. Su h a formula is formed by the signs of
negation (not), onjun tion (&), not ontradi tion, i.e., VERUM, and base senten es,
i.e., atomi formulas and general senten es.
Moreover onju tion and negation satisfy the onditions:
1. Conjun tion is asso iative, whi h is to say that for any formulas 1 , 2 , 3 the
formulas
( 1 & 2) & 3
and
1 & ( 2 & 3)
are in the same lass abstra tion, that is they have one and the same semanti orrelate.
2. Negation is an involution, so that for any formula the formulas
not not
and
have one and the same semanti orrelate.
3. If a free variable, that is su h whi h is not openly bound by a quanti er, o urs in a
given formula, then the universal quanti er is automati ally pre xed to that formula.
For instan e, if we write the formula (x), in whi h x is a free variable (i.e., not
bound by a quanti er), then that formula will be read by the system as the formula for
x holds (x). Hen e the formulas
(x)
and
for x holds (x)
have one and the same semanti orrelate.
The formula ontradi tion has not VERUM as its semanti form.
The semanti orrelates of predi ative formulas ex ept for the formulas in the form
term = term

is the same original (initial) form.
The semanti orrelates of the predi ative formula in the form
is the formula
The formula in the form

term <> term

not term = term
term <> term

is the antonym of the formula in the form

term = term

31

Moreover, for the formula
there are two antonyms:

x



y

(where

x, y

have the type

Element

of

REAL)

x > y
and y < x
whi h are synonyms, and the synonym: y x.
The knowledge of semanti orrelates an be used in the onstru tion of skeletons
of proofs, be ause the form of the semanti orrelate of a given formula determines the
skeleton of the proof of that formula.
If P, Q, A, B, C, G are not onstants but earlier reserved identi ers of variables, then
the formulas


a)
b)
)

P  Cl P
and
for P holds P  Cl P
Int Q is open
and
for Q holds Int Q is open
(G) n A = B [ C & B,C are separated & A is losed
is losed & A [ C is losed

and

implies A

[

B

for G,

A, B, C holds (G) n A = B [ C & B,C are separated &
A is losed implies A [ B is losed & A [ C is losed

have the same semanti orrelates orrespondingly in the examples a), b), and ).
In the formulas and have one and the same semanti orrelate, then may be
repla ed by and onversely. This is advantageous, be ause if we want to prove it is
sometimes more onvenient to prove .
Here are several pairs of formulas:
& not ontradi tion
implies ontradi tion
not ontradi tion implies
for x for y holds
ex x st ex y st
for x st holds
&
implies
not not
or
not ex x st
i

and
and
and
and
and
and
and
and
and
and
and

not
for x, y holds
ex x, y st
for x holds implies
implies ( implies )
not implies
for x holds not
( implies ) & ( implies

)

Formulas in ea h pair have the same meaning for Mizar. They are thus formulas
whi h have the same semanti orrelate.
Remark:
The senten es
&
and
&
have di erent semanti forms. The same applies to the senten es
or
and
or .

In the above examples the formulas , , should, in order to se ure the orre t onstru tion of senten es and the subsumption of those senten es under the given senten e
s hemata, be bra keted whenever ne essary. Should, for instan e, be an impli ation or
equivalen e, then the formulas in whi h it would o ur should be written thus:
&
implies
and
implies ( implies ) .
The same applies to and .
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IV. PROVING SENTENCES IN MIZAR

IV.1. Justi ations

it.

Before pro eeding of that theorem in the Mizar notation and then pro eed to justify

There are several possibilities of justifying theorems, but at this point we shall be
on erned with only one them, namely straightforward justi ation is a justi ation
in whi h one gives the referen e (list of labels indi ating the senten es whi h are the
premisses of the theorem being justi ed). Straightforward justi ation an be lassed
into:
a) simple justi ation,
b) justi ation by s hema.
Dire t justi ation has been following form:
()
senten e{justi ed by list{of{referen es ;
The list of referen es is a nite sequen es of referen es separated from one another by
ommas.
Referen es have been dis ussed earlier. Note only that they are lassed into library
referen es (whi h to theorems to be found in arti les) and lo al referen es (whi h through
labels enable one to use senten es justi ed earlier and to be found in a given arti le).
We shall give below several senten es justi ed dire tly:
(1)
M
= M by BOOLE:60;
BOOLE:60 is a library referen e. It denotes the theorem No.60 to be found in the le
BOOLE.abs.
(2)
k + l = l + k by NAT 1:3;
(3)
k
0 & 0
1 implies k
1 by NAT 1:13;
(see example No.2 in the le art.lst).


[ ;







Remark:
The justi ation by by should in lude labels of senten es whi h have o urred earlier
(in an earlier part of the text or in an earlier arti le) and are a essible in the pla e of
referen e (whi h is to say that they are labels whi h o urred at an earlier losed level of
reasoning (1) or point to the urrent level of reasoning (2)). Hen e the justi ations in
the following example would be in orre t:

for M,
proof
end;

N

being set,

EXAMPLE

being Any st x

2

M

holds x

2

M

by A;

2

let M,N be set, x be Any;
assume A: x 2 M;
hen e thesis by BOOLE:8;

for x being Any,
B:

x

M

being set holds x

now
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* (1)

M

[

N

let x be Any, M be set;
2 M implies x = x by B;

x

* (2)

end;

(see example No. 3 in art.lst).

In the ase of some theorems it is more onvenient, before one pro eeds to prove
them, to prove, earlier (a) auxiliary lemma(s). Then proof of the theorem proper will
o er no problems be ause it will be a straightforward justi ations.
For instan e, if one wants to prove a theorem whi h is an equivalen e, then one an
earlier prove the ne essary impli ations. Su h a ase is presented in example No. 30 in
the annex.
Sometimes it is onvenient to justify an auxiliary lemma (or lemmas) in the pro ess
of proving a given senten e. It is also worth mentioning su h straightforward justi ation
in whi h the referen e list is a zero list. In su h a ase ( ) has the form:
justi ed{senten e ;



That spe ial kind of justi ation pertains only to those senten es whi h are tautologies
of the propositional al ulus or simple laws of the fun tional al ulus.
That part of the system whi h veri es justi ations is alled CHECKER. Tautologies
are self-evident for CHECKER and require no justi ation.
Straightforward justi ation with a zero referen e will be illustrated by examples.
Int P = P implies not (Int P 6= P & Cl P = P);
P = Q implies (P is open i Q is open);
for k, l holds k = l or k 6= l;

(see example No. 36 in the le art.lst).
Justi ation by s hema in the following form:

justi ed{senten e from symbol{of{s hema ( referen e{list ) ;

is another straightforward justi ation.
The number of referen es in a referen e list may be zero, as in any expression in the
form list{... .
If the referen e list is a zero list, then justi ation by s hema has the following form:
justi ed{senten e from symbol{of{s hema ;

Example four in the le art.lst illustrates the proof of a theorem in whi h the
s hema of indu tion is used.
In the examples given above we had to do with straightforward justi ation only. But
in most ases a theorem requires a proof, and straightforward justi ations { espe ially
a dire t one { nd appli ation in the reasoning used in the proof (is a ertain step in the
proof).
If the truth of a theorem annot be justi ed dire tly or by referen e to a s hema,
then a proof must be arried out.
After re ording the ontent of the theorem we write:
proof
end;

...

where the dots will, of ourse, be repla ed by a ertain reasoning.
Every reasoning is a sequen e of su essive transitions must be justi ed (straightforward justi ations or by proof). Ex eptions in that respe t are those re ordings whi h
form the skeleton of the proof (assumption, generalization, exempli ation), but these
will be dis ussed in the next se tion.
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A justi ed step in a proof is alled a statement. The steps whi h ombine to from
the proof depend on the thesis of the theorem, the way of proving (e.g. dire t or indire t
proof) and, obviously, the imagination of the person who writes the arti le.
Let us try to prove (without restoring to the Mizar notation) the following topologi al
proof:
For any subset A, B of a topologi al spa e G the following holds:

Cl (A B) Cl A Cl B
Proof .
Let us onsider any two subsets A, B of topologi al spa e G.
It is know from the properties of sets that A B A and A B B. By availing
ourselves of the following property of the losure operation:
If M N then Cl M Cl N where M, N are subsets of a topologi al spa e
we may write:
Cl (A B) Cl A and Cl (A B) Cl B
Hen e Cl (A B) Cl A Cl B
quod erat demonstrandum.
\



\

\





\





\



\

\





\

Let us now try to re ord that proof in the Mizar notation. The Mizar arti le whi h
would arry the proof of the theorem under onsideration would have, as is know, to
onsist of the following elements:
environ
begin
proof
end;

dire tives of environment
ontent of theorem
reasoning

The theorem in question, when re orded in Mizar notation, has the following form:
for A,

B

being Subset of G holds Cl

(A

B)



Cl A

Cl A

\

Cl B

\

\

Cl B

In a ordan e with what has been said in the hapter on erned with formulas the above
re ording of the ontent of the theorem is only one of several possible versions.
We shall now pro eed to onstru t the next proper, that is the text whi h follows the
word begin. The remaining part of the arti le will be dis ussed later. Su h a sequen e of
writing the proof is of a ertain importan e, espe ially for a person who starts learning
Mizar. Now after the writing of the text proper one an see learly whi h dire tives of
the environment must be inserted between the words environ and begin. But, on the
other hand, it must be borne in mind that if the environment is defe tively onstru ted
during a onsiderable time taken by the pro ess of proving, than that will make the proof
more diÆ ult be ause in the Mizar pro edure, that is the veri ation of the orre tness
of the proof in progress, errors related to the defe tive onstru tion of the environment
will be reported.
The onstru tion reservation of variables is used only for the identi er of G, whi h
indi ates a ertain topologi al spa e. The types of the remaining identi ers will be given
whenever ne essary.
The next proper then assumes the form:
reserve G for TopSpa e;
for A, B being Subset of G holds Cl
proof
end;

(A

reasoning
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\

B)



At this point the arrying out the reasoning remains.
In the previous proof we onsidered any two subsets of a topologi al spa e G. Now
we shall pro eed analogi ally.
After the word proof we have to write:
let A,

be Subset of G;

B

This expression an be translated thus:
Let A, B be any subsets of a topologi al spa e G.
In the expression let A, B be Subset of G; the types of the variables A, B had to be
spe i ed be ause they had not been reserved in the reservation of variables.
(The quali ation given in a formula has its s ope only until the and of that formula.)

We ontinue to imitate the previous proof and write:
A

\

B



A & A

\

B



B;

Y



Y

This is a ertain step in the reasoning. It has been said earlier that every step of the
reasoning. It has been said earlier that every step of the reasoning must be justi ed
be ause otherwise the CHECKER will report error No. 4: This referen e is not
a epted by Che ker.
In the ase under onsideration dire t justi ation will suÆ e; this is to say we mean
a justi ation whi h does not require indi ation of the appropriate referen es.
Note on e more that the les in whi h the ontents of the theorems are in the subdire tory ABSTR ( ABSTR is a subdire tory of MIZAR) and have the extension *.abs.
When inspe ting the le BOOLE.abs we ome a ross Theorem No.37 (i.e., BOOLE:37),
whi h states that for any sets X,Y we have:
n

n

n

X

\

Y



X & X

\

when referen e is made to this theorem the rst step of the reasoning is justi ed. We
obtain the statement:
Z1: A

\

B



A & A

\

B



B

by BOOLE:37;

The next justi ed step of the reasoning we obtained by the appli ation of Theorem
No.49, to be found in the le PRE TOPC.abs. Its ontent is:
for A,

B

A



being Subset of G st A



This theorem is to be applied to this formula
\

B

A & A

\

B



B

holds Cl

A



Cl B

B

That is why it was ne essary to provide it with a label, whi h in our ase onsists of
the ins ription Z1. Note that the identi er of a label must be followed by a olon :. By
referring to a given label we refer to the senten e whi h bears that label.
The se ond step in the reasoning will be as follows:
Z2: Cl (A

\

B)

Cl A & Cl (A



\

B)



Cl B

by Z1,

PRE TOPC:49;

As an be seen, this senten e has been provided with a label be ause it will have to be
used as a premiss in the further part of the proof.
As an be seen, the theorem PRE TOPC:49 has been applied twi e, but in the justiation it has been given only on e.
Remark: If in one and the same step of the proof a referen e is indi ated several times,
then it suÆ es to give it only on e after the word by.

After availing ourselves of the theorem BOOLE:39, whi h says:
Z



X & Z

(where X, Y, Z are any sets)
we an write down the on lusion:
thus Cl

(A

\

B)





Y

implies Z

Cl A

\

Cl B

This is the last step in the reasoning of the proof.
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X

\

by Z2,

Y

BOOLE:39;

The word thus pre edes the senten e whi h is the thesis of the proof or its part. In
our ase it is the thesis of the proof.
Ultimately, the next proper is as follows:
reserve G for TopSpa e;
for A, B being Subset of G holds Cl
proof
let A, B be Subset of G;

(A

\

B)



Cl A

\

Cl B

Z1: A \ B  A & A \ B  B by BOOLE:37;
Z2: Cl (A \ B)  Cl A & Cl (A \ B)  Cl B by Z1, PRE TOPC:49;
thus Cl (A \ B)  Cl A \ Cl B by Z2, BOOLE:39;
end;

It now remains to insert the appropriate dire tives of the environment between the
word environ and begin. Let us begin with the vo abularies, that is, with the dire tive
vo abulary ... ;.
The text proper above there the following symbols o ur:
, Cl
symbols of fun tors,
symbol of predi ate,
TopSpa e, Subset
symbols of modes.
The symbol
is to be found in the vo abulary BOOLE. The symbols Cl and TopSpa e
are introdu ed in the vo abulary TOPCON, whereas the symbol of the mode Subset and
of the predi ate are in the vo abulary HIDDEN. The vo abulary dire tives whi h must
be in luded in our arti le are:
\



\



vo abulary
vo abulary

BOOLE;
TOPCON;

The dire tive signature ; allows on to use vo abulary symbols in a ordan e
with the format de ned in the arti le .miz, format - the number of left-side and rightside arguments and also the types of the result and the arguments of the fun tor or an
expansion of a mode.
In our ase the symbol
is used as that of the interse tion of sets. That interse tion may be treated as an interse tion of subsets of a topologi al spa e whi h yields
also a subset of that spa e, or else { without any modi ation in the reasoning { as an
ordinary interse tion of sets. Hen e its use requires the joining of the dire tive:
\

signature SUBSET 1;

or the dire tive
or the dire tive

(rede nition for subsets)
signature PRE TOPC;

(rede nition for subsets of a topologi al spa e)
signature BOOLE;

(de nition of interse tion of sets).
The de nition of the predi ate of in lusion, for whi h we use the symbol , is to
be found in the arti le TARSKI. If it is to be used in our ase one of the dire tives of
environment must be
\

signature TARSKI;

In the arti le PRE TOPC the de nition of the losure of a set, symbolized Cl, and
the de nition of the mode TopSpa e, are introdu ed, hen e it is ne essary to join the
dire tive
signature PRE TOPC;

Sin e in the proof we availed ourselves of theorems to be found in the arti les BOOLE
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and PRE TOPC, two more dire tives must be added to the earlier given dire tives of environment, namely:
theorems BOOLE;
theorems PRE TOPC;

The Mizar arti le ontaining the proof of the theorem under onsideration is to be
found in the annex, example 5 in the le art.lst.
Remark: In Mizar it is allowed to overridden labels. Hen e the marking of several
senten es from one and the same level of reasoning is not an error.

If, at a given level of reasoning, in whi h there are no other levels of reasoning,
several senten es are marked by the same label, then the referen e to that label means
referen e to the last senten e marked by it.
By a level of reasoning we mean:
(a) the reasoning ontained between the orrespondingly paired words proof and end;,
(b) the reasoning ontained between the orrespondingly paired words now and end;,
( ) the reasoning ontained between the orrespondingly paired s hemes and ;.
Referen e to labels from an earlier losed level of reasoning is not allowed.
EXAMPLE
Two levels of reasoning will be shown below. The ins riptions , , , Æ denote
ertain formulas. At the shown levels of reasoning the label A: o urs only in the indi ated
positions.
Level of reasoning

....
A:

;

....

Level of reasoning

....
A:

;

....

by A;

....
....

Æ by A;

....

In the justi ation of the senten e the referen e to the label means referen e to
the last senten e marked by it, that is to the senten e . But in the justi ation of the
senten e Æ the referen e to the label A: means referen e to the senten e . At the pla e
it is impossible to refer to the se ond senten e marked by the label A:, that is to the
senten e , be ause that senten e is at the previously losed level of reasoning.
In the proofs of theorems are long it is onvenient to use the orresponding re ording
of the reasoning used in the proof, that is su h whi h shortens that reasoning and makes
it learer and more legible. That an be a hieved by the elimination of the labelling of
senten es through the use in the proof of the words: then, hen e, and thesis.
The pre xing of the senten e by the word then indi ates that in the justi ation
of we avail ourselves of the senten e whi h dire tly pre edes . In su h a ase need
not be marked by a label.
This way of justi ation is alled linking.
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Z1:

We shall use linking in the proof arried out earlier. Instead of the senten e labelled
and Z2: we shall have:
A

\

B



then Cl

A & A \ B  B by BOOLE:37;
(A \ B)  Cl A & Cl (A \ B)



Cl B

by PRE TOPC:49;

It must be emphasized that linking requires that the expression be a statement
justi ed straightforwardly, and -senten e. That imposes ertain limitation upon the
appli ation of linking. For instan e, linking annot be applied dire tly after proof not
after a olle tive assumption, be ause it is not know whi h of the partial assumptions
is meant. Not an it be applied after the statement of hoi e, after the statement of a
hange of type, after exempli ation. Linking an be applied dire tly after a senten e, a
statement justi ed dire tly a statement of hoi e, and a di use statement.
If the pre eding senten e is one of the premisses of the on lusion, then linking may
be indi ated by the repla ement of thus by hen e. The senten e pre eding the on lusion
may be unlabelled. Figuratively speaking, the re ording:
A: ;

thus by A, other{referen es;

may be repla ed by the re ording:
;

hen e by other{referen es;

When the possible linkings are onsidered the proof of the theorem dis ussed earlier
will assume the form:
proof

let A,

B be Subset of G;
B  A & A \ B  B by BOOLE:37;
then Cl (A \ B)  Cl A & Cl (A \ B)  Cl B by PRE TOPC:49;
hen e Cl (A \ B)  Cl A \ Cl B by BOOLE:39;
A

end;

\

(see example No. 6 from art.lst)
The on lusion (that is the thesis of the proof or its part), whi h in this ase in the
expression
Cl (A

B)

\



Cl A



Cl B

may be repla ed by the word thesis, whi h means that whi h is left to be demonstrated.
The word thesis is treated by Mizar as a formula. The formula thesis may be used
solely within the proof, that is between the words proof and end; .
EXAMPLES of the use thesis


in the termination of the proof:

... hen e thesis; end;
or ... thus thesis; end;
The example Nos. 7, 10, 28, 29 from the le art.lst illustrate the appli ation of
the formula thesis at the end of the proof.
In the example No. 7 in the rst inner proof, that is in the proof of the thesis
P T= T, thesis denotes the formula P T= T, whereas in the se ond inner proof
thesis denotes the formula P T=P.
In the example No.10 the formula thesis o urs twi e. In the rst ase it denotes
the formula W is open & W P &
W, whereas in the se ond ase, at the end of
the proof, it denotes the formula x Int P.
In the example No.28 thesis denotes the senten ed being proved in that examples,
that is the senten e
[

[

[



 2

2

T is onne ted i for A being Subset
holds A = ;T or A = T

of T st A

whereas thesis in the example No.29 denotes the formula P
39

is open losed

is dense.



at the beginning of an indire t proof:

proof assume not thesis; ... ; thus ontradi tion; end;
Su h a use of thesis found appli ation in the examples Nos. 19, 22, 23.
In the example No.19 thesis denotes the senten e being proved, that is the formula:
for G st G is open holds p G implies P G = .
In the example No.22 it denotes the formula P = Q, and in the example No.23, the
formula A = T.
2

\

6

;

6

6



;

in a proof by ases:

proof
end;

now assume ; ... ; hen e thesis; end;
now assume not ; ... ; hen e thesis; end;
hen e thesis by A;

A:

IV.2. Skeletons of proofs

Every proof, that is the reasoning ontained between proof and end onsists of
elements whi h from its skeleton. The skeleton of a proof onsist of:
assumption,
generalization,
on lusion,
exempli ation.

It is to be noted that the skeleton of a proof is not determined unambiguously. Its
stru ture depends on the form of the thesis to be proved and on the te hnique of proving
(for instan e, the dire t or the indire t proof). The skeleton of the proof of a given thesis
is based on the stru ture of the semanti orrelate of that thesis. That part of the system
whi h veri es the orre tness of the stru ture of the semanti orrelate of that thesis.
That part of the system whi h veri es the orre tness of the stru ture of the skeleton is
alled REASONER.
When pre eding to prove a senten e it is advisable to write at rst the orre t
skeleton of the proof of that senten e (that is to say, disregarding the justi ations of
senten e). If the skeleton of the proof is written orre tly, then only the errors marked
by number 4 will be reported (by CHECKER).
IV.2.1. DIRECT PROOFS
We shall now show the likely skeletons of proofs when the thesis is a onjun tion,
disjun tion, impli ation, equivalen e, a general senten e, and an existential senten e.
1. CONJUNCTION, that is an expression in the form 1 & 2 ,
where 1 and 2 are any formulas, is a thesis.
If this senten e is to be proved dire tly, then the skeleton of the proof may onsist
of the expression listed below and ontained between the words proof and end :
proof

........

thus 1 ;

........

thus 2 ;
end;

........
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The dots indi ate that they are to be repla ed by the remaining steps of the proof.
Self-evidently, the senten es 1 and 2 must be justi ed by a straightforward justiation or by proof.
Every expression whi h is a omponent of the skeleton of the proof of a given senten e
modi es the thesis of the proof. In the example given above until the o urren e of the
expression thus 1 the formula
1& 2

was the thesis of the proof. But the expression thus 1 modi ed the thesis of the proof,
whi h after that expression be ame the formula 2 .
The sequen e of the justi ation of 1 and 2 is essential;
it must be su h as presented above. If we hange the order into:
thus 2 ;
thus 1 ;

then we obtain the skeleton of a proof of the senten e 2 & 1 . But the semanti orrelates
of the senten e
and
1& 2
2& 1
are di erent. Hen e for Mizar these are two di erent senten es.
The example Z8.lst shows the form of the le when only the skeleton of the proof
of the senten e being justi ed is written down.
If in the proof in that example we hange the order of the expressions whi h for the
skeleton of the proof, then additionally the error marked by No.51 { Invalid on lusion
{ will be reported. Su h a situation is illustrated by the example Z9.lst.
The full proof is shown in the example No. 7 from the le art.lst.
In the proof of the thesis in that example there are two inner proofs. In ea h of
them the nal on lusion of ea h proof is marked by the word thesis. In the rst inner
proof it denotes the formula P T = T, and in the se ond, the formula P T = T.
If the thesis is a onjun tion of more than two onstituents, then the truth of ea h
onstituent is to be justi ed.
For instan e, for the thesis
[

\

1& 2& 3

the skeleton of the proof might be as follows:
proof

........

thus 1 ;

........

thus 2 ;

........

thus 3 ;
end;

........

Remark:
The skeleton of the proof for the thesis 1 & 2 & 3 is also the skeleton of the
proof for the thesis 1 & ( 2 & 3 ) and for the thesis ( 1 & 2 ) & 3 ), whi h is to
say that all the three formulas have one and the same semanti orrelate.

2. IMPLICATION is a thesis.
There are two methods of proving impli ations, the dire t and the indire t.
If the impli ation
1 implies 2
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is to be proved dire tly, then one has to assume the ante edent of the impli ation and
prove the onsequent. Hen e the skeleton of the proof of the above senten e will be as
follows:
proof

........

assume 1 ;

........

end;

thus 2 ;

( on lusion)

Sin e the assumption in part of the skeleton of the proof it modi es the thesis.
Before the assumption the thesis was the formula
1 implies 2

but by assuming the ante edent of the impli ation we modify the thesis after the assumption the thesis be ome the formula 2 .
EXAMPLE
The skeleton of the proof of the senten e
G= A

may be su h:
proof

[

B & A is losed & B is losed & A
B are separated

implies A,

......

assume G =

......
end;

thus A,

A

[

\

B = ;G

B & A is losed & B is losed & A

\

B = ;G;

B are separated;

(see annex { le Z10.lst)
Remark:
The steps whi h onstitute the skeleton of the proof (ex ept for the on lusion) do
not require justi ation. The remaining steps of the proof other that tautologies must be
justi ed. This is explained by the example Z10.lst from the annex, in whi h the error
onne ted with the justi ation of the assumption is not reported.

The expression

assume G =

A

[

B & A is losed & B is losed & A

\

B = ;G;

is a single assumption, whi h is one of the forms of the assumption.
A single assumption may take on one of the two forms presented below:
assume senten e ;

Su h an assumption is used when we refer to it by linking. But sometimes it is not
possible to refer to the senten e in the assumption by linking. In su h a ase that
senten e must be marked by a label and the identi er of that label is to be written in
the pla e of referen e. The assumption will take on the form
assume

identi er{of{label

: senten e ;

If the senten e whi h is to be taken as the assumption is in the form of a onjun tion,
then the assumption may be re orded in the form of a olle tive assumption by repla ing
the sign & by the word and and by labelling every onstituent of the onjun tion. The
single assumption:
assume G =

A

[

B & A is losed & B is losed & A

\

B = ;G;

may a ordingly be written in the form of a olle tive assumption thus:
assume that M1:

G = A

[

B

and M2:
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A is losed

and

and M4:

M3: B is losed

A

A olle tive assumption takes on the form:
assume that

\

B = ;G;

sequen e{of{labelled{senten es ;

A sequen e of labelled senten es is a single labelled senten e or several labelled senten es
linked together by the onne tive and.
The splitting of a single assumption into a olle tive one makes it possible to refer
separately to every partial assumption.
The assumption from the example given above may also have the following form:
assume x: G = A [ B &
assume xx: A \ B = ;G;

A is losed & B is losed;

Sin e the semanti orrelates of the senten es in the form:
&
&
and ( & ) &
and
are the same hen e the following assumption is orre t, too:
assume y:
assume yy:

& (

&

)

( G = A [ B & A is losed) & B is losed;
A \ B = ;G;

the same applies to the following one:

assume z: G = A [ B &
assume zz: A \ B = ;G;

(A is losed & B is losed);

The last two forms of the assumption are least legible, and this is why it is better to use
re ordings in whi h super uous bra kets are avoided. But the last two possible forms
have been given above in order to show the various re ordings.
The formulas in the form
( ) 1 & 2 implies 3 and 1 implies (2 implies 3 )
have one and the same semanti orrelate.
1 , 2 , 3 are any formulas. If they are impli ation or equivalen es, then in the
formulas under ( ) bra kets should o ur in the appropriate pla es. The same applies to
the formulas whi h will be dis ussed below.
The semanti orrelate of the formula
1 & 2 implies 3
has the following form:
not (( 1 & 2 ) & not 3 )
(where ins ription 1 denotes the semanti orrelates of the formula 1 ; the same
applies, by analogy, to the remaining ases).
It will now be shown how the semanti orrelate of the formula 1 implies (2
implies 3 ) is formed. That formula may equivalently be re orded thus:
not (1 & not (2 implies 3 ))
That formula may be re orded equivalently by making use of the semanti form of impli ation:
not (1 & not not ( 2 & not 3 ))
Next we avail ourselves of the fa t that negation is an involution:
not (1 & ( 2 & not 3 ))
Sin e onjun tion is asso iative the semanti orrelate of the above formula may be
re orded thus:
not (( 1 & 2 ) & not 3 )
The form thus obtained is also a semanti form of the formula:
(1 & 2 ) implies 3
The senten e being proved has its ante edent in the form of the following formula:




d

d

e

d

e

d

d

d

where

d

e

e

d

e

e

d

d

stands for
stands for

G = A [ B
A is losed
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e

e

d

1& 2 & 3 & 4

1
2

e

e

e

stands for
B is losed
stands for
A
B = G
The onsequent of the impli ation, that is the formula
3
4

\

;

A, B are separated

will be denoted by .
The system, when reading the formula, will add bra kets in the appropriate pla es
and transform it into the formula:
(( 1 & 2 ) & 3 ) & 4
& 3 ) be denoted by

Now let the formula (( 1 & 2 )
pre eding formula we obtain

&

. On substituting

in the

4

It follows from earlier analyses that the semanti form of the formulas:
& 4 implies
and
implies ( 4 implies )
is the same.
Hen e the skeleton of the proof of the thesis
&

4 implies

is the same as the skeleton of the proof of the thesis
Sin e the senten e
G = A

[

implies ( 4 implies

)

B & A is losed & B is losed & A
implies A, B are separated

\

B = ;G

is pro essed by the system in the same way as the senten e
G = A

implies (A

[
\

B & A is losed & B is losed
B = ;G implies A, B are separated)

the skeleton of the proof of the thesis
G = A

may have the form:
proof

[

B & A is losed & B is losed & A
implies A, B are separated

\

B = ;G

......

assume q: G = A [ B & A is losed & B is losed;
(now the thesis is: A\B = ;G implies A, B are separated)

......

assume p: A \ B = ;G;
(now the thesis is: A, B are separated)

......

thus A,
end;

......

B are separated;

The proof of the thesis dis ussed in this example is presented by the example No.9
in the le art.lst.
Remark: The skeleton of the proof of the senten e

proof

.....

assume

;

assume

;

.....

.....

thus

end;

.....

;
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&

implies may be as below:

On the ontrary, it annot be the skeleton of the proof of the senten e
&

implies

be ause in that ase a di erent order of assumptions is required.
3. When proving the EQUIVALENCE
one has to prove two impli ations:

i

implies
and
implies
Sin e the senten es
i
and ( implies ) & ( implies )
have one and the same semanti orrelate the skeleton of the proof for equivalen e is
subsumed under the skeleton of the proof of a thesis whi h is a onjun tion.
Here is the skeleton of the proof of equivalen e:
i
proof

......

thus

......

thus

end;

implies

;

implies

;

(now the thesis is:

......

implies )

Sin e for Mizar the ommutativity of onjun tion is not self-evident the order in
whi h the impli ations are indi ated must be as above.
The example No.10 in the le art.lst shows a proof of equivalen e. The skeleton
of that proof is in the same form as above.
The skeleton of the proof of the equivalen e i
may be su h as below:
proof

......

thus

......

implies

assume

......

thus

end;

......

;

(now the thesis is:

implies )

;

(now the thesis is: )
;

In the example No.11 in the annex there is the proof of the thesis from the example
No.10. That proof is arried out in a di erent way than in the example No.10, whi h is
to say that the skeleton of the proof is di erent. It is in the form as above.
A justi ation of an equivalen e is also to be found in the example No.30 in the
le art.lst, where the equivalen e is justi ed straightforwardly (by by). The list of
referen es onsists of labels of two orresponding impli ations proved earlier.
4. When proving a THESIS whi h is a DISJUNCTION it is worth while
bearing in mind one more pair of senten es whi h are pro essed by the system in the
same way. We mean the senten e
or
and not implies
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These senten es have the proof of a disjun tion it is onvenient to assume the negation
of the rst onstituent of the disjun tion ( ) and to prove the se ond onstituent.
Should we do it onversely by assuming the negation of the se ond onstituent ( )
and by proving the rst ( ), we would prove the thesis
or

But the senten es

or
and
or
have di erent semanti orrelates.
If the thesis is a disjun tion of three onstituents, then in its proof one has to
assume the negation of the rst two onstituents and to prove the third. This is done in
the example below.
k

< n or k = n or n < k

proof

EXAMPLE

assume A: not k <

n & k

<> n;

(The negation of the rst two onstituents of the disjun tion is assumed and it is now
the formula n < k whi h is the thesis)

end;

then not k  n by NAT 1:30;
then n  k by NAT 1:14;
hen e n < k by REAL 1:57, A;

See the example No.12 in the le art.lst.
5. The thesis is in the form of a GENERAL SENTENCE.
In su h a ase the onstru tion of the skeleton of the proof must begin with a
generalization. Generalization is used, for instan e, in the proofs of general senten es
and in the proofs of senten es whi h an be presented as general ones. Other o urren es
of generalization are:
{ di use statement,
{ de nition.

General speaking, generalization is intended to x ertain obje ts. It a ordingly
introdu es onstants at the level of proof.
Generalization is in the form:
let variables{quali ed{impli itly

;

In view of the diversi ed forms of the list of quali ed variables generalization may
take on the form of one of the expressions presented below:
(a) let identi ers{of{variables ;
Examples: let x;,
let A, B;
In the generalization of this kind the types of variables whi h o ur in it are not
indi ated, whi h an be seen in the examples above. This means that the identi ers of
those variables have the respe tive types given in the reservation of variables.
(b) let variables{quali ed{expli itly ;
Generalization in this form di ers from the pre eding one in that the types of the
variables o urring in it are indi ated.
Examples:
let x, y be Any;
let P, Q be (Subset of G), p be Point of G;
let a, b be Subset of the arrier of Y;
let a be Subset--Family of the arrier of Y;
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(where Y is a ertain topologi al stru ture).
Instead of be one may alternately use being, but let the onvention be that be is
used in the onstru tion let ... .
( ) let variables{quali ed{expli itly , variables{quali ed{impli itly ;
Generalization in this form is, generally speaking, a ombination of the two pre eding
ones. Examples:
let A be (Subset of G), x;
let P1, P2 be (Subset of G),

p, q

be (Point of G),

x,y,z ;

It is known that the senten e in the form:
()
for lists{of{quali ed{variables holds 1 implies 2
is pro essed by the system in the same way as the senten e:
( )
for lists{of{quali ed{variables st 1 holds 2
If the thesis of senten e being proved has the same form as under ( ) or ( ), then
the generalization may be re orded as follows:








let lists{of{quali ed{variables su h that onditions ;

The ondition in su h a generalization must be re orded as one labelled senten e or
several labelled senten es linked together by the word and . For the formulas marked
( ) and ( ) the onditions may be re orded, for instant, thus:
W1: 1 ;
or W1: 1 and W2: not 2 ;
The use of generalization in the proof will be visible in the dis ussion of the skeleton
of the proof of a general senten e, to be dis ussed now. For the time being let it be said
only that generalization is a ut down in the thesis of the universal quanti er. The proof
of a general senten e will be dis ussed by referen e to examples.
In ea h of the examples to be presented below the orresponding reservation of
variables and the ontent of the senten e whi h requires a proof will be dire t, whi h is
important for the onstru tion of the skeleton of the proof. In the ase of indire t proofs
skeletons look di erently, but that ase will be dis ussed later.
Here are the examples announ ed:




EXAMPLE 1

reserve G for TopSpa e, x for Any, P for Subset of G;
for x holds x 2 Fr P implies x 2 (Cl (P ) \ P) [ (Cl
proof

P

n

P)

......

(Sin e at this point the thesis is a general statement the onstru tion of the skeleton of
the proof begins with a generalization)

let x;

(the type of the identi er of x is given in the reservation of variables hen e it need not
be given again. The generalization results in the utting down of the universal quanti er
in the initial thesis, whereby the thesis has be ome modi ed. Now the thesis has the form
of an impli ation. When proving an impli ation dire tly we assume its ante edent and
prove its onsequent. Moreover the generalization has introdu ed the onstant x at the
level of the proof).

......

assume x

(Now the formula x

2

......

end;

Fr P;
(Cl (P ) \ P) [ (Cl P

thus x

2

2

(Cl (P )

\

P)
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[

n

P) is the thesis.)

(Cl P

n

P); ( nal on lusion)

In the generalization, and hen e in the proof as a whole, an identi er other than x
ould have been used be ause generalization is to apply to the types of the identi ers of
the variables o urring in the quanti er formula after the word for. The point is that
the types of identi ers in the generalization should agree with the types of the identi ers
following for in the quanti ed formula.
For instan e, if we have a quanti ed formula in the form:
for x being T holds (x)

(where T is a type)

then the generalization may be as follows:

let y be T;

If in the reservation the identi er y has been reserved for a type other than T or if it has
not been at all taken into onsideration in that onstru tion, then in the generalization
the appropriate type must be indi ated. In both ases the type of the variable introdu ed
by a generalization is valid until the end of a given level of reasoning, that is that level
at whi h a given variable was introdu ed. But if the identi er y has been reserved for
the type T, then the generalization may be as follows: let y;.
Remark:
The variable introdu ed by a generalization may be overridden by another generalization, a statement of hoi e, a statement of a hange of type, an exempli ation, an
existential assumption and lo al de nition of variable.

The expression assume x Fr P; is a single assumption whi h is one of the forms
of assumption.
The senten e being proved has for Mizar the same meaning as the senten e:
2

for x st x

2

Fr P

holds x

2

(Cl (P )

\

P)

[

(Cl P

n

P)

Hen e in a ordan e with the information about the stru ture of generalization in the
ase of a thesis whi h is a formula with a puri ed quanti er the skeleton of the proof
may be abbreviated as follows:

)

let x;
assume x

2

Fr P;

let x su h that A:

x

2

Fr P;

The proof of the senten e dis ussed in the rst example is shown in the annex, le
No.13.
Now omes another example illustrating the onstru tion of the skeleton of a proof.

art.lst, under

EXAMPLE 2

reserve G for TopSpa

e, P

for Subset of G;

P Cl P
The de nitional expansion of this senten e has the following form:


for x being Any holds x

2

P

implies x

2

Cl P

The skeleton of the proof of the senten e P Cl P may also be the skeleton of the proof
of a senten e whi h is its de nitional expansion. This is guaranteed by the joining to the
environment of the dire tive of de nitional de nitions TARSKI;.
Here is the skeleton of the proof of the senten e P Cl P:


proof



......

(Sin e at this point the senten e whi h may be expanded into a general senten e is the
thesis generalization may be the rst element in the skeleton of the proof.)
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let x be Any;

(Now it is the impli ation whi h is the thesis, and hen e the skeleton of the proof may
still onsist of the assumption of the ante edent.)

......

assume x

(Now it is the formula x

......

thus x
end;

2

P;
Cl P)

Cl P;

2

......

2

The full proof is to be found in the example No.14 in the annex.
EXAMPLE 3

reserve G for TopSpa e, P, Q for Subset of G;
P is dense implies for Q holds Q 6= ; & Q is open implies P
proof

\

Q

=
6

;

......

(Now it is the impli ation whi h is the thesis hen e the assumption of the ante edent will
be the rst element of the skeleton of the proof.)

assume P

is dense;

(It is a general senten e whi h is the thesis at this point, and this means that a generalization will be the next element.)

......

let Q;

(Now it is the impli ation whi h is the thesis, hen e we assume its ante edent.)

......

assume Q =
6

(it is the formula P

......

\

thus P
end;

......

\

& Q is open;

;

= whi h is the thesis now.)

Q

6

;

=

Q

; ( nal on lusion)

6

;

The single assumption
assume Q = & Q is open;
may be re orded equivalently as a olle tive assumption:
assume that M1: Q = and M2: Q is open;
or as two single assumptions:
assume a: Q = ;
......
6

;

6

6

assume b:

;

;

Q is open;

The skeleton of the proof of the senten e under onsideration may also be as follows:
proof

......

(Now it is the impli ation whi h is the thesis hen e the assumption of its ante edent will
be the rst element in the skeleton of the proof.)

assume P

is dense;

(At this point a general senten e is the thesis, and this means that a generalization will
be the next element.)

......

Q 6=
; is the thesis.)

let Q su h that Z1:

(The formula P

\

Q

=
6

;

and Z2:

;
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Q is open;

......

thus P

end;

......

\

Q

=
6

; ( nal on lusion)

;

(See annex, - example No.15.)
EXAMPLE 4

reserve G for TopSpa e;
for H being SubSpa e of G for A being Subset of H
holds A is Subset of G

Skeleton of the proof:
proof

......

(The general senten e being proved is now the thesis.)
let H be SubSpa e of G;
(The general senten e
for A being Subset of H holds A is Subset of G
is now the thesis.)

......

let A be Subset of H;
(The formula A is Subset of G is the thesis)

......

thus A is Subset of G;

end;

......

The generalization in the proof above an be re orded more brie y, namely:
let H being (SubSpa

e

of G),

A

being Subset of H;

This is due to the fa t that the senten es
for x for y holds
and for x, y holds
have one and the same semanti orrelate.
The proof of the thesis in this example is shown in the example No.16 in the annex.
6. The thesis is an EXISTENTIAL SENTENCE,
that is a senten e in the form:

ex list{of{quali ed{variables st formula

Let the formula

ex x being T st (x)
be the thesis.
The proof of this thesis onsist in indi ating an obje t of the type T whi h satis es
the ondition (x).
To do so we shall avail ourselves of the onstru tion take ... , alled exempli ation.
That onstru tion, ex ept for generalization, assumption, and on lusion, modi es the
thesis of the proof. While generalization results in the utting down of the universal
quanti er in the thesis, exempli ation uts down the existential quanti er in the thesis.
Exempli ation with equalization introdu es a onstant at the level of the proof, that
onstant being a essible from the moment of being introdu ed to the end of that level
of reasoning at whi h it has been introdu ed, unless it is overridden by another exempli ation, a generalization, a statement of hoi e, a statement of a hange of type, an
existential assumption, or a lo al de nition of a variable.
Consider, for instan e, the theorem
()
x
Int P i ex Q st Q is open & Q
P & x
Q


2
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2

The proof of this theorem onsist of justi ations of two impli ations. We shall write the
skeleton of the proof of the rst of them.
x

2

implies ex Q st Q

Int P

proof

is open & Q



P & x

2

Q

......

(An impli ation is the thesis hen e we assume its ante edent.)

assume x

2

Int P;

(Now it is an existential senten e whi h is the thesis. Note that senten e is satis ed for
Q equal Int P.)

......

take Q

= Int P;

(At this point the formula Q is open & Q  P & x 2 Q is the thesis. By the onstru tion take ... we have pointed to the obje t sought. We have to verify whether it satis ed
the onditions stated after the word st, that is the thesis now under onsideration. Of
ourse, the identi er Q in the exempli ation, and hen e in the further proof, may be
repla ed by any other identi er.)

......

thus Q

end;

......

is open & Q



P & x

2

Q;

The full proof is shown in the example No.10.
For the thesis proved above there may also be other variations of the onstru tion
take ... ; .
The expression
take Q

= Int P;

may be repla ed by take Int P;. In su h a ase the proof will be as shown in the annex
{ example No.11.
The proof of the other impli ation whi h is a part of the thesis marked by the ( ) is
shown in the example No.10 and in the example No.11. In either example the proof is
arried out in a di erent way.
Here are two skeletons, given by way of example, of the proof of the senten e


(i)

ex a st
proof

......

take y

......

thus

......

(ii)

(x)

= ;
(y);

end;
proof

......

take  ;

......

thus

......

( );

end;

(Now  is the orresponding term, and y, any identi er. Any identi er may be substituted
for y.)

There are senten es in the proofs in whi h the exempli ation onsists of several
equalizations of terms, whi h in su h a ase must be separated be ommas from one
another.
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Let the senten e

ex x ex y st

(x,y)

be the thesis. The skeleton of the proof might be as follows:
proof

......

take x;

......

take y;

......

thus

......

(x,y);

end;

We applied here exempli ation twi e but it ould have been done only on e. Then the
skeleton of the proof would be:
proof

......

take x,y;

......

thus

......

(x,y);

end;

The expression take x,y; is also an exempli ation in the proof of the thesis
ex x,y st

But the senten es

ex x ex y st

(x,y)

are ready by the system in the same way.

(x,y)

and

ex x,y st

(x,y)

Remark:
The adding in the proof of a statement whi h does not ontribute anything to the
proof and su h whi h has some snta ti orrelate as not ontradi tion, i.e. VERUM, is
not an error. For instan e, if in the proof of the thesis from the example No.7 in the
annex we write an additional on lusion, then the proof will take on the form su h as in
the example No.8. Super uous thus thesis would be added, but that would not ause an
error. In that ase thesis is the formula not ontradi tion (VERUM). In the pro essing
of the formulas in that proof into semanti orrelates not ontradi tion as VERUM is
disregarded. Likewise the addition of assume not ontradi tion is not an error for
the same reason as above.

IV.2.2. INDIRECT PROOFS
So far dire t proof have been dis ussed. But indire t proofs an also be arried out
in Mizar. What the skeleton of the proof is like in su h ases?
If we are to prove a senten e indire tly, then we may assume the negation of that
senten e and to arry out the proof until the point when we arrive at ontradi tion. The
skeleton of the proof for might be as follows:
proof

......

assume not

......

;

thus ontradi tion;

52

or else

end;
proof

......
......

assume not

......

;

thus thesis;
end;

......

(In this ase thesis means the formula ontradi tion.)
The formula not may, if that is onvenient, be repla ed by the already negated
senten e . For Mizar that is indi erent.
The word ontradi tion denotes the logi al onstant falsehood. Self-evidently, not
ontradi tion, or VERUM, denotes the logi al onstant truth. The word ontradi tion
is treated by Mizar as a formula. It may o ur not only at the end of an indire t proof.
Its other o urren es are:
{ in Frnkel's terms;
e.g.,
k + 1: not ontradi tion
Indire t proof is frequently used when it is an impli ation whi h is the thesis:
f

g

implies

In an indire t proof of this impli ation one has to assume the ante edent of the impli ation
and the negation of its onsequent. The assumption may be either single or olle tive as
below:
assume ;
assume not

or

assume

or

&

;

not

assume that S1:

;

and S2: not

;

The proof is arried on until the point when we arrive at a ontradi tion, whi h is
manifested by the properly justi ed statement thus ontradi tion.
EXAMPLE 1
We shall write the skeleton of the proof of the senten e
proof

P is open & P is nowheredense

implies P

=

;

......

(Now the impli ation being proved is the thesis. When proving an impli ation indire tly
we assume its ante edent and the negation of its onsequent. This assumption will be
re orded in the form of a olle tive assumption.)

assume that Z1:

P is open

and Z2:

P is nowheredense

and Z3:

P

=
6

;

;

(The formula P 6= ; is the assumption of the indire t proof. Further steps of the proof
must yields a ontradi tion.)

......

thus ontradi tion;
end;

......

The example No.17 in the annex illustrates an indire t proof of a thesis whi h is an
impli ation.
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EXAMPLE 2
We shall write the skeleton of an indire t proof of the senten e:
G implies P
G = ) implies p
(for G st G is open holds p
proof

2

......

assume A0: for G st G

\

is open

holds p

6

2

G

;

implies P

\

G

Cl P

2

=

;

6

;

(Now it is the formula p 2 Cl P whi h is the thesis. Sin e the impli ation in question
is being proved indire tly we now have to assume the negation of its onsequent.)

......

assume not p

2

......

Cl P;

thus ontradi tion;
end;

......

The full proof is shown in the example No.18.
The expression not p Cl P may be repla ed by the equivalent expression not
thesis, where the formula thesis denotes the formula p Cl P. Then the skeleton of
the indire t proof will be as follows:
2

2

proof

......

assume A0: for G st G

......

is open

holds p

2

G

implies P

\

G

=
6

;

;

assume not thesis;

......

thus ontradi tion;
end;

......

Here is one more skeleton of the proof of the thesis from the example No.2.
proof

......

assume A0: not thesis;

(The formula thesis denotes here the senten e being proved. Further steps of the proof
must be yield a ontradi tion.)

......

thus ontradi tion;
end;

......

For su h a form of re ording the he king by the system of the orre tness of the
proof takes more time than in the ase of the previous re ordings.
The example No.19 shows the proof of the thesis from the example No.18, but the
skeleton of the proof of that thesis has the same form as that presented above.
EXAMPLE 3
We shall write the skeleton of the proof of the senten e:
A is a omponent of G & B is a omponent of G
implies A = B or A,B are separated

proof

......

(The impli ation being proved is the thesis. We shall prove it dire tly and hen e we
assume its ante edent and prove its onsequent.)
assume Z1: A is a omponent of G & B is a omponent of G;
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(Now it is the disjun tion A=B or A,B are separated whi h is the thesis. We assume
the negation of the rst onstituent of that disjun tion and prove the truth of the se ond.)

......

assume Z2:

A

=
6

B;

(Now it is the senten e A,B are separated whi h is the thesis.That senten e is to be
proved indire tly and hen e we assume its negation.)

......

assume Z3: not A,B

are separated;

(Further steps of the proof must yield a ontradi tion.)

......

thus ontradi tion;
end;

......

The proof of this thesis is to be found in the example No.20 in the annex. Other
indire t proofs are shown in the examples Nos.21, 22, 23, 24.
In the proof of the su essive Mizar senten e the onstru tion onsider ... will be
used. The role of that onstru tion in the proof onsists in the introdu tion of onstants
to the level of the proof.
The statement of hoi e, as the onstru tion onsider ... is alled, may take on the
form:
(1) onsider list{of{quali ed{variables ;
for instan e:
onsider x, y;
onsider A being Subset of G, a being Any;
onsider V being set, P, Q;
(2) onsider list{of{quali ed{variables su h that onditions

justi ation ;

The onditions form a single labelled senten e or several labelled senten es linked
together by the word and. The justi ation may be by by or by from that is by s hema.
The labelling of the senten e(s) o urring in the onditions is due to the fa t that after
the statement of hoi e linking is not allowed.
It may be so that the ondition in the statement of hoi e do not require justi ation.
Then the statement of hoi e will have the form:
(3) onsider list{of{quali ed{variables su h that onditions ;
The statement of hoi e is in su h a form when:
in the justi ation of the statement of hoi e we refer solely to the immediately
pre eding senten e by linking,
the onditions are a epted by CHECKER without justi ation, whi h is to say
that we have to do with tautologies of the propositional al ulus or with simple laws of
the fun tional al ulus.
The example below illustrates the appli ation of the statement of hoi e.
EXAMPLE 4
Here is the proof of the senten e




P is boundary

proof
thus P

i

(for Q

st Q



P & Q is open

implies (for Q st Q
proof

is boundary



holds Q

P & Q is open

= ;)

holds Q

= ;)

(Now the impli ation being proved is the thesis. We assume its ante edent.)

assume P

is boundary;
 P & Q is open holds Q =
P: P is dense by TOPS 1:83;

(Now the general senten e for Q st Q

then
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;

is the thesis.)

(Now the impli ation Q
is the thesis.)

let Q;


implies Q=;, whi h is to be proved indire tly,

P & Q is open

assume that P1:

Q

and P2:

P



Q is open

(The further steps of the proof must yield a ontradi tion.)

end;

and P3:

Q

=
6

;

;

P \ Q 6= ; by TOPS 1:80,P3,P2,P;
then Q \ P 6= ; by BOOLE:66;
hen e ontradi tion by P1,TOPS 1:20;

(Now the following impli ation is the thesis:

for Q st Q  P & Q
thus (for Q st Q
proof

is open

holds Q

P & Q is open



implies P is boundary)
holds Q = ;) implies P is boundary

= ;)

(Now the above impli ation is the thesis.)

assume K: for Q st Q



P & Q is open

holds Q

= ;;

(Now the formula P is boundary, to be proved indire tly, is the thesis.)

assume not P

is boundary;

(The assumption of the indire t proof. Further steps of the proof must yield a ontradi tion.)

end;

end;

then not P is dense by TOPS 1:83;
then onsider C being Subset of G su h that Q: C 6= ;
and Q1: C is open and Q2: P \ C = ; by TOPS 1:80;
C \ P = ; by Q2,BOOLE:66;
then C  P by TOPS 1:20;
hen e ontradi tion by K,Q,Q1;

(See annex - the example No.21.)
We shall analyse two statements whi h o ur immediately after the assumption of
the indire t proof. The rst statement is not P is dense;.
The theorem TOPS 1:80 formulates the property of a dense set:
Q = )
P is dense i (for Q st Q = & Q is open holds P
But the statement not P is dense says that the omplement of the set P is not dense.
Then by availing ourselves additionally of the thesis TOPS 1:80 we an infer that:
Q = ;
(1)
ex Q st Q = & Q is open & P
Sin e there is an obje t whi h satis ers the above onditions, in further analysis we may
be arbitrary, but its type must agree with the type of the identi er of Q whi h o urs in
(1), whi h is to say that it must be the type Subset of G. Hen e we may write:
onsider C being Subset of G su h that Q: C =
6

6

;

\

;

and Q1:

\

C is open

and Q2:

6

;

;

P

6

\

C = ;;

;

After the statement of hoi e the type of the identi er of C has been xed as Subset of

G. If that identi er in the reservation of variables had been reserved for another type

then the statement of hoi e has overridden that type. The onstant introdu ed by the
statement of hoi e in a essible from the moment of its introdu tion to the end of the
given level of reasoning, that is that level of reasoning at whi h the given onstant has
been introdu ed.

Remark: The onstant introdu ed by the statement of hoi e may be overridden by a
generalization, another statement of hoi e, a statement of a hange of type, an exempli ation, an existential assumption, and a lo al de nition of variable.
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(1)
(2)

Examples of the appli ation of the statement of hoi e:
ex x st x 2 X \ Y;
then onsider x su h that Z:
then onsider x su h that a:

Here is the theorem BOOLE:15:
(3)

x

X meets Y;

X

X meets Y
;;

=
6

i ex x st x

2

X =

;

i not ex x st x

2

x

X & X

then onsider x su h that

Here is the theorem BOOLE:1:

X

2

2

2

: x

\

X

Y;

and b:

x

2

Y

by BOOLE:15;

Y;

2

X

by BOOLE:1;

X;

The appli ation of the statement of hoi e in proofs is illustrated by the examples
Nos.11, 15, 21, 22, 23, 25 in the annex. Moreover, the example No.35 shows the appli ation of that onstru tion outside a proof, that is outside the reasoning ontained between
proof and end;.
IV.2.3. ON A NEW MIZAR CONSTRUCTION
Let the thesis be an impli ation whose ante edent is an existential senten e. It may
be a ordingly be a senten e in the form:
(ex x

being T st

(x))

implies

The proof of that thesis may be take on the following form:
proof

assume A: ex x being T st (x);
onsider y being T su h that Z: (y) by A;
(or then onsider y being T su h that Z: (y);)
end;

......(proof of )

The identi er in the statement of hoi e may be sele ted arbitrarily but so that its
type should agree with the type of the identi er of x in the assumption, that is with the
type of T.
The assumption and the statement of hoi e may in that ase be repla ed by an
existential assumption:
given x being T su h that Z:

(x);

If the thesis is an impli ation with the ante edent whi h is an existential statement,
then the assumption of the existen e of ertain obje ts (by the onstru tion assume
... ) and the statement of hoi e justi ed by that assumption may be repla ed by an
existential assumption.
The existential assumption may be in the form:
(a) given list{of{quali ed{variables ;
(b) given list{of{quali ed{variables su h that onditions ;
The onditions may form a single labelled senten e or several labelled senten es
linked together by the word and.
The range of a onstant introdu ed by an existential assumption is the same as the
range of a onstant introdu ed by the statement of hoi e.
Remark:
Linking is not allowed after an existential assumption.

The appli ation of the existential assumption will be illustrated by examples.
57

EXAMPLE 1

reserve G for TopSpa e, P,Q for (Subset of G), x for Any;
(ex Q st Q is open & Q  P & x 2 Q) implies x 2 Int P
proof
assume ex Q st Q is open & Q  P & x 2 Q;
then onsider Q su h that Z1: Q is open and
Z2: Q  P and Z3: x 2 Q;

(The ante edent of the impli ation being proved has been assumed and the appropriate
statement of hoi e has been made. Now the formula x 2 Int P is the thesis. The
remaining steps of the proof are shown below.)

end;

P  Q by TOPS 1:15,Z2;
then Z4:Cl(P )  Cl(Q ) by TOPS 1:25;
Q is losed by Z1,TOPS 1:30;
then Cl(Q ) = Q by PRE TOPC:52;
then Cl(Q )  Q by Z4;
then Q  (Cl(P )) by TOPS 1:15;
then Q  (Cl(P )) by TOPS 1:10;
then Q  Int P by TOPS 1:42;
hen e thesis by Z3,BOOLE:5;

(See le - example No.11.)
The rst two steps of the proof may be repla es by the following existential assumption:
given Q su h that Z1:

Q is open

and Z2:

Q

P



and Z3:

x

Q;

2

The proof then assumes the form as in the example No.10 in the le art.lst. Other
ases of existential assumptions are given in the examples Nos.25, 26, 27, 28 from the le
art.lst.
Remark: The onditions given in the existential assumption annot be re orded in the
form of an assumption, that is by the word assume. Hen e the following re ording is
in orre t:

given Q; assume that Z1:

Q is open

and Z2:

Q



P

and Z3:

x

2

Q;

The exer ise in the annex { Z13.lst { shows the onsequen es of su h an in orre t
assumption.
Likewise, the statement of hoi e:
onsider Q su h that Z1:

annot be re orded thus:

onsider Q; assume that Z1:

(See annex - Z12.lst.)

Q is open

and Z2:

Q is open

and Z2:

Q



Q

P



and Z3:

P

and Z3:

x

2

x

Q;

2

Q;

IV.3. Other Mizar onstru tions

IV.3.1. ITERATIVE EQUALITY
We shall now dis uss the Mizar onstru tion alled iterative equality. It nds appliation in proofs of senten es whi h are equality formulas. Those formulas must satisfy
ertain onditions, namely they annot ontain free variables. The variables o urring in
su h formulas must be xed. They are xed by generalization, exempli ation, statement
of hoi e, statement of a hange of type, or lo al de nition of variable.
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While iterative equality does not introdu e any new idea of the proofs.
Let us examine the proof of the theorem (P ) = P, whi h will later be used to
illustrate iterative equality.
(P ) = P

proof

end;

(P ) = G n
then (P ) =
then (P ) =
hen e (P ) =

by TOPS 1:5;
( G n P) by TOPS 1:5;
\ P by BOOLE:82;
by TOPS 1:3;

(P )

G
G

P

n

Note the following fa ts whi h are hara teristi for the thesis and its proof:
1. The senten e proved is an equality formula.
2. The formula o uring in every step of the proof is an equality. Moreover the term on
the left side of the equality is the same in ea h step ((P ) ).
3. Every step of the reasoning, beginning with the se ond one, refers to the pre eding
one (by linking).
These fa ts suÆ e for the proof of the thesis (P ) = P to be arried out by an
iterative equality, whi h in the ase under onsideration has the form:
(P ) = G n (P ) by TOPS 1:5
.= G n ( G n P) by TOPS 1:5
.= G \ P by BOOLE:82
.= P by TOPS 1:3;

What does a re ording mean? For instan e, the inferen e
.=

G

=

G

n

( G

n

P)

by TOPS 1:5

P)

by TOPS 1:5

is another re ording if the expression
then (P )

n

( G

n

where then denotes referen e to the pre eding senten e, that is the senten e
(P ) =

G

n

(P )

It must be borne in mind that before the symbol .= after the justi ation of the
pre eding step of the reasoning, we do not put the semi olon ; . The semi olon is required
at the end of the iterative equality, that is after the last expression in the form
.= term

justi ation

The iterative equality given above is not the omplete proof of the thesis (P )
be ause it la ks the on lusion terminating the proof. It suÆ es to add:
hen e (P )

= P

= P

The word hen e means that the senten e (P ) = P has been justi ed by referen e to
the entire reasoning in the form of an iterative equality. Of ourse, the on lusion may
be re orded by means of thus, but then, in order to refer to iterative equality, we have
to pre x the equality formula whi h opens that equality by a label. We might also write
thus before the iterative equality. Moreover, the on lusion (P ) = P might be repla ed
by the formula thesis. The proof of the thesis (P ) = P may a ordingly have the form:
proof

(After the writing of the word proof the variables G and P have been xed. Sin e the
senten e being proved is read by the system as a quanti ed formula in the form: for G,
P holds (P ) = P, after the writing of the word proof the system automati ally arries
out the generalization let G, P; and thus xes the variables G and P. The variable G is
xed be ause P has the type Subset of G.)
(P ) = G n (P ) by TOPS 1:5
.= G n ( G n P) by TOPS 1:5
.= G \ P by BOOLE:82
.= P

by TOPS 1:3;
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end;

hen e thesis;

(See example No.33 in the le art.lst.)
Here is another version of the proof of the thesis under onsideration:
proof

A: (P ) = G n (P ) by TOPS 1:5;
.= G n ( G n P) by TOPS 1:5
.= G \ P by BOOLE:82
.= P by TOPS 1:3;
thus thesis by A;
end;

The above proof an be slightly abbreviated if the last two statements:
.= P by TOPS 1:3;
thus thesis by A;

are repla ed by a single statement in the following form:
hen e (P )

or by the statement

= P

by TOPS 1:3;

hen e thesis by TOPS 1:3;

The proof then takes on the form as in the example No.34 in the le art.lst.
The various steps of the reasoning in our iterative equality had a straightforward
justi ation (by by). In an iterative equality there may also be justi ations by s hema,
but not by proof. In the simplest ase, when a given step of the reasoning is self-evident
to CHECKER, the justi ation of that step may be empty.
The senten e (P ) = P an be proved by iterative equality by xing the variables G
and P through the statement of hoi e. In su h a ase the words proof and end should
not be written. We then may have:
onsider G, P;
(P ) = G n (P ) by TOPS 1:5
.= G n ( G n P) by TOPS 1:5
.= G \ P by BOOLE:82
.= P by TOPS 1:3;
The variables G and P xed in this way make it possible to use the senten e proved
only for su h variables as xed here, that is for P and G (see example No.35). Su h

a way of proving is thus not pra ti al. If the variables are not xed, then errors will
be reported as in the example Z11.lst in the annex. The error No.62 states that free
variables are not allowed in the iterative equality, and the error No.140, that there is an
unknown variable.
Iterative equality an be illustrating as below.
If t1 , t2 , ... ,tn , tn+1 are orresponding terms then the reasoning
t1 = t2 & t2 = t3 & ... & tn = tn+1 straightforward-justi ation hen e t1 = tn+1 ;
may be equivalently repla ed by another reasoning, namely the iterative equality in the
form:
t1 =
.=

t2 straightforward-justi ation
t3 straightforward-justi ation

....................................

.= tn straightforward-justi ation
.= tn+1 straightforward-justi ation ;
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EXAMPLE

The theorem

Int(Int P) = Int P

an be proved as below
proof

Int P = (Cl (P )) by TOPS 1:42;
P) = (Cl (((Cl (P )) ) )) &
(Cl (((Cl (P )) ) )) = (Cl (Cl (P ))) &
(Cl (Cl (P ))) = (Cl (P )) by TOPS 1:10,TOPS 1:42,TOPS 1:26;
hen e Int(Int P) = Int P by TOPS 1:42;
end;
example No.31 in the le art.lst.)

then Int(Int

(See
or by referen e to iterative equality:
proof

Int P = (Cl (P )) by TOPS 1:42;
P) = (Cl (((Cl (P )) ) )) by TOPS 1:42
.= (Cl (Cl (P ))) by TOPS 1:10
.= (Cl (P )) by TOPS 1:26;
hen e thesis by TOPS 1:42;

then Int(Int

end;

The next example in the le art.lst in ludes a proof of the senten e Fr
(P ) with the use of iterative equality.

P = Fr

IV.3.2. DIFFUSE STATEMENT
It is sometimes so that in the proof of a ertain thesis it is onvenient to justify (an)
auxiliary senten e(s). If that senten e annot be justi ed straightforwardly (by by) or by
s hema (by from), then we have to arry out a proof (i.e., a ertain reasoning beginning
after the word proof and on luded by the word end). Then we will get nested proofs.
Hen e the proof may have lesser larity. But there is a ertain Mizar onstru tion whi h
is appli able in the situation des ribed above. We mean the onstru tion in the form:
now reasoning end;

The various steps in the reasoning are formed on the same prin iple as the steps of
the proof. The appli ation of this new onstru tion in proofs will be illustrated by an
example. Let us onsider the thesis
F is losed implies meet F is losed

It is a thesis in the form
implies ,
where
is the formula
F is losed ,
is the formula
meet F is losed .
Moreover, let
will be the formula
F = .
This thesis be proved neither by by nor by s hema. Hen e a proof must be arried
out. Sin e the formula in the form
6

(

implies

;

) & (not

implies

)

implies

is a tautology it is onvenient to prove in the proof two auxiliary senten es in the form
implies
and not implies
In the proof these senten es are labelled T and K1, respe tively.
Here is the proof of the senten e:
( ) F is losed implies meet F is losed


proof

assume F is losed;
then A: COMPLEMENT(F)

is open
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by TOPS 2:16;

= implies meet F

T: F

;

proof

is losed

assume F 6= ;;
then union COMPLEMENT(F) is open by TOPS 2:26;
hen e meet F is losed by TOPS 1:29,A;

end;
implies meet F is losed
proof
assume F = ;;
then meet F = ; by SETFAM 1:2;
then meet F = ;(G) by PRE TOPC:11;
hen e meet F is losed by TOPS 1:22;
end;
hen e thesis by T;
F =

end;

6

;

In this proof the formula

meet F is losed

is denoted by the word thesis.
(See example No.37 in le art.lst.)

Remark:
The formulas in the form:
and
( implies ) & (not implies )
do not have one and the same semanti orrelate. Hen e the skeleton of the proof of a
senten e in the form
annot be subsumed under the skeleton of the proof for a onjun tion as in the ase of
the senten e
(

implies

) & (not

implies

).

We shall now prove the same thesis in a similar way (the proof will also onsist in
justifying the senten es implies and not implies ) but the re ording of the
reasoning will be di erent.
Here is the thesis:
F is losed implies meet F is losed

proof

assume F is losed;
then A: COMPLEMENT(F) is open by TOPS 2:16;
We shall prove implies but that senten e will not be written openly. We shall arry

out the reasoning resulting in its justi ation. In Mizar su h a onstru tion begins with
the word now and ends in the expression end; .
T1:

now

(The word now is followed neither by the semi olon nor by the word proof. Sin e the
senten e being proved is an impli ation its ante edent is assumed.)
assume F 6= ;;
(Below there are further steps of the reasoning leading to the justi ation of the thesis,
whi h at this point is the formula )
then union COMPLEMENT(F) is open by TOPS 2:26;
hen e meet F is losed by TOPS 1:29,A;

end;

The above reasoning has proved the senten e implies .
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In order to be able to refer to it one may, as has been done, pla e a label before

now. After the reasoning now ... end; linking is allowed.

The further proof of the thesis may be as follows:
now

end;

assume F = ;;
then meet F = ; by SETFAM 1:2;
then meet F = ;(G) by PRE TOPC:11;
hen e meet F is losed by TOPS 1:22;

end;
hen e meet F

is losed

by T1;

(In the justi ation of the on lusion there o urred the label T1 of the previously proved
senten e implies .)

The above proof is shown in the example No. 38 in the annex.
Sin e before the word now we do not write the thesis to be proved by that onstru tion the onstru tion in the form
now reasoning end;

has been alled di use statement.

Remark:
1. The thesis proved by di use statement is read by analysing the skeleton of that reasoning. The prin iples of skeletoning in the onstru tion now ... are the same as in proofs.
The words now and end in a sense repla e the words proof and end, respe tively.
2. The formula thesis in di use statement denotes the thesis of the immediate external
proof. The use of the formula thesis is allowed throughout di use statement on the
ondition that su h reasoning is ontained in a ertain proof (thesis may be used only
within a proof).
3. If we pre x now by a label, then the referen e to that label means referen e to the
thesis proved in di use reasoning opening with the word now pre eded by a given label.
4. Linking is allowed after di use statement.
5. It is not allowed to write then, thus, hen e before now.
6. Every reasoning whi h begins with now must end in end.

EXAMPLE

The senten e in the form

or implies

is to be proved. We shall show what the proof of that senten e with the appli ation of a
di use statement might be. Sin e the formula
(

implies

) & (

implies

)

implies ( or

implies

is a tautology it is worth while making use of the auxiliary senten es
implies
and
implies
in the proof. Thus the proof may be as follows:
proof

(Now

......

assume P:

is the thesis.)

or

;

......
A:

now

......

assume

......

;

63

)

thus

end;

......

;

......

now

......

assume

......

thus

......

;

;

end;
hen e by A,P;
end;

......

Con lusion in the various reasonings may be repla ed by thesis. In di use statements
thesis would mean as does thesis at the end of the proof.
EXAMPLE
When proving a senten e in the form
i

it is sometimes onvenient to avail oneself of the fa t that the formula
(not

implies not

)

implies ((not

implies not

)

implies ( i

))

is a tautology. In di use statement one an prove two auxiliary senten es in the form
not implies not
not implies not

As an example we may use the proof of the theorem CONNSP 1:11 whi h is:
B & A = G

G is onne ted i for A, B being Subset of G st G = A
B 6= ; G & A is losed & B is losed holds A \ B 6= ;G

In su h a ase

is the formula
is the formula

not
not

[

G is onne ted

for A,

B

= G
6

;

In the rst di use statement we shall prove the senten e
and the se ond, the senten e

not implies not

not

Here is the form of su h a proof:
proof

;

t of G st G = A [ B
& B 6= ;G & A is losed & B is losed
holds A \ B 6= ;G
is the formula not G is onne ted
is the formula ex A, B being Subset of G st
G = A [ B & A 6= ;G & B 6= ;G &
A is losed & B is losed & A \ B = ;G
& A

being Subset

6

implies not

T: now given A,

B being Subset of G su h that
Z1:
G = A [ B and
Z2: A 6= ;G & B 6= ;G and
Z3: A is losed & B is losed & A \ B = ;G;

......

thus not G is

onne ted
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by ...

;

&

end;
now assume not G is

......

onne ted;

thus ex A,

B being Subset of G st G = A
B 6= ;G & A is losed & B is losed & A
end;
hen e thesis by T;
end;

[
\

B & A 6= ;G &
B = ;G by ... ;

The omplete proof is given in the example No. 25 in the le art.lst.
Other examples of di use statements are to be found under Nos. 26, 27, 28, 29 in the
le art.lst.
IV.3.3. STATEMENT OF A CHANGE OF TYPE
A hange of the type of the obje t under onsideration is sometimes ne essary in
proofs. This is due, amount other things, to the fa t that ertain theorems are proved
only for obje ts of a de nite type. For instan e in arti les pertaining to the topologi al
spa e there are theorems, for instan e, on points of that spa e.
We shall write the proof of the senten e
P



It will be a proof by de nitional expansion.
reserve G for TopSpa
P



e, x

Cl P

proof

for Any,

2



implies p

B

for Subset of G;

x 2 P;
Cl P is the thesis.)

Should we prove the senten e
( ) for B being Subset of G st B
A

P, Q, B

let x; assume x:

(Now the formula x


Cl P

2

B

is losed

holds

we ould obtain p Cl P from the theorem PRE TOPC:45. But if that theorem is to be
applied the indi ator of x, whi h has the type Any, must be treated as a point of the
topologi al spa e G, that is as an obje t whose type is Point of G.
To do so we shall avail ourselves of the Mizar onstru tion in the form:
2

re onsider list{of{ hanges{of{type as type of justi ation ;

By using this onstru tion in the proof under onsideration we may write:
whi h means:

re onsider t

= x

as Point of G by TOPS 1:1,x;

let us onsider x as a point of the topologi al spa e G

(where t is any identi er).

Remark: In the equalization t = x the identi er of the obje t whose type is being hanged
must be on the right side of the equality. On the left side there may be any identi er,
whi h need not be drawn from the list in the reservation of variables.

The statemant of a hange of type { as the onstru tion re onsider ... is alled
{ results in the fa t that in the further part of the present level of reasoning (the level
at whi h the onstant has been introdu ed) the type of the identi er of x, if not given
expli itly, will be Point of G even though in the reservation the identi er of x was
reserved for the type Any. Of ourse, the hange of type must be properly justi ed. In
our ase we have to refer to the theorem TOPS 1:1, whi h is:
x

2

P

implies x is Point of G
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and to the assumption, that is the formula x P.
The next step in the present proof onsists in the justi ation of the senten e marked
( ). Then we have only to write the on lusion of the main proof. Here is the ompletion
of the main proof:
2



for B being Subset of G st B is losed holds P  B implies t
proof
let Q; assume Q is losed; assume P  Q;
hen e t 2 Q by x,BOOLE:11;
end;
hen e x 2 Cl P by PRE TOPC:45;
end;

2

B

(See example No. 14 in the le art.lst.)
The statement of a hange of type in the proof under onsideration may be re orded
otherwise than in the form of equalization.
If we want to hange the type of the identi er of x, then that fa t may be re orded
thus:
re onsider x as Point of G by TOPS 1:1,

x;

We have a ordingly to hange, in the previous version of the proof, the identi er of t in
all its o urren es into the identi er of x. The proof then takes on the form:
P



Cl P

proof
let x; assume x: x 2 P;
re onsider x as Point of G by TOPS 1:1, x;
for B being Subset of G st B is losed holds P  B implies x 2 B
proof
let Q; assume Q is losed; assume P  Q;
hen e x 2 Q by x,BOOLE:11;
end;
hen e thesis by PRE TOPC:45;
end;
In the last statement thesis ould not have been repla ed by x 2 Cl P be ause that

senten es says nothing about x from the generalization, but refers to x from re onsider
(re onsider has overridden the generalization).
Example No. 13 also ontains a statement of a hange of type.
The onstant introdu ed by a statement of a hange of type may be overridden by
generalization, statement of hoi e, another statement of a hange of type, exempli ation, existential assumption, and lo al de nition of variable.
The list of hanges of type may have the form of several equalizations (or terms),
whi h in su h a ase must be separated by ommas from one another.
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